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Abstract— In this study, the plate which contains 
piezoelectric prismatic inclusion under bending 
effect is studied. The plate is simply supported 
and the electric potential is non-zero 
(ungrounded) and zero (grounded) configurations 
are examined. It is aimed to investigate the effect 
of material selection on the electric potential 
production of the piezoelectric prismatic 
inclusion embedded in the plate for both 
configurations. The mathematical modeling of the 
problem is formulated using the piecewise-
homogeneous body model within the framework 
of the exact 3D equations of the electro elasticity 
theory. It is assumed that ideal contact 
conditions prevail at the interface between the 
piezoelectric inclusion and the matrix material. 
The effects of various material of matrix, various 
material of inclusion and geometric parameters 
of the plate on the generation of electric potential 
of the embedded piezoelectric prismatic 
inclusion for the given boundary conditions, 
contact conditions and loading condition are 
examined and discussed for both problems. 

 

Keywords— piezoelectric material; inclusion; 
plate; electric potential; grounded; finite element 
method. 

 

I. INTRODUCTION  

Parallel to technological progress in today's world, 
numerous devices or gadgets are being developed 
and introduced for social use. Especially with the 
increasing knowledge of technological materials and 
the development of new manufacturing methods, the 
use of these materials in technology is becoming 
more and more widespread. In recent years, smart 
materials can be cited as an example of these rapidly 
growing technological materials. The main feature 
that distinguishes these materials from conventional 
materials is the mutual effect of mechanical and 
electrical fields on the electromechanical behaviour of 
the material. Materials that exhibit linear properties 

when electrical and mechanical fields influence each 
other are referred to as piezoelectric materials. 
Piezoelectric materials also have the ability to convert 
mechanical movements into electrical signals or vice 
versa. 

The use of piezoelectric components has rapidly 
increased in technical applications such as sensors, 
actuators, transducers, generators, etc. Given their 
widespread use, understanding the properties of 
these materials requires solving various problems 
related to structures made of piezoelectric materials 
[1]. Piezoelectric materials were discovered 
experimentally by the Curie brothers in the 1880s. 
The characteristic feature of these materials is the 
appearance of polarization (electric field) in their 
structure under the influence of an electric field or 
mechanical deformation under mechanical load [1]. In 
recent years, these materials are not only used as 
electrical harvesters, but are also increasingly used in 
various sensitive devices, e.g. in aerospace, 
automotive, mechanical and civil engineering, medical 
and military vehicles and equipment, etc. 

Piezoelectric materials containing discontinuities in 
various geometric shapes have been studied by many 
researchers. Initially, problems with piezoelectric 
inclusions in different shapes for infinite medium [2-
15] or 2D problems [16-20] have been addressed and 
studied. However, it is essential to tackle the 
problems in three dimensions and solve them with 
more accurate theories both theoretically and 
practically.  

3D design and numerical analysis of a novel multi-
degree of freedom micropositioner driven by 
piezoelectric stacks actuator was studied in [21]. A 
novel rhombic piezoelectric actuator was developed 
to solve the contradiction between high precision and 
large working stroke in the traditional parallel stage in 
[22]. A parametric analysis of the effective material 
properties of a piezoelectric macrofiber composite 
with a thickness of d15 and a shear of seven layers 
was investigated in [23]. In [24], the effective 
properties of a unidirectional periodic piezoelectric 
fiber composite were analyzed using FEM for different 
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loads with different boundary conditions. In [25], the 
electrostatic analysis of a plate with piezoelectric 
inclusions under the action of an axial tensile force 
was studied. In [26], an FE model was developed to 
determine the stress concentration around an elliptical 
hole in 3D magneto- electroelastic plates. In [27], an 
analysis of a piezoelectric-based composite structure 
was performed using FEM with a thermal analogy 
approach. The effect of the piezoelectric inclusions 
embedded in the plate under bending force using 
exact 3D equations of elasto- and piezo-elastostatic 
theories was investigated in [28]. 

The present study extends the study [28] by 
investigating both grounded and ungrounded plates 
for different material parameters. A 3D FEM analysis 
is investigated in this study for both grounded and 
ungrounded plates including inclusion made by 
piezoelectric material. The problem is modeled using 
the 3D exact equations of electroelasticity theory by 
the three-dimensional finite element method. Effect of 
grounding and material selection of matrix and 
inclusion and some geometric parameters of 
plate/inclusion on electrostatic analysis is studied.  

II. METHOD 

Consider a piezoelectric (PZT) inclusion 
embedded in the grounded (Problem 1) & 
ungrounded (Problem 2) plate. For the grounded case 
electric potential is taken zero and for the ungrounded 
case it differs from zero from all the lateral surfaces. 
According to the scheme in Figure 1, length, height 

and thickness of the inclusion are 2ℓ𝐷, ℎ𝑂 and ℓ3 and 
the total length, height and thickness of the plate to 

ℓ1, ℎ and ℓ3, respectively. 

 

 

Fig. 1. The geometry of the problem 

 

The plate is simply supported and only an 
uniformly distributed pressure force is acted from 
upper surface of the plate. The superscripts (1) and 
(2) represent the properties of matrix material and 
inclusion material, respectively. Third- and fourth-
order tensors can be used for the electro-mechanical 
relations. However, we can utilize compact matrix 
notation to reduce the representations to second-

order tensors, namely,  indices 𝑖𝑗  or 𝑘𝑙 to a unique 
index as 𝑝  or 𝑞 , where p, q=1,2. In this case, the 
second-order geometrical relations can be given, as 
follows: 

𝜎𝑝
(𝑚) = 𝑐𝑝𝑞

(𝑚)𝑠𝑞
(𝑚) − 𝑒𝑘𝑝

(𝑚)𝐸𝑘
(𝑚),   

     𝐷𝑖
(𝑚) = 𝑒𝑖𝑞

(𝑚)𝑠𝑞
(𝑚) + 휀𝑖𝑘

(𝑚)𝐸𝑘
(𝑚)

                                 (1) 

and in matrix form, as follows; 
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 𝑒11

(𝑚) 𝑒21
(𝑚) 𝑒31

(𝑚)

𝑒12
(𝑚) 𝑒22

(𝑚) 𝑒32
(𝑚)

𝑒13
(𝑚) 𝑒23

(𝑚) 𝑒33
(𝑚)

𝑒14
(𝑚) 𝑒24

(𝑚) 𝑒34
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𝑒15
(𝑚) 𝑒25

(𝑚) 𝑒35
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(𝑚) 𝑒26
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−휀11
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(𝑚) −휀13
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−휀21
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(𝑚) −휀23
(𝑚)

−휀31
(𝑚) −휀32

(𝑚) −휀33
(𝑚)
}
 
 
 
 
 
 

 
 
 
 
 
 

{

𝐸1
(𝑚)

𝐸2
(𝑚)

𝐸3
(𝑚)

}                                 

(2) 

where 𝜎𝑝
(𝑚)

,  𝐷𝑖
(𝑚),  𝑠𝑞

(𝑚)
 and 𝐸𝑘

(𝑚)
 are the 

corresponding components of the stress, electrical 
displacement, strain, and electric field vectors, 

respectively. Morever, 𝑐𝑝𝑞
(𝑚), 𝑒𝑘𝑝

(𝑚)
 and 휀𝑖𝑘

(𝑚)
 in the 

coefficient matrix are the mechanical, the 
pieozoelectric and the dielectric material parameters.  

In the piezoelectric materials 𝐸𝑘
(𝑚)

 determined by 

the potential as given in Eq.3. 

𝐸𝑘
(𝑚) = −

𝜕Φ(𝑚)

𝜕𝑥𝑘
                                                      (3) 

The electrostatic equilibrium condition can be 
expressed as given in Eq. (4). 

𝜕𝐷𝑖
(𝑚)

𝜕𝑥𝑖
= 0                                                                 

(4) 

The following boundary conditions  

On displacement; 

𝑢2
(𝑚)
|
𝑥1=0;ℓ1

= 𝑢2
(𝑚)
|
𝑥3=0;ℓ3

= 0                                

(5) 

On stresses; 

𝜎1
(𝑚)
|
𝑥1=0;ℓ1

= 𝜎5
(𝑚)
|
𝑥1=0;ℓ1

= 0 

𝜎5
(𝑚)
|
𝑥3=0;ℓ3

= 𝜎3
(𝑚)
|
𝑥3=0;ℓ3

= 0 

𝜎2
(𝑚)
|
𝑥2=ℎ

= 𝑝, 𝜎6
(𝑚)
|
𝑥2=ℎ

= 𝜎4
(𝑚)
|
𝑥2=ℎ

= 0 
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𝜎2
(𝑚)|

𝑥2=0
= 𝜎4

(𝑚)|
𝑥2=0

= 𝜎6
(𝑚)|

𝑥2=0
= 0                (6) 

where (𝜎1 = 𝜎11, 𝜎2 = 𝜎22 , 𝜎3 = 𝜎33, 𝜎4 = 𝜎23 =
𝜎32, 𝜎5 = 𝜎31 = 𝜎13, 𝜎6 = 𝜎12 = 𝜎21) 

On electric potential; 

For grounded plate (Problem 1) 

Φ(𝑚)|
𝑥1=0;ℓ1

= Φ(𝑚)|
𝑥3=0;ℓ3

= 0                               

(7) 

For ungrounded plate (Problem 2) 

Φ(𝑚)|
𝑥1=0;ℓ1

≠ 0,   Φ(𝑚)|
𝑥3=0;ℓ3

≠ 0                          

(8) 

are satisfied. And interfaces’ contact conditions are 
given as below:  

𝑢𝑖
(1)
𝑛𝑖
(1)
|
𝑆
= 𝑢𝑖

(2)
𝑛𝑖
(2)
|
𝑆
 

𝜎𝑝
(1)
𝑛𝑗
(1)
|
𝑆
= 𝜎𝑝

(2)
𝑛𝑗
(2)
|
𝑆
 

Φ(1)n(1)|
𝑆
= Φ(2)n(2)|

𝑆
 

𝐷𝑖
(1)
𝑛𝑖
(1)
|
𝑆
= 𝐷𝑖

(2)
𝑛𝑖
(2)
|
𝑆

                                            

(9) 

In Eq. (9), 𝑛𝑖
(𝑘)

 (k=1,2) are normal vector of surface 

S of the k component, and S symbolizes the surface 
of the inclusion.      

The solution of boundary value problems, for 
which mathematical models are given, will be done 
with the 3D FE modelling. According to the method, 
rectangular prismatic shaped finite elements are used 
for both material. There are four unknowns at the 

nodes, three of them are displacements 𝑢𝑖 , ( 𝑖 = 1,2,3) 
along the three axes and one of them is electric 

potential Φ. The interpolation of Lagrange polynomial 
are used for shape functions [29]. For finite element 
modeling, the total electro-mechanical energy 
functional  π is used [30, 31]: 

𝜋 = ∑ ∭ (
1

2
𝐺𝑖𝑗𝑘𝑙
(𝑚) 𝜕𝑢𝑖

(𝑚)

𝜕𝑥𝑗

𝜕𝑢𝑘
(𝑚)

𝜕𝑥𝑙
+ 𝑅𝑖𝑗𝑘

(𝑚) 𝜕Φ(𝑚)

𝜕𝑥𝑖

𝜕𝑢𝑗
(𝑚)

𝜕𝑥𝑘
−

Ω
2
𝑚=1

1

2
휀𝑖𝑗
(𝑚) 𝜕Φ(𝑚)

𝜕𝑥𝑘

𝜕Φ(𝑚)

𝜕𝑥𝑙
)𝑑Ω𝑚                                                   

(10) 

A set of algebraic equations are obtained for the 
solution of the problems with this π functional and the 
Ritz technique. Since the first variation of the 
functional (10) is equal to zero, that is, 

𝛿𝜋 =
𝜕𝜋

𝜕𝑢1
(𝑚) 𝛿𝑢1

(𝑚)
+

𝜕𝜋

𝜕𝑢2
(𝑚) 𝛿𝑢2

(𝑚)
+

𝜕𝜋

𝜕𝑢3
(𝑚) 𝛿𝑢3

(𝑚)
+

𝜕𝜋

𝜕Φ(𝑚)
𝛿Φ(𝑚)                                                                      

(11)   

Within the procedures known by the Ritz method, 
from equation (11), a set of linear algebraic equations 
is obtained as given in Eq. (12). 

 𝑲𝒂 = 𝑭                                                                
(12)   

In (12), K is the coefficients (Stifness) matrix, a is 
the unknown vector and F is the force vector. 

𝑲 = [
𝑲𝑼𝑼 𝑲𝑼𝑬

𝑻

𝑲𝑼𝑬 𝑲𝑬𝑬
] , 𝒂 = [

𝒖
𝐄
]                                    

(13)    

Here, 𝑲𝑼𝑬  is the electro-elastic,  𝑲𝑼𝑼   is the 
mechanical and 𝑲𝑬𝑬  is the electrical global stiffness 
matrices, respectively, 𝑬 and 𝒖 are the global vectors 
related to the nodal electric potential and the nodal 
displacements. Explicit expressions of stiffness 
matrices are as follows:     

{
𝑲𝑼𝑼
𝑲𝑼𝑬
𝑲𝑬𝑬

} =⋃{

(𝑲𝑼𝑼)
(𝒆)

(𝑲𝑼𝑬)
(𝒆)

(𝑲𝑬𝑬)
(𝒆)

},     

𝒏

𝒆=𝟏

 

{

(𝑲𝑼𝑼)
(𝒆)

(𝑲𝑼𝑬)
(𝒆)

(𝑲𝑬𝑬)
(𝒆)

} = ⋃

{
 
 

 
 (𝑲𝑼𝑼)𝒊𝒋

(𝒆)

(𝑲𝑼𝑬)𝒊𝒋
(𝒆)

(𝑲𝑬𝑬)𝒊𝒋
(𝒆)

}
 
 

 
 

𝟖
𝒊,𝒋=𝟏                         (14)           

and 

(𝑲𝑼𝑼)𝒊𝒋
(𝒆)
= ∭ (𝑩𝒋

(𝒆))
𝑻
𝑫(𝒆)𝑩𝒊

(𝒆)𝒅𝛀𝒆,
𝛀𝒆

 

(𝑲𝑼𝑬)𝒊𝒋
(𝒆)
= ∭ �̃�(𝒆)𝑩𝒊

(𝒆)𝑪𝒋
(𝒆)𝒅𝛀𝒆𝛀𝒆

            

(𝑲𝑬𝑬)𝒊𝒋
(𝒆) = ∭ �̃�(𝒆)𝑪𝒊

(𝒆)𝑪𝒋
(𝒆)𝑻𝒅𝛀𝒆

𝛀𝒆

 

     𝑩𝒋
(𝒆) =

(

 
 
 
 
 
 
 
 
 
 

𝝏𝑵𝒋
(𝒆)

𝝏𝒙𝟏
𝟎 𝟎

𝟎
𝝏𝑵𝒋

(𝒆)

𝝏𝒙𝟐
𝟎

𝟎 𝟎
𝝏𝑵𝒋

(𝒆)

𝝏𝒙𝟑

𝝏𝑵𝒋
(𝒆)

𝝏𝒙𝟑
𝟎

𝝏𝑵𝒋
(𝒆)

𝝏𝒙𝟏

𝟎
𝝏𝑵𝒋

(𝒆)

𝝏𝒙𝟑

𝝏𝑵𝒋
(𝒆)

𝝏𝒙𝟐

𝝏𝑵𝒋
(𝒆)

𝝏𝒙𝟐

𝝏𝑵𝒋
(𝒆)

𝝏𝒙𝟏
𝟎 )

 
 
 
 
 
 
 
 
 
 

,    𝑪𝒋
(𝒆) =

(

 
 
 

𝝏𝑵𝒋
(𝒆)

𝝏𝒙𝟏

𝝏𝑵𝒋
(𝒆)

𝝏𝒙𝟐

𝝏𝑵𝒋
(𝒆)

𝝏𝒙𝟑 )

 
 
 

 

        (15) 

The elements of the matrices 𝑫(𝒆) , �̃�(𝒆)  and �̃�(𝒆) 
show the elastic, piezoelectric and dielectric material 
constants, respectively. The values of these material 
matrices differ according to their polarization 
directions. For instance, if the polarization direction is 
𝑂𝑥2 the elements of matrices are given in (16) [30]. 

𝑫(𝒆) =

(

 
 
 
 
 
 

𝒄𝟏𝟏
(𝒆)

𝒄𝟏𝟑
(𝒆)

𝒄𝟏𝟐
(𝒆)

𝟎 𝟎 𝟎

𝒄𝟏𝟑
(𝒆)

𝒄𝟑𝟑
(𝒆)

𝒄𝟏𝟑
(𝒆)

𝟎 𝟎 𝟎

𝒄𝟏𝟐
(𝒆)

𝒄𝟏𝟑
(𝒆)

𝒄𝟏𝟏
(𝒆)

𝟎 𝟎 𝟎

𝟎 𝟎 𝟎 𝒄𝟒𝟒
(𝒆)

𝟎 𝟎

𝟎 𝟎 𝟎 𝟎 𝒄𝟔𝟔
(𝒆)

𝟎

𝟎 𝟎 𝟎 𝟎 𝟎 𝒄𝟒𝟒
(𝒆)
)
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�̃�(𝒆) = (

𝟎 𝟎 𝟎 𝟎 𝟎 𝒆𝟏𝟓
(𝒆)

𝒆𝟑𝟏
(𝒆)

𝒆𝟑𝟑
(𝒆)

𝒆𝟑𝟏
(𝒆)

𝟎 𝟎 𝟎

𝟎 𝟎 𝟎 𝒆𝟏𝟓
(𝒆)

𝟎 𝟎

) 

�̃�(𝒆) = (

𝜺𝟏𝟏
(𝒆)

𝟎 𝟎

𝟎 𝜺𝟑𝟑
(𝒆)

𝟎

𝟎 𝟎 𝜺𝟏𝟏
(𝒆)

)                         (16) 

The global matrix K are symmetric, positive 
definite and real, so the system given in (12) is 
solvable and has a unique solution. Thus, the 
quantities sought at the nodes are determined from 
the solution of this algebraic equation system.  

III. NUMERICAL RESULTS 

In this section, numerical results are presented to 
show the influence of constituent materials (inclusion 
and matrix) for both problems. The inclusion’s 
material is piezoelectric material while the matrix 
material is metal material. 

The electro-mechanical constants of some 
piezoelectric materials and mechanical constants of 
some of the metal materials employed in the 
calculation are given in Table 1 and Table 2, 
respectively. 

TABLE 1. Electro-mechanical constants of some 
piezoelectric materials [30].  

𝑐(1010 𝑁/𝑚2), 𝑒 (𝐶/𝑚2), 휀 (10−8 𝐶/𝑉𝑚), 𝜌 (𝐾𝑔/𝑚2) 
 

 PZT-4 PZT-5H BaTiO3 PZT-5A PZT-6B PZT-8 PMN-PT 

𝑐11 13.9 12.6 15.0 12.1 16.8 13.7 19.96 

𝑐12 7.78 7.91 6.53 7.59 8.47 6.99 12.51 

𝑐13 7.40 8.39 6.62 7.54 8.42 7.11 7.19 

𝑐33 11.5 11.7 14.6 11.1 16.3 12.3 15.36 

𝑐44 2.56 2.30 4.39 2.11 3.55 3.13 6.49 

𝑐66 3.06 2.35 4.24 2.26 4.17 3.36 4.24 

𝑒31  -5.2 -6.5 -4.3 -5.4 -0.9 -4.0 -4.3 

𝑒33 15.1 23.3 17.5 15.8 7.1 13.2 17.5 

𝑒15  12.7 17.0 11.4 12.3 4.6 10.4 11.4 

휀11  0.646 1.505 0.987 0.811 0.360 0.797 0.987 

휀33  0.562 1.302 1.116 0.735 0.342 0.514 1.116 

𝜌  7500 7500 5700 7750 7550 7600 8100 

 
TABLE 2. Mechanical constants of some selected 

metals. 
Metal Al St Mg Ti W 

𝑬 (𝑮𝑷𝒂) 70 207 45 107 407 

𝝆 (𝑲𝒈/𝒎𝟐) 2707 7850 1740 4540 19300 

𝝊 0.33 0.3 0.29 0.34 0.28 

Dimensionless values are specified for numerical 
calculations. The expressions for the dimensionless 

displacements 𝑢1, 𝑢2 and 𝑢3 in the directions 𝑂𝑥1, 𝑂𝑥2 
and 𝑂𝑥3  as well as the dimensionless electric 
potential ϕ are given in Eq. (17). 

ũ1 =
c44
PZTu1
pℓ1

,   ũ2 =
c44
PZTu2
pℓ1

, 

ũ3 =
c44
PZTu3

pγ31ℓ1
, ϕ̃ =

ϕe15

c44
PZTℓ1

                                       (17) 

In (17), 𝑐44
𝑃𝑍𝑇  is the material constant for 

piezoelectric inclusion, p is the intensity of the 
compressive force acting on the top surface of the 
thick plate, ℓ1 (ℓ3) is the length of the thick plate in 

the 𝑂𝑥1 (𝑂𝑥3) direction and  𝛾31 = ℓ3 ℓ1.⁄   

To test the mesh sensitivity of the solution 
domain, finite elements’ number is changed along the 
three axes. The parameters N1 , N2  and N3  specify 
the number of rectangular prismatic finite elements 
along the axes Ox1, Ox2  and Ox3 , respectively. For 
the mesh sensitivity, PZT-5H material is used for the 
piezoelectric inclusion and AL material is used for the 
metal matrix. The volume of inclusion in the plate 

(𝑉𝑑 𝑉⁄ ) is assumed to be constant. The parameters 
for the calculations are h ℓ1 = 0.1⁄ , Vd V = 0.1875⁄ . 
Figure 2 (a-c) shows the influence of N1  on a) u2 b) 

ϕ and c) σ11 for Problem 1. Figure 3 (a-c) shows the 
influence of N2  on a) u2 b) ϕ and c) σ11 for Problem 

1. And Figure 4 (a-c) shows the influence of N3 on a) 
u2  b) ϕ and c) σ11 for Problem 1. Note that all the 
results obtained for Ox2 polled axis in Figure 2-4.  

Accordings to the graphs given in Figure 2-4, a 
limit value is obtained as the parameters increased. 
Approaching these limit values ensure the confidence 
of the mesh sensitivity in the results of the algorithms 
and programs we have created.  

So, for the numerical results, a total of 6400 
rectangular FEs are used, where the parameters are 
taken N1 = 20, N2 = 16 and N3 = 20. 

 

(a) 

 

(b) 

http://www.jmest.org/


Journal of Multidisciplinary Engineering Science and Technology (JMEST) 

ISSN: 2458-9403 

Vol. 11 Issue 3, March - 2024  

www.jmest.org 

JMESTN42354343 16656 

 

(c) 

Fig. 2. Number of rectangular prismatic FEs along 

the Ox1 axis, i.e., N1 on the values of a) u2 b) ϕ and 
c) σ11. 

 

(a) 

 
(b) 

 
(c) 

Fig. 3. Number of rectangular prismatic FEs along 
the Ox2 axis, i.e., N2 on the values of a) u2 b) ϕ and 

c) σ11. 

 

(a) 

 
(b) 

 
(c) 

Fig. 4. Number of rectangular prismatic FEs along 

the Ox3 axis, i.e., N3 on the values of a) u2 b) ϕ and 
c) σ11. 

To verify our results, concentration of stresses 𝛔𝟏𝟏 
along the axis 𝐎𝐱𝟏  in the homogeneous isotropic 
plate are compared with the case of the plane strain 
state determined by Yahnioglu [32]. We would like to 

point out that as the parameter 𝜸𝟑𝟏  increases, the 
plane strain state case is reached. Figure 5 shows 
that the values of the stress concentration at 
𝒙𝟑 = 𝓵𝟑/𝟐  and 𝒙𝟐 = 𝟎  for some values of the 

parameter 𝜸𝟑𝟏. According to Figure 5, 𝝈𝟏𝟏 increases 
with increasing parameter 𝜸𝟑𝟏  and converges 
towards the relevant value for the plane strain state 
obtained in [32]. Thus, the accuracy of the programs 
and algorithms we have developed is proven again. 

 

Fig. 5. Stress concentration of 𝜎11 for different values 

of parameter 𝛾31.  

We should point out that in all subsequent graphs, 
calculations have been made for both problems (for 
grounded (Problem 1) and ungrounded plate 
(Problem 2)). The dashed (straight) lines represent 
the Problem 2 (Problem 1). All the graphes are drawn 
in the cross-section in which the investigated effect is 
greatest. First, the influence of the material selection 
of the piezoelectric inclusion on the electric potential 
is examined for 𝐎𝐱𝟐 polled axis along the a) axis 𝐎𝐱𝟏 
at the cross section 𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄  , 𝐱𝟑 = 𝓵𝟑 𝟐⁄ ,  b) 
axis 𝐎𝐱𝟐 at the cross section 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 𝐱𝟑 = 𝓵𝟑 𝟐⁄  
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c) axis 𝐎𝐱𝟑 at the cross section 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 

𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄   for Al matrix material for both 
problems in Figure 6. We should point out that the 
piezoelectric materials selected here are among the 
most commonly used materials. The maximum 
electric potential is reached for the material PZT-5A 
(PZT-4) in Problem 2 (Problem 1) and the material 
selection influences the values of electric potential in 
Problem 2 more than in Problem 1. A minimum 
electric potential is reached for the material PMN-PT 
for both problems. In Problem 1 only a negative 
electric potential is achived while in Problem 2 both a 
negative and a positive electric potential are achived. 

 
(a) 

 
(b) 

 
(c) 

Fig. 6. Influence of different inclusion materials on 

the electric potential ϕ for Al matrix material for both 
problems along the a) Ox1 axis b) Ox2 axis c) 

Ox3 axis.   

The influence of the material selection of the 
piezoelectric inclusion on a) the stress concentration 

of 𝛔𝟏𝟏  along the 𝐎𝐱𝟏  axis in the cross section of 
𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄  , 𝐱𝟑 = 𝓵𝟑 𝟐⁄   and on b) the 
displacement 𝐮𝟐 along 𝐎𝐱𝟐 axis in the cross section 

of 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 𝐱𝟑 = 𝓵𝟑 𝟐⁄ , for Al matrix material for 
both problems are investigated in Figure 7. Both the 
stress and displacement concentrations take their 
absolute maximum values for the material PZT-5A 
and the absolute minimum values for the material 
PMN-PT. The stress concentration do not differ in 
both cases and the absolute values of the 
displacements are slightly larger in Problem 1 than 
Problem 2. 

 

(a) 

 

(b) 

Fig. 7. Influence of various inclusion materials on the 
a) Stress concentration of σ11 along Ox1 axis b) 

Displacement of u2  along Ox2 axis for Al matrix 
material for both problems. 

In Figure 8 and 9, PZT-5H material is selected as 
the inclusion material, and the effects of changing the 
matrix material on the electric potential, stress and 
displacement are investigated, respectively. The 
influence of the matrix material selection on the 

electric potential is examined for 𝐎𝐱𝟐  polled axis 
along the a) axis 𝐎𝐱𝟏 at the cross section 𝐱𝟐 = 𝐡𝐀 +
𝐡𝐎 𝟐⁄  , 𝐱𝟑 = 𝓵𝟑 𝟐⁄ ,   b) axis 𝐎𝐱𝟐  at the cross section 
𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 𝐱𝟑 = 𝓵𝟑 𝟐⁄  c) axis 𝐎𝐱𝟑 at the cross 

section 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃, 𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄   in Figure 8.  

The largest absolute value of the electric potential 
is obtained in Problem 2 for St material, in Problem 1 
for Mg material and the matrix material selection 
influences the values of electric potential in Problem 
2 more than in Problem 1. In Problem 2 only a 
negative electric potential is achived while in Problem 
1 both a negative and a positive electric potential are 
achived according to selection of matrix material. 

 
(a) 
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(b) 

 
(c) 

Fig. 8. Influence of matrix materials on the electric 

potential ϕ for both problems along the a) Ox1 axis b) 
Ox2 axis c) Ox3axis.   

The influence of the matrix material selection of 

the plate on a) the stress concentration of 𝝈𝟏𝟏 along 
the 𝐎𝐱𝟏  axis in the cross section of 𝐱𝟐 = 𝐡𝐀 +
𝐡𝐎 𝟐⁄  , 𝐱𝟑 = 𝓵𝟑 𝟐⁄   and on b) the displacement of 𝐮𝟐 
along 𝐎𝐱𝟐  axis in the cross section of 𝐱𝟏 = 𝓵𝐄 +
𝓵𝐃 , 𝐱𝟑 = 𝓵𝟑 𝟐⁄ ,  for PZT-5H inclusion/Al matrix 
material for both problems are investigated in Figure 
9. Both the stress and displacement concentrations 
take their absolute maximum values for the material 
Tungsten (W) and their absolute minimum for the 
material Aluminum (Al). The stress concentrations do 
not differ in both cases and the absolute values of the 
displacements are slightly larger in Problem 1 than 
for Problem 2. 

 

(a) 

 

(b) 

Fig. 9. Influence of various matrix materials for PZT-
5H inclusion material on the a) Stress concentration 

of 𝜎11 along 𝑂𝑥1 axis b) Displacement of 𝑢2 along 𝑂𝑥2 
axis for both problems. 

In Figure 10, the effect of the parameter 𝑽𝑫 𝐕⁄  
(volume fraction of the piezoelectric inclusion in the 

plate) on electric potential along the axis a) 𝐎𝐱𝟏  in 
the cross section of 𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄  , 𝐱𝟑 = 𝓵𝟑 𝟐⁄ , b) 

𝐎𝐱𝟐  in the cross section of 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 𝐱𝟑 = 𝓵𝟑 𝟐⁄  
c) 𝐎𝐱𝟑  in the cross section of 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 𝐱𝟐 =
𝐡𝐀 + 𝐡𝐎 𝟐⁄ , for PZT-5H inclusion/Al matrix material 

for both problems are investigated. Note that 𝑽𝑫 
indicates the volume of the piezoelectric inclusion 

and 𝐕  indicates the total volume of the plate. The 
absolute values of the electric potential in the cross-
section under consideration increase when the 

parameter 𝑽𝑫 𝐕⁄   decreases. 

 
(a) 

 
(b) 

 
(c) 

Fig. 10. Influence of VD V⁄  on the electric potential ϕ 
for PZT-5H inclusion/Al matrix material for both 
problems along the a) Ox1 axis b) Ox2 axis c) 

Ox3 axis. 

In Figure 11, the effect of the polarization direction 

change on electric potential along the axis a) 𝐎𝐱𝟏, for 
𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄  , 𝐱𝟑 = 𝓵𝟑 𝟐⁄ , b) 𝐎𝐱𝟐,  for 𝐱𝟏 = 𝓵𝐄 +
𝓵𝐃 , 𝐱𝟑 = 𝓵𝟑 𝟐⁄  c) 𝐎𝐱𝟑,  for 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 𝐱𝟐 = 𝐡𝐀 +
𝐡𝐎 𝟐⁄  for PZT-5H inclusion/Al matrix material for both 
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problems are investigated. According to the graphs 
given in Figure 11-c, the greatest change in electric 
potential occurs in the direction of polarization 

parallel to the loading, i.e., for 𝑶𝒙𝟐 polled direction. 
However, the following relationship can be written for 
the electric potential’s values obtained in different 
polarization directions; 

For Problem 2: 

(ϕ)Ox1 > (ϕ)Ox2> (ϕ)Ox3 

For Problem 1: 

(ϕ)Ox2 > (ϕ)Ox1 ≈ (ϕ)Ox3 

 
(a) 

 
(b) 

 
(c) 

Fig. 11. Influence of polarization direction on the 
electric potential ϕ for PZT-5H inclusion/Al matrix 

material for both problems along the a) Ox1 axis b) 
Ox2 axis c) Ox3 axis.   

The effect of the polarization direction change on 

a) the stress concentration 𝛔𝟏𝟏 along the 𝐎𝐱𝟏 axis in 
the cross section of 𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄  , 𝐱𝟑 = 𝓵𝟑 𝟐⁄   and 

on b) the displacement 𝐮𝟐 along 𝐎𝐱𝟐 axis in the cross 
section of 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 𝐱𝟑 = 𝓵𝟑 𝟐⁄ ,  for PZT-5H 
inclusion/Al matrix material for both problems are 
investigated in Figure 12. Both the absolute values of 
stress and displacement concentrations take their 

absolute minimum (maximum) values for 𝐎𝐱𝟐 
(𝐎𝐱𝟏) polled axis. And the difference of both 
problems are approximately same for the 
distributions. 

 

(a) 

 

(b) 

Fig. 12. Influence of polarization direction on the a) 
Stress concentration of σ11 along Ox1 axis b) 

Displacement of u2 along Ox2 axis for PZT-5H 
inclusion/Al matrix material for both problems. 

Figure 13 shows the influence of the location of 
the piezoelectric inclusion (i.e., increasing the 

parameter 𝐡𝐀 𝓵𝟏⁄  ) on the electric potential along the 
axis a) 𝐎𝐱𝟏  for 𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄  , 𝐱𝟑 = 𝓵𝟑 𝟐⁄ , b) 𝐎𝐱𝟐 
for 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 𝐱𝟑 = 𝓵𝟑 𝟐⁄  c) 𝐎𝐱𝟑  for  𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃, 
𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄  for inclusion made PZT-5H material 

with 𝐎𝐱𝟐 polled axis and Al matrix material for both 
problems are investigated. It can be seen from the 
plots that as the inclusion approach to the upper 
surface i.e. increasing 𝐡𝐀 𝓵𝟏⁄  the absolute values of 
the electric potential decrease  along the entire axis. 

 
(a) 

 
(b) 
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(c) 

Fig. 13. Influence of hA ℓ1⁄  on the electric potential ϕ 
for PZT-5H inclusion/Al matrix material for both 
problems along the a) Ox1 axis b) Ox2 axis c) 

Ox3axis.   

The influence of the parameter 𝐡𝐀 𝓵𝟏⁄  on a) the 

stress concentration of 𝛔𝟏𝟏 along the 𝐎𝐱𝟏 axis in the 
cross section of 𝐱𝟐 = 𝐡𝐀 + 𝐡𝐎 𝟐⁄  , 𝐱𝟑 = 𝓵𝟑 𝟐⁄   and on 
b) the displacement of 𝐮𝟐 along 𝐎𝐱𝟐 axis in the cross 

section of 𝐱𝟏 = 𝓵𝐄 + 𝓵𝐃 , 𝐱𝟑 = 𝓵𝟑 𝟐⁄ ,  for PZT-5H 
inclusion/Al matrix material for both problems are 
investigated in Figure 14.  

Both the absolute values of displacement and 
stress concentrations decrease with increasing the 

parameter 𝒉𝑨 𝓵𝟏⁄ .  

 

(a) 

 

(b) 

Fig. 14. Influence of hA ℓ1⁄  on the a) Stress 

concentration of σ11 along Ox1 axis b) Displacement 
of u2 along Ox2 axis for PZT-5H inclusion/Al matrix 

material for both problems. 

IV. CONCLUSIONS 

The electrostatic analysis of the rectangular 
prismatic shape of the grounded and ungrounded 
thick composite plate with piezoelectric inclusion 
under bending force is solved using the Finite 
Element Method, with 3D exact equations of the 
theory of electroelasticity. The effects of constituent 
materials (inclusion and matrix), location and size of 
the piezoelectric inclusion on the electric potential, 
stress and displacement concentrations in the 
structure are analyzed and the following conclusions 
can be drawn: 

 Whether the plate is grounded (Problem 1) or 
ungrounded (Problem 2) is very effective on the 
generation of the electric potential, 

 The choice of piezoelectric material to obtain 
more electric potential may differ for grounded 
(Problem 1)  and ungrounded (Problem 2) plate, 

 Different material selection influences the 
values of electric potential in Problem 2 more than in 
Problem 1, 

 By selecting PZT-5A (PMN-PT) material for 
inclusion, maximum (minimum) stresses and 
displacements are obtained,  

 The stress concentration do not differ in both 
problems, 

 The displacement concentration is slightly 
larger in Problem 1 than Problem 2, 

 The largest absolute value of the electric 
potential according to the matrix material selection is 
obtained in Problem 2 for St material, in Problem 1 
for Mg material, 

 Electric potential decrease with the size of 
the PZT inclusion in the plate, 

 The greatest change in electric potential 
occurs in the direction of polarization parallel to the 

loading, i.e., for 𝐎𝐱𝟐 polled direction, 

 The absolute values of the electric potential, 
stress and displacement concentrations decrease as 
upward shift of the position of the piezoelectric 
inclusion. 
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