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Abstract— In this note we have presented
some characterizations of ternary semigroups
through quasi-ideals. We have presented some
definitions and prepositions about quasi-ideals,
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. INTRODUCTION

A ternary semigroup is an algebraic structure
dates back to S. Banach [9] who showed by an
example that a ternary semigroup does not
necessarily reduce to an ordinary semigroup. J. Los
[9]showed that any ternary semigroup may be
embedded in an ordinary semigroup in such a way
that the ternary operation in the ternary semigroup is a
extension of the binary operation in the ordinary
semigroup. D. H. Lehmer [8] has also considered
ternary groups. F.M. Sioson [7] studied ideal theory in
ternary semigroups and gave the definitions of ideals.
He also introduced the notion of a regular ternary
semigroup and quasi-ideal in a ternary semigroup.

II.  PRELIMINARIES

DEFINITION 2.1. A ternary semigroup is a non-
empty set § together with a ternary operation
which has the property of association:

(abc)de = a(bcd)e = ab(cde)
forall a,b,cand din S.

DEFINITION 2.2. A non-empty set T of a ternary
semigroup S is called a subsemigroup of § iff
aceT,beTand ceTimply abceT.

DEFINITION 2.3. An element e of a ternary
semigroup S is called:

(i) left identity of S iff eea =aforallain §
(ii) right identity of S iff aee = aforallain §
(iii) lateral identity of S iff eae = aforallain §

(iv) two sided identity of S iff e is left and right
identity of §

(v) identity of § iff e is left, right and lateral
identity of S.

DEFINITION 2.4. An element z of ternary
semigroup S is called a zero element of § iff

zab = zza = zaz = azb = abz = azz = z for all a,b
ins.

Let S any ternary semigroup and 1 a fixed element
in S. We extend the ternary operation of S to SU 1
defining 111 =1 and 11a = 1al = all =a for all a in
S. In this way we have attached to S the identity
element 1. Similarly we attach to S the zero element 0
defining 000 = 0ab = a0b = ab0 = 0 for all a,b,c in S.
So we have:

st=[5 if § has an identity s'=1 5
L Sul  otherwise | Su0  otherwise

DEFINITION 2.5. An element e of a ternary
semigroup S is called idempotent iff eee = e.

It is clear that a zero element and identity are
idempotent elements. The converse is not true in
general. The sets {0}, {1} and {e}, where eis an
idempotent element, are ternary subsemigroups of S.

DEFINITION 2.6. A non-empty subset A of a
ternary semigroup Sis called:

(i) left ideal of S iff SSA cA
(ii) right ideal of Siff ASS cA
(iii) lateral ideal of S iff SAS cA

(iv) two sided ideal of S iff A is a left and right
ideal of S

(v) ideal of S iff A is a left, right and lateral ideal
of S.

DEFINITION 2.7. An ideal I of a ternary
semigroup S with a zero element 0 is called proper
iff [ #{0}dhe I #S.

PREPOSITION 2.8. Let § be a ternary
semigroup, L a left ideal of S, R a right ideal of S
and M a lateral ideal of §. Then, LMR is a two
sided ideal of S. Moreover RMLcRNMnN L.

PROOF. Let a€elL,beM,ceR and s;,s,ES.
Then, s;s,(abc) = (s;s,a)bc € LMR since s;s,a €L
due to the fact that L is a left ideal of S. Thus LMR is a
left ideal of S. We have also that (abc)s;s, =
ab(cs;s,) € LMR since cs;s, € R due to the fact that R
is a right ideal of S. Thus LMR is a right ideal of S.
Now let we show that RMLcRNMNL.lLeta€R,b E
M and c € L. Then, abc € R since R is a right ideal of
S. We have also that abc € M since M is a lateral ideal
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of S. On the other side abc € L since L is a left ideal of
S. This implies thatabc e RN M N L.

DEFINITION 2.9. A ternary semigroup S is
called regular iff for all a € § exists x,y € § such
that a = axaya.

. QUASI-IDEALS IN
SEMIGROUPS

DEFINITION 3.1. A non-empty subset Q of a
ternary semigroup S is called a quasi-ideal of S iff
QSSNSQSNSSQ = Qand QSSNSSQSSN SSQ = Q.

PREPOSITION 3.2. Every left ideal L of a
ternary semigroup S is a quasi-ideal of S.

PROOF. Let a € LSSNSLSN SSL. Then, it follows
that a € SSL. On the other hand SSL < L since L is a
left ideal of S. Hence a € L, thus LSSN SLSN SSL < L.
Then, it is clear that LSS N SSLSS N SSL < L.

TERNARY

In a similar way one can prove that:

PREPOSITION 3.3. Every right ideal R [ lateral
ideal M, ideal I ] of a ternary semigroup S is a
guasi-ideal of S.

PREPOSITION 3.4. Let S be a ternary
semigroup with zero 0. Then, every quasi-ideal Q
of S contains 0.

PROOF. For all ke Q we have 0 = 00k = 0k0 =
k00 € SSQ N SQSN QSS < Q. Thus 0 € Q.

Let S is a ternary semigroup without a zero element
0. Then, a quasi-ideal Q is called proper iff Q # S.

PREPOSITION 3.5. Every quasi-ideal Q of a
ternary semigroup S is a ternary subsemigroup of
S.

PROOF. Since Q is a quasi-ideal of S we have Q3
< QSSNSQSNSSQ < Q.

PREPOSITION 3.6. The intersection of a right
ideal R, lateral ideal M and left ideal L of a ternary
semigroup Sis a quasi-ideal of S.

PROOF. By Preposition 2.8. RML ¢ RnMnL.
Whence, the intersection RNMNL is not empty.
Since (RNMNL)SSNS(RNMNL)SNSS(RNMNL)
< RSSNSMSNSSL <« RNMNnL and (RNMNL)SSN
SS(RNMNL)SSNSS(RNMNL) = RSSN SSMSS N SSL
c RNnMn L we have that RN M N L is a quasi-ideal of
S.

PREPOSITION 3.7. The intersection of a quasi-
ideal Q and a ternary subsemigroup T of a ternary
semigroup S is either empty or a quasi-ideal of T.

PROOF. If TN Q is not empty, then TNQ is a
subset of T such that (TNQTTNT(TNQ)TnN
TTI(TNQ) < T* = T, (TNQTTNTT(TNQ)TTN
TI(TNQ) < T2 < T, (TNQTTNT(TNQTN
TT(TNQ) <cQTTNTQTNTTQ < Q and (TN Q)TTN
TT(TNQ)TTNTT(TNQ) < QTTNTTQTTNTTQ < Q.
These imply that T n Q is a quasi-ideal of T.

PREPOSITION 3.8. The intersection of a quasi-
ideal Q and a ternary subsemigroup B of a ternary
semigroup S with zero 0, is a quasi-ideal of B.

The proof is similar to that of Preposition 3.8.

PREPOSITION 3.9. Let e be an idempotent
element of a ternary semigroup S and R,M,L a
right ideal, lateral ideal and left ideal of S,
respectively. Then, Ree,eel. and eeMee are quasi-
ideals of S.

PROOF. It suffices to show that Ree=Rn
(SeS U SSeSS) N See, ee. = eeS N (SeS U SSeSS) N L. and
eeMee = eSSN M N SSe. Let x € Ree. Then, x = aee,a €
R. Thus, x € Randx € See. Moreover, x € SeS and
X = aee = aeeee € SSeSS. It means that x € SeSuU
SSeSS. Thus, x € RN (SeS U SSeSS) N See which imply
that Ree = RN (SeS U SSeSS) N See. Now, let xRN
(SeS U SSeSS) N See. It means that x € RN See and
X € SeSUSSeSS. Then, x=aee,a€S. Hence, x=
aee = aeeee = xee € Ree. This imply RN (SeSu
SSeSS) N See — Ree. Similarly, we show that eeL =
eeSN (SeSuUSSeSS)NL. Now, let we show that
eeMee = eSSNMNSSe. Let x € eeMee. Then, x=
eeaee,a € M. Whence, x€eSSNSSe and xe M. It
follows that x€eSSNMnNSSe. It implies that
eeMee ceSSN M N SSe.Now, let x€ eSSNMn SSe.
This imply x€eSSNnSSe and x&€ M. Thus, x=
eab and x = cde with a,b,c,d € S. Then, eexee =
eeeabee = eabee = cdeee = cde = x which imply that
X € eeMee. Hence, eSS N M N SSe ¢ eeMee.

PREPOSITION 3.10. Every quasi-ideal Q of a
ternary semigroup S is an intersection of a left
ideal QU SSQ, lateral ideal QU SQS U SSQSS and
right ideal Q U QSS of S.

PROOF. The inclusion Q <
(Q U SQS USSQSS) N (QuU QSS) is clear.

QussQn

Converseley, let a an element of the intersection
(QUSSQ) N (QUSQSUSSQSS) N (QUQSS). Since Q is
a quasi-ideal of S, the second case implies a € SSQ N
(SQSuUSSQSS)NQRSS < Q. Thus, (QUSSQ)N
(QuUSQSUSSQSS) N (QuQSS) =Aq.

PREPOSITION 3.11. A non-empty subset of a
ternary semigroup S is a quasi-ideal of S iff and

only iff it is an intersection of a left ideal, lateral
ideal and right ideal of S.

PROOF. Let L = Ugeq(q). For all sy, s, € S and for
all a € L we have a € (q), for any q € Q. If a= q then
1522 = 5159 € (@)1 € Ugeq(q)) = L. If a € SSq we have
a =s3s,q ku s3,s, €S. Hence, s;s,a =s5;5,(535,q) =
(515253)549 € S5q < (@)1 € Ugeq(@) = L. Thus, L is a
left ideal of S. Now, let M = Ugeq(q):. For all s;,s; €S
and for all ae€ M we have a € (q), for any q€ Q. If
a = q then s;as; = s,4s; € 595 < (@)¢ € Ugeq(q)e = M.
If a € SqS then a = s;qs, with s, s, € S. Then, we have
s;as, = $;(S39s4)s, € SSgSS < (q) < M. If a € SSqSS
then a = $35,(0SsSe. Therefore,
S18S; = 51(535495556)S2 = (515354)q(S55652) =SS <
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(@) < M. Thus, M is a lateral ideal of S. Let R =
Uqgeq(@),- For all s;,s, €S and for all a € R we have
a€(q), for any q€ Q. If a=q then as;s, =Qs;s; €
gSS < (@), < R. If a € ¢SS then a = gs3s, with s5,s, € S.
Whence, as;s; = (4s3S4)S1S2 = qS3(S451S2) €qSS <
(@), < R. This mean that R is a right ideal of S. It is
clear that Q < LNnMnNR. Let we show the next
incusion. On the other hand, by set operations we
have LAMNL=(QuUQSS) N (QUSQS U SSQSS) N
(QUSSQ) =QU[QSSN (SQSUSSQSS)NSSQ] < Q.
Therefore, Q=LNMNR.

Conversely, suppose that Q =LNnMnNR where L
is a left ideal of S, M is a lateral ideal of S and R is a
right ideal of S. Then, SSQ NSQSNQSS=SS(LNMnN
R)NS(LNMNR)SN (LNMnNR)SS < SSL N SMS N RSS
c LNMNR=Q and SSQ N SSQSSN QSS =
SS(LNMNR)NSS(LNMNR)SSN (LNMnR)SS c
SSLNSSMSSNRSS ¢ LNMNR=Q. Hence, Q=LnN
M N Ris a quasi-ideal of S.

PREPOSITION 3.12. If Q éshté is a proper
quasi-ideal of a ternary semigroup S with zero 0
such that Q does not contain left [ lateral, right ]
ideals of S, SSQNSQS ¢ Q, SQSNQSS ¢ Q and
SSQ N QSS « Q, then SSQ [QSQ,QSS] is a proper left
[ lateral, right Jideal of S.

PROOF. Let we show that SSQ is a proper left
ideal of S. Suppose that SSQ = 0. Then SSQ =0 < Q
which is not possible because Q does not contain left
ideals. If SSQ =S then SSQNSQSNQSS=SNSQSN
QSS = SQS N QSS < Q which is a contradiction. Now, let
we show that SQS is a proper lateral ideal of S. If
SQS = 0 then SQS =0 < Q which is a contradiction
because Q does not contain lateral ideals of S. If
SQS=S then SSQNSQSNQSS=SSQNSNQSS=
SSQ N QSS < Q which is a contradiction Let we show
that QSS is a proper right ideal. If QSS =0 athen
QSS =0 < Q which is not possible. If QSS =S then
SSQNSQRSNQSS=SSQNSQSNS=SSQNSQS < Q
which could not happen as it contradicts the given
condition.

PREPOSITION 3.13. The intersection of any set
of quasi-ideals of a ternary semigroup S is either
empty or a quasi-ideal of S.

PROOF. Let (Q;)ea @ set of quasi-ideals of S. If
MxeaQa is not empty, then for every Q,,u€A,D=
SS(Maea Q) NS(Nac A QSN (NaeaQVSS < SSQu N
SQ.SNQ,SS = Q. Thus D < Nje 4 Qa Which ends the
proof.

PREPOSITION 3.14. The intersection of any set
of quasi-ideals of a ternary semigroup S with zero
0 is a quasi-ideal of S.

PROOF. Since every quasi-ideal of S contains a
zero element 0, the intersection of any set of quasi-
ideals of S is not empty. The proof can be continued in
a similar way to the proof of the Preposition 3.13.

Let X be a non-empty subset of a ternary
semigroup S. The quasi-ideal of S generated by X is
the intersection (X) of all quasi-ideals of S containing
X, which in fact it is a quasi-ideal of S. ( Certainly, (X)q
is contained in every quasi-ideal of S containing X ). If
the subset X consists in a single element x, then (x)q
is called the principal quasi-ideal of S generated by
X.

THEOREM 3.15. If X is any non-empty subset
of a ternary semigroup S, then (XuUSSX)n
(X'U SXS U SSXSS) N (X U XSS) is a quasi-ideal (X)q
of S generated by X.

PROOF. D = (X U SSX) N (X U SXS U SSXSS) N
(XU XSS) is a quasi-ideal of S containing X, therefore
(X)q < D. On the other hand, the quasi-ideal Q = (X)4
of S has the form (X)q =Q =(QUSSQ) N (QUSQSU
SSQSS) N (Q U QSS). This and the inclusion X < Q imply
D = (X U SSX) N (X U SXS U SSXSS) N (X U XSS) c
(QUSSQ) N (QUSQSUSSQSS) N (QUQSS) = (X)gq-
Whence, we have (X)q = D.

REMARK 3.16. 1. The principal quasi-ideal (x)4 of
a ternary semigroup S generated by the element x of S
has the form (x)q = (xUSSx)N (xU SxSUSSxSS) N
(x U xSS) (%)

2. Let X be a non-empty subset of a ternary
semigroup S and x an element of S. Then, it easy to
prove that (X)q = X U (SSX N (SXS U SSXSS) N XSS) and
(x)g = x U (SSx N (SxS U SSxSS) N xSS).  Since  (X); =
XUSSX, (X), =XUSXSUSSXSS and (X), =XUXSS
are the left ideal, lateral ideal and the right ideal of S
generated by X respectively, Preposition 3.11.
implies X)g = XN XN (X),. Therefore. ()
implies (x)q = (x); N XN (x), where (x); = x U SSx,
(X)m = xUSxSUSSxSS and (x), = xU XSS are the left
principal ideal, lateral principal ideal and the right
principal ideal of i S generated by x.

THEOREM 3.17. The family (Q;);e; of all quasi-
ideals of a ternary semigroup S is a complete
lattice.

PROOF. It easy to show that the family (Q;);e; Of
all quasi-ideals of a ternary semigroup S is partially
ordered by set inclusion. Let we show that the infimum
of (Qi)iEI is /\iEI Qi = niEI Qi' It is clear that
Nie1 Q; = Q;, Vi € 1. Now, let Q be a quasi — ideal of S
such that Q = Q;, Vi € I. It is evident that Q < Nie Q;.
let we show that the supremum of (Q;)ier IS Vier Qi =
(Uier Qr N (Ui Q)m N (Uier Qi1 It is  clear that
Qi< Vie1Q;, Vi € 1. Now, let Q be a quasi-ideal of S
SUCh that Qi C Q, Viel Then, ViEI Qi = (UiGI Qi U
(UierQ)SS) N (Uier Qi U S(Uier Q1S U SS(Uier Q1)SS) N
(Uier Qi U SS(Uie1 Q1)) = Uier Qi U ((Uier Q1SS N
(S(Uie1 Qi)S U SS(Uier Qi)SS) N SS(Uiex Qi)) =QSSn
(SQS U SSQSS) N SSQ = Q.
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THEOREM 3.18. A subset Q of aregular ternary
semigroup S is a quasi-ideal of S iff and only iff

QSQSQ N QSSQSSQ c Q.

PROOF. Let S be a regular ternary semigroup and
Q a quasi-ideal of S. Then,
QSQSQ N QSSQSSQ < SSQ, QSQSQ N QSSQSSQ = QSS and
QSQSQ N QSSQSSQ = SQS U SSQSS, therefore QSQSQ N
QSSQSSQ = SSQ N (SQS U SSQSS) N QSS = Q.

Conversely, let S be a regular ternary semigroup
and Q a subset of S such that QSQSQn
QSSQSSQ = Q.Then, QSS N (SQS U SSQSS) N 'SSQ =
QSS(SQS U SSQSS)SSQ = (QSS)(SQS)(SSQ) u
(QSS)(S5QSS)(SSQ) = QSQSQ U QSSQSSQ = Q.

THEOREM 3.19. If S is a regular ternary
semigroup and Q4,Q,, Q3 are quasi-ideals of S,
then Q;Q,Q; is a quasi-ideal of S.

PROOF. (Q1Q2Q3)5(Q1Q2Q3)S(Q1Q2Q3) U
(Q:1Q2Q3)55(Q:Q,Q3)55(Q:Q,Q3) =
(Q1(Q2Q35)Q1(Q2Q35)Q1)Q,Q5 U
(Q1(Q2Q35)5Q1(Q2Q35)5Q1)Q2Q3 = Q1Q,Qs.

THEOREM 3.20. If for every quasi-ideal Q of a
ternary semigroup S,Q3=0Q, then S is a regular
ternary semigroup.

PROOF. Let R a right ideal of S, M a lateral ideal
of S, and L a left ideal of S. Since RN M N L is a quasi-
ideal of S we have RNnMNnL=(RnNMnNL)3=
(RNMNLRNMNL((RNMNL)cRML. On the
other hand, RMLcRNMnNL. Thus, RML=RnNnMn L.
This mean that S is regular.

IV. MINIMAL QUASI-IDEALS IN TERNARY
SEMIGROUPS

DEFINITION 4.1 A quasi-ideal Q of a ternary
semigroup S is called minimal iff Q@ does not
contain proper quasi-ideals of §.

THEOREM 4.2. A quasi-ideal of a ternary
semigroup S minimal iff and only iff it is an
intersection of a minimal left ideal L , a minimal
right ideal R, and a minimal lateral ideal M of S.

PROOF. Suppose that Q is a quasi-ideal of a
ternary semigroup S and Q = RnM n L where R, L
and M are minimal right ideal, minimal left ideal and
minimal lateral idealof a ternary semigroup S,
respectively. Now, let we show that Q is minimal. If Q'
is a quasi-ideal of a ternary semigroup S which is
contained in Q,then SSQ' < SSQ < SSL < L, Q'SS ¢
QSS < RSS < R and SQ'SUSSQ'SScSQSU
SSQSS cSMS U SSMSS <M. Since SSQ', Q'SS and
SQ'SUSSQ'SS are left ideal, right ideal and lateral
ideal, respectively, then by minimality of L, R and M
we have SSQ' =L, Q'SS =R and SQ'S U S5Q'SS = M.
Therefore, we find that Q=RnNnMnL=55Q"n
(SQ'SUSSQ'SS)NQ'SS < Q'.Then, we have Q c Q'
and Q' < Q, thus Q = Q'. Hence, Q is a minimal quasi-
ideal of a ternary semigroup S.

Conversely, let a € Q where Q is a minimal quasi-
ideal of a ternary semigroup S. We have SSan
(SaSuSSasSS)naSS is a quasi-ideal of S by
Preposition 3.11. Then SSa N (SaS U SSaSS) naSS <
S5Q N (SQS U SSQSS) N QSS < Q. By the minimality of
Q we find SSa N (§S U SSaSS) naSS = Q.let we show
that SSa is a minimal left ideal of S.If L is a left ideal of
a ternary semigroup S which is contained in SSa, then
LN (SaSuSSaSS)naSS < SSan (SaSuSSass) n
aSS = Q, but L n (SaS U SSaSS) n aSS is a quasi—ideal
of a ternary semigroup S and by the minimality of Q
we have L N (SaS U SSaSS) naSS = Q, whence Q c L.
Now, we have SSa < SSQ < SSL < L. Then, by
inclusion SSa < L and L < SSa we have SSa = L.
Thus, SSa is a minimal left ideal of a ternary
semigroup S. Similarly, we can prove the minimality of
the right ideal aSS and lateral ideal SaS U SSaSs.

PREPOSITION 4.3. Every minimal lateral ideal
of aternary semigroup S is a minimal ideal of S.

PROOF. Let M be a minimal lateral ideal of S. We
have to show that M is a minimal ideal ofS. Let m € M.
Then, SmSuUSSmSS is a lateral ideal of S and
SmS U SSmSS cSMS USSMSS <M. Since M is
minimal we have M = SmSUSSmSS. Now, MSS =
(SmS U SSmSS)SS = (SmS)SS U (SSmSS)SS «SmS U
SSmSS =M and SSM = SS(SmS U §5mSS) =
SS(SmS) U SS(§SmSS) =SmS U SSmSS <M. This
mean that M is a left and right ideal of S. Therefore, M
is an ideal of S. Now, we have to show that M is a
minimal ideal of S. Let M’ be an ideal of S such that M’
c M. Since M’ is an ideal of S, then M’ is a lateral
ideal of S. Since M is a minimal lateral ideal of S we
have M’ = M. Thus, M is a minimal ideal of S.

COROLLARY 4.4. Every minimal quasi-ideal of
a ternary semigroup S is contained in a minimal
ideal of §.

PROOF. Let Q be a quasi-ideal of S. Then,
Q = Rn M n L where R is a minimal right ideal, M is a
minimal lateral ideal and L is a minimal left ideal of S.
It is clear that Q cM. Then, it follows that M is a
minimal ideal of S.

DEFINITION 4.5. A non-zero two sided [ left,
right, lateral, quasi] ideal I is called 0-minimal iff it
does not contain any proper two sided [left, right,
lateral, quasi] ideal in a ternary semigroup S°.

DEFINITION 4.6. A quasi-ideal Q of a ternary
semigroup S° is called rigorouzly 0-minimal iff
$5QSS is a 0-minimal ideal of S°.

DEFINITION 4.7. A quasi-ideal Q of a ternary
semigroup S° is called canonical iff Q #0 and
Q=RnMnLwhereR,Land M is aright, left and
lateral 0-minimal ideal, respectively.

THEOREM 4.8. If Q is a canonical quasi-ideal of
a ternary semigroup S°, then it is rigorouzly 0-
minimal.
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PROOF. Let @ a canonical quasi-ideal of a ternary
semigroup S°. Then, Q# 0 and Q = RN M n L where
R,L and M are right, left and lateral 0-minimal ideals of
a ternary semigroup S°. We have SS(RNM N L)SS =
(SSR N SSM N SSL)SS = (SSR)SS N S(SMS)S N (SSL)SS
c RSSNSMSNLSScRNnMnNL.Since R,L and M are
0-minimal ideals, then RN M N L is a 0-minimal quasi-
ideal and by the minimality of RN M NL we have
SS(RNMNL)SS=RnNMnL. This imply that
R N M n L is rigorouzly 0-minimal.
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