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Abstract— Analytical computation of the error
probability of coherent M-ary frequency shift key
(M-co-FSK) modulation scheme in additive white
Gaussian noise channel is studied. The analytical
expression for the symbol error probability and bit
error probability are presented in terms of Q
function, erf function and erfc function, as well
as a generalized formula that clearly identifies the
coefficient values for computing the bit error rate
(BER) for different modulation index in the M-co-
FSK. Specifically, the erfc was used in this study
to evaluate the bit error probability of various
coherent M-Ary FSK , from M=2 to M = 256. The
results show that the values of the efrc-based
BER coefficients, A and B increase with increase
in modulation index, M, from A = 0.5 and B =0.5 at
M=2 to A = 64 and B = 4 at M=256. The results of
the BER versus Eb/No (dB) results show that the
higher the order of the M-co-FSK the better the
BER performance for a given Eb/No. In particular,
at Eb/No = 6 dB , the BER of M-co-FSK for M = 256
is 1.0667E-06 whereas that of M-co-FSK for M = 2
is 2.3007E-02. The ideas presented in this paper
will assist communication system designers in the
selection of the coherent M-ary frequency shift
key modulation index that suits their design.
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1. Introduction

Frequency shift keying (FSK) is one of the digital
modulation schemes that are widely used in various
communication systems [1,2,3,4,5]. In frequency shift
keying (FSK), the amplitude of the signal is held constant
but the carrier frequency is changed in discrete levels in
keeping with the digital signal input. In the basic binary
FSK (known as BFSK), the frequency is changed in two
(2) levels but in higher order FSK referred to as M-ary
FSK or MFSK, the carrier frequency is changed in M
levels, where M is the modulation factor [5,6,7,8,9,10,11].
In the BFSK , one of the two frequencies (usually the
higher frequency) is nominated as the “mark™ frequency
(binary 1) while the second frequency (usually the higher
frequency) is the “space” frequency (binary 0). The
difference between the mark frequency and the space

frequency if term the “shift” and it is about 50 Hz to 1000
Hz [5,12,13].

In practice, the M-ary quadrature amplitude modulation
(MQAM) and the M-ary phase shift keying (MPSK) are
used for bandwidth limited applications, where there is
sufficient power but limited bandwidth [14,15,16,17].
However, in the case of power-limited applications such as
wireless sensor networks, deep space application,
underwater networks and ultra-wide band applications,
MFSK modulation scheme is preferred [14,18,19,20]. Other
applications of the MFSK include portable satellite
terminals and battery- powered cellular terminals which
are power limited due to retractions on the transmit power
capabilities of such devices for health reasons [14].

There are two forms of MFSK, namely coherent MFSK
and non-coherent MFSK. In coherent MFSK , each mark
or space frequency maintains a fixed phase relationship
with respect to a reference [5,21,22]. On the other hand,
non-coherent MFSK does not maintain any phase
relationship with respect to a reference. In all, coherent
MFSK do perform better than the non-coherent MFSK but
it is more difficult to generate and use. This has limited
number of published works on the coherent MFSK
[5,21,22]. Consequently, in this paper, analytical
computation of the error probability of coherent M-ary
frequency shift key (M-co-FSK) modulation scheme in
additive white Gaussian noise channel is studied.

2. Calculation of the Bit Error Probability and Symbol
Error Probability for Coherent M-Ary FSK
(M-co-FSK) Modulation

2.1 The Symbol Error Probability of Coherent M-Ary
FSK (M-co-FSK) Modulation

Let the modulation order be denoted as M , energy per
symbol be denoted as &, the energy per bit be denoted as
g, and

If the symbol error probability for coherent M-Ary FSK
(M-co-FSK) modulation is denoted as Pyy_co—rsk(@fM)
then with respect to Q function , Pyy_co—psk(@fn) IS
defined as;

Pow-co-psc () = (M = 10 ( [(Log, () (2)) ()
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Also, with respect to erf function the symbol error
probability, Psy_co—rsk(erfc) is defined as;

Pancors(erfe) = ()0 (((222)(2) @

No

Also, with respect to erf function the symbol error
probability , Pav_co—rsk(e7f) is defined as;

Psm—co-rsk(erf) = (?) <1 -Q ( (Log%(M)) (1%))) (3)

2.2 The Bit Error Probability of for Coherent M-Ary
FSK (M-co-FSK) Modulation

Let Pym—co—rsk(@fn) be the coherent M-Ary FSK (M-co-
FSK) modulation bit error probability derived with respect
to Q function . Then,

M

Po-corse(@fm) = (£)0([og.00) (2)) @

Similarly, Pym—_co—rsk(erfc) the coherent M-Ary FSK
(M-co-FSK) modulation bit error probability with respect to
erfc isgiven as;

Pom-co-rsk(erfC)) = (%) erfc( (LOL(M)) (E_b)> ®)

2 No

Also, the bit error probability of coherent M-Ary FSK (M-
co-FSK) modulation with respect to erf is;

Pom—co-rsk(erf)) = (%) <1 - erfc( (Logzﬁ) (1%))) ®)

2.3 Generalized Form of Bit Error Probability for
Coherent M-Ary FSK (M-co-FSK) Modulation

The coherent M-Ary FSK (M-co-FSK) modulation bit error
can generally be expressed with respect to the
complementary error function (erfc) as;

Pow-co-rsc(erf)) = (Werfe ( [®) (2)) @)
Where

A== ®

B — Lo.g; (M) (9)

4.0 Results and Discussion

The erfc was used in this study to evaluate the bit error
probability of various coherent M-Ary FSK , from M=2 to
M = 256. The values derived for the coefficients in the
generalized expressions in Eq 7, Eq 8 and Eq 9 are given in
Table 1.The values of the coefficients A and B increase
with increase in M, from A=0.5and B=05at M=2to A =
64 and B = 4 at M=256. The results of the BER (or
Pym—co—rsk(erfc))) versus Eb/No (dB) for the coherent M-
Ary FSK (M-co-FSK) modulation are given in Table 2 and
Figure 1 and Figure 2. The results show that the higher the
order of the M-co-FSK the better the BER performance for
a given Eb/No. In Figure 2 , Figure 1 and Table 2 , at
Eb/No = 6 dB , the BER of M-co-FSK for M = 256 is
1.0667E-06 whereas that of M-co-FSK for M = 2 is
2.3007E-02.

Table 1 Modulation order versus values of A and B parameter of the generalized bit error probability for Coherent M-Ary
FSK (M-co-FSK) modulation based on error function (erfc)

Pom—co-rsk(erfc)) = (A)erfc< (B) (;—Z)) = (%) erfc( <—L0g;(M)) (%’;))

Modulation Order, M Bits/Symbol , K A B
2 1 2/4 1/2
4 2 a/4 2/2
8 3 8/4 3/2
16 4 16/4 4/2
32 5 32/4 5/2
64 6 64/4 6/2
128 7 128/4 7/2
256 8 256/4 8/2
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Table 2 The results of the BER (or Pym—_co-rsk(€7fc))) versus Eb/No (dB) for the Coherent M-Ary FSK (M-co-FSK)

modulation
Signal
Levels
or
Modulati 2 4 8 16 32 64 128 256
on
Order,
M
K
bits/sym 1 2 3 4 5 6 7 8
bol
Eb/No M-co-FSK M-co-FSK M-co-FSK M-co-FSK M-co-FSK M-co-FSK M-co-FSK M-co-FSK
(dB) BER For BER For BER For BER For BER For BER For BER For BER For
M=2 M=4 M=8 M=16 M=32 M=64 M=128 M=256
0 1.587E-01 1.573E-01 1.665E-01 1.820E-01 2.028E-01 2.289E-01 2.608E-01 2.994E-01
2 1.040E-01 7.501E-02 5.844E-02 4.723E-02 3.902E-02 3.271E-02 2.771E-02 2.366E-02
4 5.650E-02 2.500E-02 1.210E-02 6.102E-03 3.154E-03 1.656E-03 8.800E-04 4.716E-04
6 2.301E-02 4.777E-03 1.097E-03 2.637E-04 6.510E-05 1.635E-05 4.157E-06 1.067E-06
8 6.004E-03 3.818E-04 2.714E-05 2.027E-06 1.557E-07 1.218E-08 9.649E-10 7.718E-11
10 7.827E-04 7.744E-06 8.641E-08 1.016E-09 1.230E-11 1.510E-13 3.553E-15 0.000E+00
12 3.430E-05 1.801E-08 1.074E-11 6.661E-15 0.000E+00 0.000E+00 0.000E+00 0.000E+00
14 2.695E-07 1.362E-12 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00
16 1.399E-10 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00
18 9.992E-16 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00
20 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00
22 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00
24 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00
Eb/No (dB)
0 5 10 15 20 25 e===M-co-FSK BER For M=2
1.E+00
- ! ! ! ! | e=ll==M-co-FSK BER For M=4
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R 1E-06 F-7 71 PN N N TN T ke Tl M=16
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1.E-08 [--+-F--d- -0 - L it e 1 M=32
1E10 Fomomoo LI [ ) —O—x-:c:‘;FSK BER For
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Figure 1 The results of the BER (or Pym—_co—rsk(€rfc))) versus Eb/No (dB) for the Coherent M-Ary FSK (M-co-FSK)
modulation
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Figure 2 The results of the BER (or Pym_co—rsk(erfc)) versus Eb/No (dB) for the Coherent M-Ary FSK (M-co-FSK) modulation
with maximum Eb/No = 6 dB

5.0 Conclusion 4.

The bit error rate of the coherent M-Ary FSK (M-co-FSK)

modulation scheme is studied. The analytical expressions

for the determination of the symbol error probability and bit

error probability are presented. A generalized mathematical

expression for the bit error probability (BER) is also

presented. The BER for M-co-FSK for M = 2 to M =256 5.
was computed. The results show that for a given Eb/No, the

BER decreases (improves) as M increases.
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