
Journal of Multidisciplinary Engineering Science and Technology (JMEST) 

ISSN: 2458-9403 

Vol. 6 Issue 12, December - 2019, Special Issue  

www.jmest.org 

JMESTN42353059 62 

Boundary Layer Flow And Heat Transfer On A 
Moving Plate In A Carbon Nanotubes 

 

N.H.A. Norzawary
1,*

, N. Bachok
1
, and F.M. Ali

1
 

1Department of Mathematics and Institute for Mathematical Reseacrh,  
Universiti Putra Malaysia, 43400, UPM Serdang, Selangor, Malaysia 

Corresponding Author* nurhazirah0929@gmail.com 

Abstract—The problem of boundary layer flow and 
heat transfer characteristics on a moving plate in 
a carbon nanotubes was studied in this paper. The 
plate is presumed to move to the free stream in 
the same or reverse direction. By using a 
similarity transformation, the governing partial 
differential equations are transformed into a 
system of nonlinear ordinary differential 
equations that is then solved numerically using a 
shooting method in Maple software. It is solved 
for three different base fluids which is water, 
kerosene and engine oil and using both SWCNT 
and MWCNT. While before this, only solve in water 
for different nanoparticles. The numerical results 
are presented in tables and graphs. The findings 
show that when the plate and the free stream 
move in the opposite direction, the dual solution 
exists. 
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I.  INTRODUCTION 

The boundary layer relates to the fluid layer in the 
immediate vicinity of the boundary surface where the 
viscosity impacts are important.. In 1908, Blasius 
solved the boundary layer problem for a free stream 
past a fixed flat plate, while the boundary layer on 
continuous moving surface was first examined by 
Sakiadis in 1961. There are two cases when consider 
about moving plate. First case when the plate and the 
fluid move in the same direction, while the second 
case when the plate and fluid move in the opposite 
direction. Tsou et al. [1] studied the boundary layer 
flow on a continuous moving plate where they consider 
both laminar and turbulent flow conditions. Klemp and 
Acrivos [2] were the first who discussed the 
momentum boundary layer problem for a moving semi-
infinite flat plate. After that, many authors interested to 
study on boundary layer flow and heat transfer on a 
moving plate [3-7]. 

In previous papers, they did not consider nanofluid. 
Nanofluid was first introduced by Choi [8], where it is a 
fluid containing nanometer-sized particles, called 
nanoparticles. There are two model of nanofluids 
which are Buongiorno [9] where he studied the 
boundary layer of nanofluids, and has seven slip 
mechanisms capable of producing a relative velocity 

between nanoparticles and base fluid, but only 
thermophoresis and Brownian motion have been 
efficient in modeling nanofluid. The other model was 
Tiwari and Das [10], where they consider solid volume 
fraction. There are several papers studied on boundary 
layer flow and heat transfer on moving plate in 
nanofluids where they consider one of the model 
mention [11-19]. 

Differ from previous paper who consider nanofluid, 
this paper consider carbon nanotubes (CNTs). CNTs is 
an allotropes of carbon, tube-shaped material, made of 
carbon and consist of single-wall and multi-wall CNTs. 
Some of the authors who studied boundary layer flow 
and heat transfer in a carbon nanotubes, which are 
Khan et al. [20], where they investigated flow and heat 
transfer of carbon nanotubes along a flat plate 
subjected to Navier slip and uniform heat flux 
boundary conditions. After that, many authors 
developed an interest to study about carbon 
nanotubes on different surfaces [21-27]. But neither of 
them study on moving plate. So, the aim of this paper 
is to investigate boundary layer flow and heat transfer 
in a carbon nanotubes on a moving plate. 

II. PROBLEM FORMULATION 

2D flow over a moving plate with heat transfer in a 
water/oil-based nanofluid containing single-wall and 
multi-wall CNTs was considered. The flow is assumed 
to be laminar, steady, and incompressible. The base 
fluids and the CNTs are assumed to be n thermal 
equilibrium. The standard boundary layer equations for 
this problem can be written as follows: 
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subject to the boundary conditions: 

𝑢 = 𝑈𝑤,  𝑣 = 0,  𝑇 = 𝑇𝑤  at 𝑦 = 0 

𝑢 → 𝑈∞,  𝑇 → 𝑇∞  as 𝑦 → ∞         (4) 

where 𝑈𝑤 and 𝑈∞ are constants and correspond to the 
plate velocity and the free stream velocity, 

respectively. Further, 𝑢 and 𝑣 are the velocity 
components along 𝑥- and 𝑦-directions, respectively, 𝑇 
is the temperature of the nanofluid, 𝜇𝑛𝑓, 𝛼𝑛𝑓 and 𝜌𝑛𝑓 
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are the viscosity, thermal diffusivity and density of the 
nanofluid, respectively, which are given by Oztop and 
Abu-Nada [28]: 

𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓
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𝑓
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where 𝜑 is the nanoparticle volume fraction, (𝜌𝐶𝑝)𝑛𝑓 

and (𝜌𝐶𝑝)𝐶𝑁𝑇 are the heat capacity of the nanofluid 

and carbon nanotubes, 𝑘𝑛𝑓 is the thermal conductivity 

of nanofluid, 𝑘𝑓 and 𝑘𝐶𝑁𝑇 are the thermal conductivities 

of the fluid and carbon nanotubes, respectively, and  
𝜌𝑓 and 𝜌𝐶𝑁𝑇 are the densities of the fluid and carbon 

nanotubes, respectively. The use of the term for 

𝑘𝑛𝑓/𝑘𝑓 were taken from Xue [29] where the Maxwell 

theory model takes into account the impact of CNT 
space distribution on thermal conductivity. 

The governing equations (1)-(3) subject to the 
boundary conditions (4) can be expressed in a simpler 
form by introducing the following transformation: 
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)

1/2
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1
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where 𝑈 is the composite velocity defined as 

𝑈 = 𝑈𝑤 + 𝑈∞.  𝜓 is the stream function defined as 

𝑢 =
𝜕𝜓

𝜕𝑦
 and𝑣 = −

𝜕𝜓

𝜕𝑥
, which identically satisfies (1). 

Employing the similarity variables (7), (2)-(3) reduce to 

the following ordinary differential equations as: 
1
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subject to the boundary conditions (4) which becomes 

𝑓(0) = 0, 𝑓′(0) = 𝜆, 𝜃(0) = 1, 
𝑓′(𝜂) → 1 − 𝜆, 𝜃(𝜂) → 0 as 𝜂 → ∞                            (9)  

The physical quantities of interest, which are the skin 
friction coefficient 𝐶𝑓 and the local Nusselt number 

𝑁𝑢𝑥, are defined as 

𝐶𝑓 =
𝜏𝑤

𝜌𝑓𝑈2  ,          𝑁𝑢𝑥 =
𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤−𝑇∞)
                               (10) 

where the surface shear stress 𝜏𝑤 and the surface 
heat flux 𝑞𝑤 are given as 

𝜏𝑤 = 𝜇𝑛𝑓 (
𝜕𝑢
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)

𝑦=0
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)
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                 (11) 

with 𝜇𝑛𝑓 and  𝑘𝑛𝑓 being the dynamic viscosity and 

thermal conductivity of the nanofluids, respectively. By 
using the similarity variables (6) into (10), we obtain 

𝐶𝑓𝑅𝑒𝑥
1/2

=
1

(1−𝜑)2.5 𝑓′′(0),                                                       

(12) 

𝑁𝑢𝑥/𝑅𝑒𝑥

1

2 =  −
𝑘𝑛𝑓

𝑘𝑓
𝜃′(0),                                                      

(13) 

where 𝑅𝑒𝑥 = 𝑈𝑥/𝜈𝑓 is the local Reynolds number. 

 

III. DISCUSSION 

The nonlinear ordinary differential equations (7)-(8) 
subject to the boundary conditions (9) has been 
solved numerically using the shooting method. The 
effects of the solid volume fraction of carbon 
nanotubes 𝜑 and the Prandtl number 𝑃𝑟 are analyzed 
for three different base fluids, namely water, kerosene 
and engine oil. We consider both single-wall and 
multi-wall CNTs. The Prandtl numbers taken to be 

𝑃𝑟 = 6.2, 𝑃𝑟 = 21 and 𝑃𝑟 = 155 for base fluids water, 
kerosene and engine oil, repectively. The 
thermophysical properties of the base fluid and the 
carbon nanotubes are listed in Table 1. abc 
 

Table 1 : The thermophysical properties of the 
base fluid and CNTs [28, 30-33] 

Physical 
properties 

Base fluids 
Carbon 

nanotubes 

Water Kerosene 
Engine 
oil 

SW 

CNT 

MW 

CNT 

𝜌(𝑘𝑔/𝑚3) 997 783 884 2600 1600 

𝑐𝑝(𝐽/𝑘𝑔𝐾) 4179 2090 1910 425 796 

𝑘(𝑊/𝑚𝐾) 0.613 0.145 0.144 6600 3000 

Figs. 1 and 2 illustrate the variation of 𝑓′′(0) and 

−𝜃′(0) with some values of the velocity ratio 
parameter 𝜆, for three different values of carbon 
nanotube volume fraction 𝜑, where 𝜑 = 0, 0.1 and 0.2 

for water base fluid with 𝑃𝑟 = 6.2. While Figs. 3 and 4 
illustrate the variation of 𝑓′′(0) and −𝜃′(0) with some 

values of the velocity ratio parameter 𝜆, for three 
different base fluids, which are water, kerosene and 

engine oil when 𝜑 = 0.1. 

There are regions of unique solutions for 𝜆 > 0, 
dual solutions for 𝜆𝑐 < 𝜆 ≤ 0 when the plate and the 
free stream move in the opposite direction, and no 
solutions for 𝜆 < 𝜆𝑐 < 0. Therefore, the solutions exist 

up to the critical value 𝜆 = 𝜆𝑐 < 0, beyond which no 
solutions exist. Based on our computation, 𝜆𝑐 =
−0.5482. this value of 𝜆𝑐 is in agreement with those 
reported by Bachok et al.[15]. 

Figs. 5 and 6 show the variations of skin friction 
coefficient and the local Nusselt number, given by (12) 

and (13) with the carbon nanotube volume fraction 𝜑, 
for three different base fluids: water, kerosene and 

engine oil with 𝜆 = 0.2. It shows that these quantities 
increase almost linearly with 𝜑. In addition, it is noted 
that the lowest heat transfer rate is water. This is 
because water has the highest thermal conductivity 
compared to kerosene and engine oil, as shown in 
Table 1. 
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The velocity and temperature profiles for some 
values of parameters are presented in Figs. 7-12. The 
term for both first and second solutions refer to the 
curves shown in Figs. 1-4, where the first solution has 

larger value of 𝑓′′(0) and −𝜃′(0) compared to the 
second solution. These profiles satisfy the boundary 
conditions (9) asymptotically, which supporting the 
existence of dual solutions shown in Figs. 1-4. 

IV. CONCLUSION 

In this paper, we have studied theoretically and 
analysed the effects of carbon nanotubes volume 
fraction on the fluid flow and heat transfer 
characteristics. The problem was solved by using a 
shooting method by Maple software. The results 
indicated that: 

1. Dual solutions were found to exist when the 
plate and the free stream move in the 
opposite direction. 

2. The value of 𝜆𝑐 = −0.5482 for carbon 
nanotube and nanofluid (Tiwari and Das) 
are the same. 

3. The skin friction coefficients and the local 
Nusselt number increases as the carbon 
nanotube volume fraction increases, 

4. Engine oil-SWCNT have higher heat 
transfer rates than water- and kerosene-
SWCNT. 

5. SWCNT more efficient than MWCNT in 
both skin friction coefficient and local 
Nusselt number. 

 

Fig. 1 : Variation of 𝑓′′(0) with 𝜆 for some values of 𝜑 for 
water-SWCNT. 

 

 

Fig. 2: Variation of -𝜃′(0) with 𝜆 for some values of 𝜑 for 
water-SWCNT. 

 

 

 

Fig. 3: Variation of 𝑓′′(0) with 𝜆 for different base fluids with 

SWCNT and 𝜑 = 0.1. 

 

 

 

Fig. 4: Variation of -𝜃′(0) with 𝜆 for different base fluids with 

SWCNT and 𝜑 = 0.1. 
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Fig. 5: Variation of skin friction coefficient with 𝜑 for different 

base fluids and carbon nanotubes when 𝜆 = 0.2. 

 

Fig. 6: Variation of Nusselt number with 𝜑 for different base 

fluids and carbon nanotubes when 𝜆 = 0.2. 

 

Fig. 7: Velocity profiles for some values of 𝜑 for water-
SWCNT when 𝜆 = −0.4. 

 

 

 

Fig. 8: Temperature profiles for some values of 𝜑 for water-

SWCNT when 𝜆 = −0.4. 

 

Fig. 9: Velocity profiles for different base fluids with 

SWCNT, 𝜑 = 0.2 and 𝜆 = 0.54. 

 

Fig. 10: Temperature profiles for different base fluids with 
SWCNT, 𝜑 = 0.2 and 𝜆 = 0.54. 
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Fig. 11: Velocity profiles for different types of carbon 

nanotube with water base fluid when 𝜑 = 0.2 and 𝜆 = 0.54. 

 

Fig. 12: Temperature profiles for different types of carbon 
nanotube with water base fluid when 𝜑 = 0.2 and 𝜆 = 0.54. 

 

ACKNOWLEDGMENT  

The authors gratefully acknowledge the financial 
support received in the form of fundamental research 
grnat scheme (FGRS/1/2018/STG06/02/4/5540155). 
Finally, a modest yet sincere gratitude for the honest 
feedback and suggestions from all reviewers. 

  

REFERENCES 

[1] F.K. Tsou, E.M. Sparrow, and R.J. Goldstein, 
“Flow and heat transfer in the boundary layer on a 
continuous moving surface,” Int. J. Heat Mass 
Transfer, vol. 10, pp. 219-235, 1966. 

[2] J.P. Klemp, and A. Acrivos, “A method for 
integrating the boundary-layer equations through a 

region of reverse flow,” Fluid Mech., vol. 53, pp. 177-
191, 1972. 

[3] H. Lin, K. Wu, and H. Hoh, “Mixed convection 
from an isothermal horizontal plate moving in parallel 
or reversely to a free stream,” Int. J. Heat Mass 
Transfer, vol. 36, pp. 3547-3554, 1993. 

[4] T. Fang, “Similarity solutions for a moving-flat 
plate thermal boundary layer,” Acta Mechanica, 
vol.163, pp. 161-172, 2003. 

[5] N. Bachok, and A. Ishak, “Flow and heat 
transfer characteristics on a moving flat plate in a 
parallel stream with prescribed surface heat 
flux(Conference Paper),” WSEAS International 
Conference on Applications of Computer Engineering, 
vol. 9, pp. 115-118, 2010. 

[6] N.C. Rosca, A.V. Rosca, and I. Pop, 
“Stagnation point flow and heat transfer over a non-
linearly moving flat plate in a parallel free stream with 
slip,” Comm. in Nonlinear Science and Numerical 
Simulation, vol. 19, pp. 1822-1835, 2014. 

[7] M. Khazayinejad, M. Hatami, D. Jing, M. 
Khaki, and G. Domairry, “Boundary layer flow analysis 
of a nanofluid past a porous moving semi-infinite flat 
plate by optimal collocation method,” Powder Tech., 
vol. 301, pp. 34-43, 2016. 

[8] S. Choi, “Enhancing thermal conductivity of 
fluids with nanoparticles,” Fluids Engineering Division, 
vol. 231, pp. 99-105, 1995. 

[9] J. Buongiorno, “Convectve transport in 
nanofluids,” Journal of Heat Transfer, vol. 128, pp. 
240-250, 2006. 

[10] R.K. Tiwari, and M.K. Das, “Heat transfer 
augmentation in a two-sided lid-driven differentially 
heated square cavity utilizing nanofluids,” Int. Journal 
of Heat and Mass Transfer, vol. 50, pp. 2002-2018, 
2007. 

[11] A.M. Rohni, S. Ahmad, and I. Pop, “Boundary 
layer flow over a moving surface in a nanofluid 
beneath a uniform free stream,” Int. Journal of 
Numerical Methods for Heat and Fluid Flow, vol. 19, 
pp. 828-846, 2011. 

[12] A. Noor, R. Nazar, K. Jafar, and I. Pop, 
“Boundary layer flow and heat transfer of nanofluids 
over a permeable moving surface in the presence of a 
coflowing fluid,” Adv. In Mechanical Eng., 2014. 

[13] N.A.A Bakar, N. Bachok, and N.M. Ariffin, 
“Boundary layer floe and heat transfer on a moving 
plate in a copper-water nanofluid using Buongiorno 
model,” Indian Journal of Science and Technology, 
vol. 9, 2016. 

[14] S. Ahmad, A.M. Rohni, and I. Pop, “Blasius 
and Sakiadis problems in nanofluids,” Acta Mech, vol. 
21, pp. 195-204, 2011. 

[15] N. Bachok, A. Ishak, and I. Pop, “Flow and 
heat transfer characteristics on a moving flat plate in a 
nanofluid,” Int. Journal of Heat and Mass Transfer, 
vol. 55, pp. 642-648, 2012. 

[16] M. Khazayinejad, M. Hatami, D. Jing, M. 

Khaki, and G. Domairry, “Boundary layer flow analysis 

of a nanofluid past a porous moving semi-infinite flat 

plate by optimal collocation method,” Powder Tech., 

vol. 301, pp. 34-43, 2016. 

http://www.jmest.org/


Journal of Multidisciplinary Engineering Science and Technology (JMEST) 

ISSN: 2458-9403 

Vol. 6 Issue 12, December - 2019, Special Issue  

www.jmest.org 

JMESTN42353059 67 

[17] S. Jahan, H. Sakidin, R. Nazar, and I. Pop, 

“Boundary layer flow of nanofluid over a moving 

surface in a flowing fluid using revised model with 

stability analysis,” Iny. Journal of Mechanical 

Sciences, vol. 131-132, pp. 1073-1081, 2017. 

[18] E.H. Aly, and H.M. Sayed, 

“Magnetohydrodynamic and thermal radiation effects 

on the boundary-layer flow due to a moving extensible 

surface with the velocity slip model: a comparative 

study of four nanofluids,” Journal of Magnetism and 

Magnetic Materials, vol. 422, pp. 440-451, 2017. 

[19] P.M. Krishna, R.P. Sharma, and N. Sandeep, 

“Boundary layer analysis of persistent moving 

horizontal needle in Blasius and Sakiadis 

magnetohydrodynamic radiative nanofluid flows,” 

Nuclear Engineering and Technology, vol. 49, pp- 

1654-1659, 2017. 

[20] W.A. Khan, Z.H. Khan, and M. Rahi, “Fluid 
flow and heat transfer of carbon nanotubes along a 
flat plate with navier slip boundary,” Applied 
Nanoscience, vol. 4, pp. 633-641, 2014. 

[21] R. Kamali, and A.R. Binesh, “Numerical 
investigation of heat transfer enhancement using 
carbon nanotube-based non-newtonian nanofluids,” 
Int. Communications in Heat and Mass Transfer, vol. 
37, pp. 1153-1157, 2010. 

[22] S.T. Hussain, U.H. Rizwan, Z.H. Khan, and S. 
Nadeema, “Water driven flow of carbon nanotubes in 
a rotating channel,” Journal of Molecular Liquids, vol. 
214, pp. 136-144, 2016. 

[23] U.H. Rizwan, N. Sohail, .Z.H. Khan, and 
N.F.M. Noor, “Convective heat transfer in MHD slip 
flow over a stretching surface in the presence of 
carbon nanotubes,” Physica B: Condensed Matter, 
vol. 457, pp. 40-47, 2015. 

[24] T. Hayat, Z. Hussain, A. Alsaedi, and S. 
Asghar, “Carbon nanotube effects in the stagnation 
point flow towards a nonlinear stretching with variable 
thickness,” Advanced Powder Technology, vol. 27, pp. 
1677-1688, 2016. 

[25] N.S. Anuar, N. Bachok, and I. Pop, “A stability 
analysis of solutions in boundary layer flow and heat 
transfer of carbon nanotubes over a moving plate with 
slip effect,” Energies, vol 11, pp. 3243, 2018. 

[26] Y.R.O. Reddy, M.S. Reddy and P.S. Reddy, 
“MHD boundary layer flow of SWCNT-water and 
MWCNT-water nanofluid over a vertical cone with 
heat generation/absorption,” Heat Transfer - Asian 
Research, vol. 48, pp. 539-555, 2019. 

[27] S. Jain, and P. Gupta, “Flow and heat transfer 
of carbon nanotubes nanofluid flow over a 3-D 
inclined nonlinear stretching sheet with porous 
media(Book Chapter),” Lecture Notes in Mechanical 
Engineering, pp. 321-329, 2019. 

[28] H. Oztop, and E. Abu-Nada, “Numerical study 
of natural convection in partially heated rectangular 
enclosure filled with nanofluids,” Int. J. Heat Fluid 
Flow, vol. 29, pp. 1326-1336, 2008. 

[29] Q. Xue, “Model for thermal conductivity of 
carbon nanotube-based composites,” Phys B 
Condens Matter, vol. 368, pp. 302-307, 2005. 

[30] J. Hone, “Carbon nanotubes: thermal 
conductivity of heterogeneous two-component 
systems,” Ind Eng Chem Fund, vol, 1(3), pp. 187-191, 
2004. 

[31] Z. Antar, H. Noel, J.F. Feller, P. Glouannec, 
and K. Elleuch. “Thermophysical and radiative 
properties of conductive biopolymer composite,” 
Matter Sci Forum, vol. 714, pp. 115-122, 2012. 

[32] E. Ebrahimnia-Bajestan, and H. Niazmand, 
“Convective heat transfer of nanofluids flows through 
an isothermally heated curve pipe,” Iran J Chem Eng, 
vol. 8(2), pp. 81-97, 2011. 

[33] A. Bejan, “Convection heat transfer,” 3rd edn. 
John Wiley, New York. 

 
 

http://www.jmest.org/

