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Abstract— In this paper, we have studied free
vibration analysis of micro-Euler-Bernoulli beam
carrying an attached mass. Based on Hamilton’s
principle dimensionless frequency is obtained.
Micro-beam is considered as a cantilever carrying
an attached mass. We have developed a similar
study carried out by Ghanbari and Babaei by
using a numerical method names as NewtonRaphson method. and compare our results with
their results. Comparison demonstrates a pretty
high level of accuracy. In other words, increment
in the value of the attached mass leads to
decrement in the value of dimensionless natural
frequency. Increasing the inertia effects of the
whole system including the micro-cantilever-beam
and the attached mass roles as a structural
damper and suppresses the vibration frequencies
and amplitudes.

tensor and the symmetric curvature tensor which is
related to the micro-scale rotation of material particles.

Figure 1. Schematic of the micro-beam with
attached mass
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INTRODUCTION (Heading 1)

This template, modified in MS Word 2007 and
saved as a “Word 97-2003 Document” for the PC,
provides authors with most of the formatting
specifications needed for preparing electronic versions
of their papers. All standard paper components have
been specified for three reasons: (1) ease of use when
formatting individual papers, (2) automatic compliance
to electronic requirements that facilitate the concurrent
or later production of electronic products, and (3)
conformity of style throughout a conference
proceedings. Margins, column widths, line spacing,
and type styles are built-in; examples of the type styles
are provided throughout this document and are
identified in italic type, within parentheses, following
the example. Some components, such as multi-leveled
equations, graphics, and tables are not prescribed,
although the various table text styles are provided. The
formatter will need to create these components,
incorporating the applicable criteria that follow.
II.

1
∫(𝜎𝑖𝑗 : 𝜀𝑖𝑗 + 𝑚𝑖𝑗 : χ𝑖𝑗 ) 𝑑𝑉
2

where 𝑉 is volume, 𝜎𝑖𝑗 is the Cauchy stress tensor,
𝜀𝑖𝑗 is the strain tensor, 𝑚𝑖𝑗 stands for the deviatoric
part of the couple stress tensor, and χ𝑖𝑗 is the
symmetric curvature tensor. The tensors 𝜀𝑖𝑗 and
χ𝑖𝑗 are defined by following relations:

1
𝜀𝑖𝑗 = (𝑢𝑖𝑗 + 𝑢𝑗𝑖 )
2

(2)

1
𝜒𝑖𝑗 = (𝑒𝑖𝑝𝑞 𝜀𝑞𝑗,𝑝 + 𝑒𝑗𝑝𝑞 𝜀𝑞𝑖,𝑝 )
2

(3)

MODEL

Consider the following micro-beam with length 𝐿,
width 𝑤 and uniform thickness ℎ which is shown in
Figure 1. According to the modified couple stress
theory (Ghanbari and Babaei (2015)) the stored strain
energy 𝑈𝑠 of an elastic linear isotropic Euler-Bernoulli
micro-beam is expressed in terms of the classic strain

𝑢 in Eq. (2) shows the displacement vector; 𝑒𝑖𝑝𝑞 in
Eq. (3) is the alternating tensor; and comma refers to
differentiation. Constitutive relations regarding the
Cauchy stress tensor and the deviatoric part of the
couple stress tensor are:
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𝜎𝑖𝑗 = 2𝜇𝜀𝑖𝑗 + 𝜆𝛿𝑖𝑗 𝜀𝑘𝑘

𝐿

(4)

𝑚𝑖𝑗 = 2𝜇𝑙 2 𝜒𝑖𝑗

1
𝜕𝑤
1 𝜕𝑤(𝐿, 𝑡) 2
𝑇 = ∫ 𝜌𝐴( )2 𝑑𝑥1 + 𝑀(
)
2
𝜕𝑡
2
𝜕𝑡

(5)

𝜆 and 𝜇 represent Lame,s parameters. 𝜈 is the
Poisson’s ratio and 𝐸 is the modulus of elasticity.
Besides following constraint equations are helpful in
reducing the number of unknowns:
𝜆=

𝐸𝜈
(1+𝜈)(1−2𝜈)

Based on Hamilton's principle (Ghanbari and
Babaei (2015)), the governing equation of the beam
along with initial conditions and boundary conditions
can be determined by using the following equation:
𝑡2

𝐸

𝜇=

,

(6)

2(1+𝜈)

𝑙 in Eq. (5) is the material length scale parameter
of the MCST.
The displacement components in an
Bernoulli beam can be represented by

𝛿 [ ∫ (𝑇 − 𝑈𝑠 ) 𝑑𝑡] = 0

Substituting the Eqs.(14),(15) into the Eq.(16), one
can obtain the governing equation as following:

Euler-

(Ghanbari and Babaei (2015)):
𝜕𝑤
𝜕𝑥1
(8)

𝑢3 (𝑥1 , 𝑥3 , 𝑡) = 𝑤(𝑥1 , 𝑡)

Using this displacement fields and Eqs. (2) - (5),
elements of 𝜀𝑖𝑗 , χ𝑖𝑗 , σ𝑖𝑗 and m𝑖𝑗 are as follows:

𝜒12 = 𝜒21 = −

𝜎11 = −𝐸𝑥3

𝑚12 = 𝑚21

(10)

1 𝜕 𝜕𝑤
(
)
2 𝜕𝑥1 𝜕𝑥1

𝜕 𝜕𝑤
(
)
𝜕𝑥1 𝜕𝑥1

𝑄

𝑑4 𝑊
− 𝜌𝐴𝜔2 𝑊 = 0
𝑑 4 𝑥1

𝜕 𝜕𝑤
= −𝜇𝑙
(
)
𝜕𝑥1 𝜕𝑥1

(19)
(20)

Where 𝜔 denotes the natural frequency of
vibration, 𝑊 is the displacement amplitude at 𝑥1 = 0
and 𝐼𝑥2𝑥2 is the second moment of mass inertia about
the 𝑥2 direction.

(11)

Using the following parameters helps in the
analysis steps:

(12)

2

(18)

Substituting of the Eq.(18) into the Eq.(17) yields
the following ordinary differential equation:

𝑄 = 𝐸𝐼𝑥2𝑥2 + 𝐺𝐴𝑙 2

𝜕 𝜕𝑤
= −𝑥3
(
)
𝜕𝑥1 𝜕𝑥1

(17)

𝑤(𝑥1 , 𝑡) = 𝑊(𝑥1 )𝑇(𝑡)

(9)

In the above equations 𝑢𝑖 , ( 𝑖 = 1,2,3 ) are the
general
displacement
components
in
𝑥1 , 𝑥2 , 𝑥3 directions.

𝜀11

𝜕4𝑤
𝜕2𝑤
+
𝜌𝐴
=0
𝜕𝑥1 4
𝜕𝑡 2

It seems reasonable to expect that transverse
displacement varies harmonically with respect to time
variable. Also due to homogeneity of the partial
differential equation obtained, it is acceptable to use
the method of separation of variables like:

(7)

𝑢2 (𝑥1 , 𝑥3 , 𝑡) = 0

(16)

𝑡1

𝑄

𝑢1 (𝑥1 , 𝑥3 , 𝑡) = −𝑥3

(15)

0

𝑥=

(13)

𝐿

(21)

,

𝛽4 =

(𝜌𝐴𝜔2 𝐿4 )
𝑄

(22)

Substitution of Eqs. (10)-(13) into Eq. (1) results:
2

1
𝜕 𝜕𝑤
𝑙2
𝑈𝑠 = ∫{𝐸 (
(
)) (𝑥3 2 + )} 𝑑𝑉
2
𝜕𝑥1 𝜕𝑥1
2

𝑥1

(14)

𝑉

Moreover, maximum kinetic energy of the EulerBernoulli beam carrying an attached mass can be
expressed as:

substituting above parameters into the Eq.(19),
one can obtain
𝑑4 𝑊
− 𝛽4 𝑊 = 0,
𝑑4 𝑥

0≤𝑥≤1

(23)

Besides, the boundary conditions of the clampedfree beam carrying an attached mass at the free end
is:
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𝑊(0) = 0

(24)

𝑑𝑊
(0) = 0
𝑑𝑥

1+

(25)

𝑑2 𝑊
(1) = 0
𝑑𝑥 2

In the above non-transcendental equation 𝑅 is the
mass ratio which can be defined as:

(26)

𝑅=

3

𝑑 𝑊
𝑀
(1) + ( 𝜔2 ) 𝑊(1) = 0
𝑑𝑥 3
𝑄

(27)

In order to go on, general solution of Eq. (23) is
compulsory. This general solution is proposed by
Ghanbari and Babaei as the following linear
combination of trigonometric and hyperbolic
eqauations:
𝑊(𝑥) = 𝐶1 cosh 𝛽𝑥 + 𝐶2 sinh 𝛽𝑥 + 𝐶3 cos 𝛽𝑥 +
𝐶4 sin 𝛽𝑥
(28)
Applying the boundary conditions one can obtain
four equations with corresponding values for each.
After some mathematical operations, matrix of the
coefficients is:
𝐴(1,1) = 1,

𝐴(1,2) = 0,
𝐴(1,4) = 0

𝐴(1,3) = 1,
(30)

𝐴(2,1) = 0,

𝐴(2,2) = 1,
𝐴(2,4) = 1

𝐴(2,3) = 0,
(31)

(33)

𝐴(4,3) = 𝛽3 sin 𝛽𝐿 + (

Eq. (35) is solved using the Newton-Raphson
method. This is a numerical method which is mostly
established on the initial guess of the root. NewtonRaphson method is among the iterative methods
which tries to get the approximate estimate of the
answer to a algebraic (transcendental or nontranscendental) equation by iterations and minimizing
the error. Consequently, initial guess is highly vital in
this method and a good guess leads to better
approximations. Table 1 shows the current results
compared to the results reported by Ghanbari and
Babaei (2015). First point is the accuracy of the
Newton-Raphson method. Other point is the approval
of the result reported by Ghanbari and Babaei (2015)
somehow by increasing the mass ratio (which is the
ratio of the attached mass to the ration of the beam),
vibration frequency decreases.

𝑓(𝑥)|𝑥=𝑥𝑖
𝑑𝑥

|

𝑥=𝑥𝑖

Table . comparison of natural dimensionless
frequency with Newton-Raphson method

𝑀 2
𝜔 ) sinh 𝛽𝐿 ,
𝑄

𝑀 2
𝜔 ) cos 𝛽𝐿 ,
𝑄

𝑀
𝐴(4,4) = −𝛽 cos 𝛽𝐿 + ( 𝜔2 ) sin 𝛽𝐿
𝑄
3

(36)

𝑥𝑖+1 = 𝑥𝑖 − 𝑑𝑓(𝑥)

𝑀
𝐴(4,1) = 𝛽 sinh 𝛽𝐿 + ( 𝜔2 ) cosh 𝛽𝐿 ,
𝑄
3

𝐴(4,2) = 𝛽3 cosh 𝛽𝐿 + (

𝑀
𝜌𝐴𝐿

Newton-Raphson method is based on the initial
guess. Base on this method, by having a good initial
guess, and iteration methods, one can obtain the
approximate root of an algebraic based on the
consecutive process. Suppose that 𝑓 is a function of
variable 𝑥 and 𝑥𝑖 is the initial guess, then first iteration
leads to the first obtained root or the second
approximate root 𝑥𝑖+1 as following:

𝐴(3,1) = 𝛽2 cosh 𝛽𝐿 ,
𝐴(3,2) = 𝛽2 sinh 𝛽𝐿 ,
𝐴(3,3) = − cos 𝛽𝐿
(32)
𝐴(3,4) = − sin 𝛽𝐿

1
+ 𝑅𝛽(tanh 𝛽𝐿 − tan 𝛽𝐿)
(cosh 𝛽𝐿)(cos 𝛽𝐿)
=0
(35)

(34)

And the coefficient vector matrix including 𝐶𝑖 , (𝑖 =
1,2,3,4).
Based on the fundamentals of linear algebra,
determinant of the coefficient matrix is zero in the
case of homogenous system of equations; this leads
to a non-transcendental equation as the following one:

𝑅

Ghanbari and
Babaei (2015)

0.01
0.1
1
10

3.4477
2.9678
1.5573
0.5414

NewtonRaphson
(Present)
3.5192
2.3136
1.5680
0.5976

Percent
error (%)
2.07
22
0.68
10

Conclusion
Model of the current study pertains to the system
of micro-cantilever carrying an attached mass.
Frequency decrement is of the concern which is
mainly caused by the presence of the attached mass.
The inertia derived from the attached mass rides the
whole system to decrease in vibrations. A micro-
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cantilever beam carrying an attached mass is being
investigated based on the Euler-Bernoulli beam
theories and modified couple stress theory (MCST).
Hamilton’s principle is adopted to govern the equation
of motion. Key points of the current study compromise
using the numerical method to verify its applications in
more challenging cases and applying the specific
boundary conditions. This boundary condition implies
the effects of the attached inertia on the frequency of
the system. It is good to mention that the NewtonRaphson method shows pretty accurate results and
as a result can be a good method in solving the other
cases. Based on the mentioned results, as the mass
ratio increases, vibration frequencies decrease and
vice versa. So, the attached mass works like a
structural damper.
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