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Abstract—we present a new local fractional a-
integral transform its inverse , some of its
properties and transformation for some fractional
functions. In this paper are considered the Initial
value problems with local fractional derivative.
Analytical solutions for the homogeneous and
nonhomogeneous local fractional differential
equations are discussed by using this new a -
integral transform
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I. INTRODUCTION

Calculus transform has played an important role in
areas randing from fundamental scieces to
engineering in the past years and has been applied to
a wide class of functions[1,2]. This new a-transform is
focused firstly on some previous knowledge of known
integral transformations which mention Fourier
transform Laplace Sumudu [3], Elzaki [4,5] Yang-
Laplace[1] and a new transform integral [6]. The
ordinary and partial differential equations have found
applications in many problems in mathematical
physics.[7,8] Initial value problems for ordinary and
partial differential equations have been developed by
some authors [9,10,11]. There are analytical methods
and numerical methods for solving the differential
equations,

such as the finite element method[12] , the Adomian
decomposition  method[13,14] ,the variational
itheration method[15] ,and other methods . In this
paper, our aim is to use the new a — integral transform
to solve initial value problems with local fractional
derivative

The paper is organized as follows :

In Section 2 , we introduce the notions of local
fractional calculus theory used in this paper.

In Section 3, we give the definition of the a — integral
transform some properties

Section 4, is devoted to the solutions for the
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In Section 5, are gived our conclusions.

Il. MATEMATICAL FUNDAMENTALS

Local Fractional Calculus

Definition 1 : The function f(x) is called local fractional
continuous at x = X, if there is the relation [f(x) —
flxo)l <& ,0<a<l. with|lx —xy| <8 fore>0,
0>0andedeR.

Itis denoted by lim,._,, f(x) = f(xo).

Definition 2 : The function f(x) is called local fractional
continuous on the interval (a,b) iffore, d>0and €0 €
R satisfies the relation |f(x) — f(xy)| <&* , 0<a<1.
Itis denoted by f(x)eC.(a,b).

Definition 3 : In Fractal space let f(x)eC.(a,b) ;
Local fractional derivative of f(x) of order a at the point
X=X is given by [1,2,16 — 21]

do(
DIV (x0) = 2= F()lxmxy = [ x0) =
A% (f(0)—f(x0))

(x—x0)" '

lim,

(6)
Were A% (f(x) — f(x)) = T(x +D)(f(x) — f(x0) -
The formulas of local Fractional derivatives of special
functions used in the paper are as follows
D ag(x) = aDS g(x)

(7)
ne N .

a% X x(n—1)x
dx* (F(1+no<)) T TA+(n-1)x)

(8)

Definition 4 : A partition of the interval [a, b] is denoted
by (4, ts) pérj=0,1,...,N-1 , t,=a and ty=b with
At; = tjy, —t; and At = max{Aty ty, ... }.

Definition 5 : Local fractional integral of f(x) in the
interval [a, b] is given by [1,2,21]

homogeneous and nonhomogeneous Initial value () 1 b «
problems with local fractional derivative. aly* f(6) = r(ec+1) fa HOICLY
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= limyeo X5 f () (At)™
9)

The formulas of local fractional integrals of some
special functions used in this work are as follows :
o a g(x) = a oI g(x)

(10)

() P x(n+1)oc
ol¢ (F(1+no<)) = Tarmrno € N

11)

. A NEW LOCAL FRACTIONAL INTEGRAL TRANSFORM
AND ITS INVERSE FORMULA

A new Local Fractional a- integral transform and its
inverse formula .

Definition 6 : Let r(o<+1) f “IfF®O]dH)* <K <o . The
a- integral transform f(x) is given by
e {f(t)} = Auf(v) =

- E(~GOf @)™ 0<ast

T(oc+1) v

(12)
were the integral converges and v® € R®

Definition 7 : The inverse formula of the a- integral
transform is given by

Kgl {Ax'f(v)} (2m)°‘ fB-HwE (( t)‘x) Aa( )
(13)

Where v° = B% + i w® ; here i is fractal imaginary unit
ofvand Re(v)=p>0.

(dV)

Some properties the a — integral transform are
presented as follows

Ka{Eq(x*)} = W (14)

. aoa _ Cau3u
Kolsing(c*x®)} = =z (15)
Ko{cos,(c*x%)} = H:;W (16)

Ko{x*®} = v*@HOr(ak + 1)  (17)

2D (gk+1)
(1_62v2)(2k+1)a

Ko{x** Eo(c*k)} = (18)
KAE(c*t)f ()} = Aws(1—v?c) (19)

K{(af (8) + bg(t)} = aK{f (©)} + bK{g ()} (20)

Ag () FED 0
K{frO@O)) = 2L - yiii-Lne (@)

1;(z(n k)-Da

Il INITIAL VALUE PROBLEMS WHITH LOCAL FRACTIONAL
DERIVATES

In this section we handle the homogeneous and
nonhomogeneous initial value problems with local
fractional derivative.

Examle 1:

Let us consider the homogeneous Initial value
1problems with local fractional derivative in the form

dsy
d4ay

-y =0 (22
With initial boundary conditions
y@ =0, y@(©0)=0

(23)
y@®(©0) =0, yGD(0) =1,
From (21) we have

K {J’(x)} y©)  y@D)  yCd)
K{y(4a)( )} Ko{y(x)} + 20, 200 S0,

Ba)
y (0) — Ka{y(x)} i (24)

va vs(l V[X

Hence (22) can be writen

R e Ky} =0 (25)

Which leads to

Ky} [ — 1] = = (26)
So that
Kaly(}= 2 . (27)

Therefore , we get

1 e 1 v3@ }
4 1+v2a@ 2 1-v4a

y(x) - K {4 11;172“ -

(28)
= Ba(-x®) = § Eo(x®) = 5 sing(x®).

Examle 2:

Let us consider the homogeneous Initial value
problems with local fractional derivative in the form

4 42y =0 (29)

d2%x  d%x

With initial boundary conditions

y(@ =1, y@(0)= 0 .(30)

From (21) we have

K {y(x)} y(© | y @)
Kofy®P ()} = =52+ 20+ =

(31)
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Ka 0
K {y(oc)( )} {J/(x)}+ y(0)

2

Hence (29) can be written

+

v4—a —V3ZZ vtl -UZIZ

0

Kaly()} | y(© y @) Koy} m — 2K, {y(x)} =

(32)
Hence , making use of initial boundary conditions we
obtain

1

Ky} [z — o= +2] = 22— (39)

v

So that

Ky} = o . (34)

Therefore , we get

ye = K )

= Eq(—x9%)

(39)

Examle 3:

Let us consider the non - homogeneous Initial value
problems with local fractional derivative

azay
d2ey

—y =sing,(x%) (36)
With initial boundary conditions
y(0) =0, y@(0)= 1 .(37)

From (21) we have

Koy} | 0 | y9(0)
K {y(za)( )} a_+ Tt T

(38)

By using(15) and (38) , (36) can be written

Ka{y(x)} —2K, {y(x)} =

v4a 1+v4“

(39)
Hence , making use of initial boundary conditions we
obtain

1= 2o-% (40

1+v4®  p@

Kely(0} | = —

So that
3 a 3 a 3a
Ky} = 2 S - 22—~ (41)

4 1+v2@ 2 1+pi@

Therefore we get

_1(3 v 3 v 1 3@
(x) = K;*
y @ (4 1-v2@  g14p2¢ 2 14p4a

(42)
7 Ba(=x) =  Ex) = 3 sing(x®)

Examle 4:

Let us consider the non - homogeneous Initial value
problems with local fractional derivative

+y E,(x%) (43)

dzax

With initial boundary conditions

y(@ =0, y@0)= 1 .(44)

From (20) we have

(@)
K {y(m)( )} Ka{y(X)}_I_ @_I_ y(0)

,,3(1 V(l

(45)
By using(14) and (45) , (43) can be written

Koly(x)} 1
SO - — 4 Ky (0} = 2

1— vza

(46)

Hence , making use of initial boundary conditions we
obtain

1= 2o+2 @)

1-v2@  p@

Kaly(O} [ +

So that
1 v3@ 1 v® 1 v
Koly(oy= 2 o 11 (48)

2 1+via@ 2 1+v4e 2 1-p2@

Therefore we get

3a a a

—1{1 v 1 v 1 v
x) =K {— - = + -
y () @ (2 14v4@  214v4@ 2 1-p2@

(49)

= % sing,(x%) — % coSg(x%) + i E,(x*) .

IV . CONCLUSIONS

In this work we have used the local fractional a-
integral transform to handle the homogeneous and
non-homogeneous initial value problems with local
fractional derivative. Some illustrative examples of
approximate solutions for local fractional initial value
problems s are discussed. The obtained results
illustrate that the local fractional a- integral transform
is an efficient mathematical tool to solve the
homogeneous and non-homogeneous initial value
problems with local fractional derivative.
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