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Abstract— This article is about the study for
modeling and control systems and the
mathematical preliminaries necessary; first a
synopsis is made of the important results of the
Laplace transform, then is examined the
expansion of partial fractions of a transfer
function with MATLAB. Afterward we present two
differential equations that model mechanical
systems and are part of the usual literature in
system dynamics engineering courses, we
emphasize how the response of the pair of
systems is obtained in an analytical and
computational form, it is exhibited the complete
solution of the two examples of mechanical
systems where the response curves are
generated. Our idea is to complement and
improve the mathematical development with
graphs and algebra avoided in the original source.
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l. INTRODUCTION

The study of system dynamics has as its roots the
transfer function, since it depends on modeling for
effects of the control that is projected for purposes of
performing an automation task. Mechanical, electrical,
hydraulic or pneumatic systems or a combination of
these can be represented with a system of ordinary
differential equations, if we know the input and output
of the system, we can form the transfer function.
Therefore, this issue is an important part of the work
in mechatronics engineering.

The main teaching literature is as follows K.Ogata
book [1], which is the basis of our work is the most
popular text and more commonly used. For
applications focused on the use of MATLAB we have
the Dukkipati [2] which can be complementary utility to
Ogata, to adapt a bachelor's or master course,
includes numerous worked examples. For graduate
level, there is the book of Andrea-Novel and De Lara
[3] with a great amount of demonstrations and
mathematical developments. Finally, a book dedicated
to the management of polynomials and optimization is
the one of Pérez Lopez [4] also with many exercises
with MATLAB.

In research, we have the work of Sunz W. et al [5]
for example, where is modeled and controlled a dc
servomotor in the state space, the end proposes to
design a graphical interface with MATLAB. Then we
have the work of J.C. Moctezuma et al [6] where is
implemented a hardware for neural network transfer
functions using programmable logic and MATLAB.
Another interesting work for the use of MATLAB is T.
Romero et al [7] that suggests the modeling and
simulation of an inverted pendulum design, useful for
laboratory tests and that also is programmed with
MATLAB. Therefore, this program has an important
role in this research.

Our contribution is with the intention of obtaining a
teaching lesson of the transfer function using the
following configuration, which is organized according
to their relevance: a) the solution of two mechanical
systems determined by Ogata, b) the inclusion of a
simple justifications set of the Laplace transform, c) to
elaborate the calculations and graphs with MATLAB. In
that sense our purpose is to reduce and simplify the
calculations and to obtain teaching materials as an
alternative to the existing literature. A tool that can be
used to improve understanding of the transfer function
in mechatronics engineering students.

Il.  LAPLACE TRANSFORM PROOF
Is originated from a defined series by [8]

2 a(n)x" =A(x). M
n=0
For continuous variable is approximated to an
integral

® t
IO f(t)x'dt. )
X is defines as
x=e" . ©)
By completing the power is had
t
Xt _ [elnx] . (4)

This, to converge is required that X <1 then
O<x<1
Whilst variable s is defined
—-s=Inx. (5)
Therefore, the integral is the definition of the
Laplace transform
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J': f(t)e™dt=F(s) . (6)

The notation in this work is

0

L[ f(t)] :j f (e dt @)
0
Also, it has to be considerate the inverse

transform
L[f(6)]=F(s)
L*[F(s)]=f(t).

A. Important transforms

Next, the most usual functions in system
dynamics are proven

©)

The Laplace transform of the unit impulse
function is

@ sty
[ s(t)edt=1. ©

To determine the Laplace transform of an
exponential function, only consists in solving the
following integral

jo e e dt = _[0 e @t | (10)
_1 e 0 l
= gl == (11)
(a+s) 0 a+s
Therefore, the transform is
1
L{e}=——o. (12)
a+sS
Another commonly used function in

mechanical, electrical, pneumatic, and hydraulic
system is the unit step function, provided that it is
defined as constant

f(t)=A. (13)
Its integral and transform is
PN st © st
IO Ae dt_AJ'0 e “dt. (14)
L{A}= r (15)
S

In the same way, the ramp function and its
transform are

f(t)=At. (16)
j: Ate'dt = A I:te’s‘dt _ (17)

It can be visualized that it involves an integral
by parts

_fudv=uv—jvdu (18)
u=t V= —le‘St 19)
du = dt >

dv =e"dt.

By solving and evaluating it can be easily
obtained the Laplace transform

—ﬁe‘St R +jwée‘5‘dt
S 0 0 S (20)
A

To generate the transform of sine and cosine
functions can be a little more sophisticated, since the
calculation is very similar. It is only showed for the
sine function, using Euler’s identity

e = cos(awt) +isen(awt)
e = cos(at) —isen(at) . (1)

Which is presented next for including in the
integral, defining the Laplace transform

sen(ot) = %[e“"‘ — e‘i“"] (22)

2_Ai [[[e-e]edt=F(s). (23)

By solving and making algebra is obtained
that

_A_1 A1
2i(s—iw) 2i(s+io)
Aw

s+’
A further important transform is the function
multiplied by an exponential or the also named
passage theorem [9]

L[e" 1 (1)]=[e* F (t)edt=F (s+a). (29

(24)

L{Asin(wt} =

2

L[e" 1 (6)]=e%e ™1 (t)et 26)
L™ f ()] = e 1 (t)ct @
L[ea‘f (t)]z F(s+a) (28)

However, in the construction of a transference
function it is required manipulating ordinary differential
equations. Thus, is demanded a simple proof of the
first and second derivative and the integral of a
function. So, first is necessary to prove that a
derivative function has that

L{% f (t)} =sF(s)-f(0) . (29)

Now is leveraged a result of the integral by

parts
@ —st s
'[0 f(t)edt=F(s). (30)
- g) g (31)
du=S (1) >
dt dv=edt.

The presence of the derivative function is
identified, so
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e—stOO [ d et
f(t)—| —| |—f(t)|—dt.
0% L&T0)5 @
The equation is attained (29)
f(0) 1 [d
F(s)=——+=L|—f(t)].
(8)=—"+3 {dt ()} (33)

In the same way is proceeded for the second
derivative of a function

2
L[% f (t)} =s’F(s)—sf (0)—f (0).
A variable change convenes

%f(t)zg(t) .

Then, is verified that

L{g—;f(t)}zL[%g(t)}.

Using the result of the first derivative, the
result can be quickly achieved

=sL[g(t)]-9(0)
_ sLE f (t)}— f(0)

4

g (t)}sZF(s)_sf (0)- (0).

The transform of an integral is useful in
electric systems, its justification is as the following

0

37)

(38)

LI [ £ (t)dt ]=[[ [ f(t)dt dt. (39)
J 1w ]={[[r ot
Other integral by parts
u=[f(tyt yo_e=l
J- () v € S. (40)
du=f(t)dt o _ g ugi
By replacing and identifying terms
e—st ® » e—st
:Uf(t)dqTO +£f(t)Tdt' (41)

The transform definition of the second term
can be observed, also is identified that in the first term
when evaluating in infinite it becomes zero, and when
evaluating zero is obtained

L[ [ £ (tyt |- Fis), 700

S S

(42)

B. Transfer function
The transfer function of a time invariant

_ Laplace-tranformed output

TF=G(s)= ——
Laplace-transformed input
In general, are polynomials such that
X(s) bys"+bs"t+--+h, ;s+b,
Y(s) as"+as"t+-+a, s+a,

C. Partial fractions with MATLAB
Further, the example of a transfer function

(43)

developing in partial fractions ~ (34)
Y (s
(s) _ I (a4)
U(s) s*+4s+25
The instructions are  (35)
num =[25]
den =[1..4...25]

residue(num,den) =[r, p,k] (36)

The previous generates an equation so that
BE) (g 1D, 1) (o)

(5) s=p() s-p(2)  s-p(n)

For this example, there is the next result
Y(s)

_ 272727270 46)
U(s) s—(-2-4.58i) s—(-2+4.58i)

Completing the corresponding operations, is
obtained the next equation (44)

Another example is the next transfer function
with higher grades polynomials

B(s) s*+8s®+16s”+9s+6
A(s) $*+652+11s+6
Corresponding to the next expansion in partial

. (45)

(47)

fractions
B(s
B(S) g, 6 4 .3 @)
A(s) s+3 s+2 s+1

With function in the time domain
f(t)=1+25(t)-6e™ —4e* +3e™". (49)

D. First example of a mechanical system

Described by the following differential
equation

d’y {dy du}
mEY_ | Y y—u).
dt? g | KOTY o

With the next datum

S
m=10kg P=20N-— "\ _100N/m

The differential equation can be described as

ordinary differential equations linear system, is d 2y dy du

defined as the ratio of the Laplace transform of output m—=-+b—=+ky =b—+ku. (51)

between the Laplace transform of input, assuming that dt dt _ dt

the initial conditions are zero. By effecting the Laplace transform
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E. Second example of a mechanical system
Represented by the next pair of differential

(msz+bs+k)Y(s):(bs+k)U (s). (52)
The input and output are identified and equations
generates the transfer function q y
Y (s) bs+ K mx" +kx+k,x+k, (x=y)=p(t). (62)
TU = = . 53 ,
U(s) ms®+bs+k 3 k,(x—y)=hb,y" (63)
By substituting the respective values With th ants ai b
Y (s i e constants given by
(s) _ 22Os+100 _ 22s+1o | (54)  oan S
U(s) 10s®*+20s+100 s*+2s+10 2 =DAN k. =6N/m k,=4N/m
Cclmsidering the unit step function m = 0.1kg p(t) —10N
U(s)= . (55) By executing path Laplace transforms
25 +10 (ms® +k; +Kk, ) X (s)=k,Y (s)+P(s). (64)
Y(s)= . 56
() s® +2s* +10s (56) k,X (s)=(k, +b,s)Y (). (65)
Promptly, applying MATLAB commands is
created 05 016671 054016671 1 Solving for one and substituting in the other
-0.5-0. I -0.5+0. I 2
Y (s)= + -=. 57 ms®+k +k, )(k, +b,s)—k, | X(s)=(k, +b,5)P(s).(66)
() s+1-3i s+1+3i S S [( 1 2)(2 2) 2} () (z 2) ()
By developing algebra is obtained ( ) The transfer function is attained
1 s S b,s +Kk,
_1_ = . (67
Y(s)=1 (511 3 8) P(s)  mbs’ +mis” +(k K, b5 kk,
By using passage theorem, is rewritten as By _substituting_ the values and executing the
1 s—1+1 corresponding algebra is proven that
Y() = (59) ~1.369(s +1.2898)—3.9743
S (s+1) +3 X(s)= P -
By separating the numerator is attained (S +1. 898) +8.899 (68)
Y(S):l_ S+21 L1 32 C (60) _ 0.2977  1.6667
S (s+1) +3 3(s+1) +3 s+7.420 S
With the function in the time domain
X(t)=-1.369e *** cos(8.899t)

Is identified the possibility for using the
—0.446e +***®sen(8.899t) —0.2977e " (69)

passage theorem and can be obtained the function in

the time domain
61
(°1) +1.6667.
With the following graph of Fig. 2

y(t)=1-e" cos(3t)+%sen(3t).

Whose graph is shown in Fig. 1

Fig 2. Mechanical system of the second example

Fig 1. Mechanical system of the first example
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Il RESULTS DISCUSSION

We have reproduced the calculations of
Ogata in the explanation of the transfer function,
however, we want to emphasize the following: first, is
right to include the transform origin, as are the
equations (1) to (8). Books wusually omit such
reasoning in the explanation of the Laplace transform,
it was included for a good start of the subject.
Likewise, the equation integral (9) which is an impulse
function, is not well discussed in Ogata’s dissertation
and must be assumed that its clear and precise use is
of favor. On the other hand, for the Laplace transform
of an integral function, must be emphasized in the
evaluation of the results of the integral by parts
involucrate. Other key progress is conceiving the
equation (44) from (46), that work must be an
essential exercise. Similarly, generate from the
expression of the equation (57) to (58) merit longer
algebraic develop that clarify the understanding for the
mathematical tool. Idem, the equation expression
(68). Lastly, should be clarified that technical details of
the determined systems are omitted to exclusively
focus on the exercise’s mathematics.

IV CONCLUSION

The study of the model and control of
mechatronics systems requires great abilities in
effecting the Laplace transform y constructing transfer
functions, also demands certain qualification in
ordinary differential equations. Our job is about
reconsidering the lessons in Ogata and discern in the
steps that merit the mathematical development. Our
job has validity in the didactic field of the subject and
also in result of the importance that acquire the use of
software, such as MATLAB in the study objective of
this important domain of the mechatronic engineering.
The next challenge is to extend it to electric, hydraulic
and pneumatic systems in just one lesson. We believe
that would be a great contribution to improve the
teaching and learning in system dynamics.
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