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Abstract—In this paper we have proved fixed
point theorem in random probabilistic space for P-
1 compatible mappings which is introduced by
Sevet Kutukcu and Sushil Sharma.
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Introduction and Preliminaries

Menger [5] in 1942 introduced the notation of the
probabilistic  metric space. The probabilistic
generalization of metric space appears to be well
adopted for the investigation of physical quantities and
physiological thresholds. Schweizer and Sklar [7]
studied this concept and then the important
development of Menger space theory was due to
Sehgal and Bharucha-Reid [8].Sessa [9] introduced
weakly commuting maps in metric spaces. Jungck [2]
enlarged this concept to compatible maps. The notion
of compatible mapsin Menger spaces has been
introduced by Mishra [6]. Cho [1] et al. and Sharma
[10] gave fuzzy version of compatible maps and
proved common fixed point theorems for compatible
maps in fuzzy metric spaces. So many works have
been done in fuzzy and menger space [3],[4] and [12].
Sevet Kutukcu and Sushil Sharma introduce the
concept of compatible maps of type (P-1) and type (P-
2), show that they are equivalent to compatible maps
under certain conditions and prove a common fixed
point theorem for such maps in Menger spaces.
Rajesh Shrivastav, Vivek Patel and Vanita Ben
Dhagat[11] have given the definition of fuzzy
probabilistic metric space and proved fixed point
theorem for such space.

We prove fixed point results for fuzzy probabilistic
space with compatible P-1.

Definition 1. A binary  operation *:
[0,1]x[0,1]—[0,1] is a continuous t-norm if it satisfies
the following conditions

(1)* is associative and commutative,
(2)* is continuous,
(3)a*1 = a for all a<[0,1],

(4)a*b < c*d whenever a < c and b <d, for each a,
b, c, d €[0,1].

Two typical examples of continuous t-norm are

a*b =ab and a*bh = min (a ,b).

Definition 2. Let (Q, > ) be a measurable space
with > a sigma algebra of subsets of Q and M a non-
empty subset of a metric space X = (X, d). Let 2 be
the family of all non-empty subsets of M and C(M) the
family of all nonempty closed subsets of M. A
mapping G: Q — 2" is called measurable if, for each
open subset U of M,

G™(U) €X,whereG ™ (U)={weQ: G (W)nU z¢}.
Definition 3. A mapping ¢: Q - M is called a
measurable selector of a measurable mapping G : Q
— 2V if & is measurable and &(w) € G(w) for each
w € (.

Definition 4. A mapping T : Q xM — X is said to
be a random operator if, for each fixed x € M, T(., X) :

€} — X is measurable.

Definition 5. A measurable mapping § : {1 — M
is a random fixed point of a random operator T : Q xM

SXifE(w)=T [:W,f[w:])foreach w E N,

Definition 5.1.1 A fuzzy probabilistic metric space
(FPM space) is an ordered pair (X,F,) consisting of a
nonempty set X and a mapping F, from XxX into the
collections of all fuzzy distribution functions FseR for
all a. € [0,1]. For x, y € X we denote the fuzzy
distribution function Fq (X,y) by Fqxy) and Fgxy (U) is
the value of Fy«yat uin R.

The functions Fq,, for all a. € [0,1] assumed to
satisfy the following conditions:

(@) Fapy(U)=1Vu>0iffx=y,
(b) Faxy (0)=0VXx,yinX,
(C) FG(X,y) = Fu(y,x) Y X y y Il’l X,

(d) If Foxyy (u) =1 and Fqpy,z) (V) = 1 = Fgip (U+V) =
1vx,y,zeXandu,v>0.

Definition 5.1.2 A commutative, associative and
non-decreasing mapping t: [0,1] x [0,1]— [0,1] is a t-
norm if and only if t(a,1)= a Vae[0,1] , t(0,0)=0 and
t(c,d) >t(a,b)forc>a,d>b.

Definition 5.3 A Fuzzy Menger space is a triplet
(X,Fgt), where (X,F,) is a FPM-space, t is a t-norm
and the generalized triangle inequality

Faxz) (UHV) 2 t (Foz) (U), Fogy,z (V)
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holds for all x, y, zin X u, v>0and a. € [0,1].

The concept of neighborhoods in Fuzzy Menger
space is introduced as

Definition 5.1.4 Let (X,Fqt) be a Fuzzy Menger
space. If x € X, ¢ > 0 and A <(0,1), then (g) -
neighborhood of X, called U, (¢,), is defined by

Uy (1) = {yeX: Fa(x,y)(8)>(1'x)}-

An (g,A)-topology in X is the topology induced by
the family {U, (¢,A): x € X, ¢ >0, a € [0,1] and Le(0,1)}
of neighborhood.

Remark: If t is continuous, then Fuzzy Menger
space (X,Fqt) is a Housdroff space in (g,A)-topology.

Let (X,Fqt) be a complete Fuzzy Menger space
and AcX. Then A is called a bounded set if
liminf Foyyy (U) =1

U—w X,yeA

Definition 5.1.5 A sequence {X,} in (X,Fqt) is said
to be convergent to a point x in X if for every ¢>0and
A>0, there exists an integer N=N(g,A) such that x,
eUy(e,A) ¥n > N or equivalently Fq (Xn, X; €) > 1-A for
alln >N and ae[0,1].

Definition 5.1.6 A sequence {x,} in (X,Fq, t) is said
to be cauchy sequence if for every ¢ > 0 and A > 0,
there exists an integer N=N(g,A) such that for all
ael0,1] Fo(Xn,Xm; €) > 1-4 ¥V n, m > N.

Definition 5.1.7 A Fuzzy Menger space (X,Fqt)
with the continuous t-norm is said to be complete if
every Cauchy sequence in X converges to a point in X
for all ae[0,1].

Following lemmas is selected from [8] and [12]
respectively in fuzzy menger space.

Lemma 1. Let {x,} be a sequence in a Menger
space (X, Fq, *) with continuous t-norm = and t * t > t.
If there exists a constant k € (0, 1) such that

O’(X Xns1) (kt) 0{()( 10X )(t)

forallt>0and n=1, 2, ..
sequence in X.

.then {x,} is a Cauchy

Lemma 2 ([12]). Let (X, Fq, *) be a Menger space.
If there exists k € (0, 1) such that

I:a(x,y) (kt) =
thenx =y.

Fouy®foralx ye Xandt>0,

Definition 6. Self maps A and B of a Menger
space (X, Fq,*) are said to be compatible of type (P) if
Fa(Aan,Ban)(t) — 1 and Fa(BAxn,AAxn)(t) — 1 Vvt >0,
whenever{x,} is a sequence in X such that Ax,,Bx, —
zforsome z e Xasn — .

Definition 7. Self maps A and B of a Menger
space (X, Fq, *) are said to be compatible of type (P-1)
if Foaexneaxn)(t) — 1 for all t > 0, whenever {x,} is a

sequence in X such that Ax,,Bx, — z for some z in X
asn— o,

Main Results

Theorem 1. Let AB, P, Q, S and T be self maps
on a complete Menger space (X, Fq #*) with
continuous t-norm = and t « t = t, for all t € [0, 1],
satisfying:

(1.1) P(X) € ST(X), Q(X) < AB(X),
(1.2) there exists a constant k € (0, 1) such that

Faex.ay)(Kt) 2 F a(aBx,sty)(t) *Fapx.aex) (1)
*Fa(@y.sty) () *Faex,sty) (BY)* Fagay.aex((2-B)1)]

vXx,y € X,Be (0,2)and t >0,
(1.3) AB=BA, ST=TS, PB=BP,QT =TQ,
(1.4) either P or AB is continuous,

(1.5) the pairs (P,AB) and (Q, ST) are compatible
of type (P-1).

Then AB, P, Q, S and T have a uniqgue common
fixed point.

Proof. Let xo be an arbitrary point of X. By (1.1)
there exists Xxi, X, € X such that

Pxo = STx; = Yo and Qx; = ABx; = y;.

Inductively, we can construct sequences{x,} and
{yn} in X such that

PXan = STXont1 = Yan @nd QXone1 = ABXonsz = Yaonss fOr
n=0,1,2,.

Step 1. By taking X = Xan, Y = Xon+ for all t > 0 and
B=1-qwithqe (0, 1)in (1.2), we have

I:a(PXZn QX2n+1) (kt) - I:a(y2n Yons+1) (kt)

Fovmayy @ * Fug v s O F, oy O *F o ((1-0))
F & Yons1 Y2n1) ((1 + q) )

YZn+1 y2n

2 F a(Yan1Yan) (t) Y2n1YZ )(t) YZn yzm)(t) *1
yz -1Y2n) (t) F a (Yo Yane1) (q )
= T alyp1Yan) () (Y0 Yane1) (t) * FU‘(YZn »Yzm)(qt)'

Since t-norm is continuous, letting g — 1, we have

- F“(an Yon+1) (kt) * Ol(y2n 1:Y2n) (t)
Similarly, we also have

- Fa Yan+1:Y2ns2) (kt) * a(yzn Yane1) (t)

In general, for all n even or odd, we have

oz(yn Y1) (kt) a(y Yn )(t) oz(yn Y1) (t)

Consequently, forp=1, 2, .. ., it follows that,

a(y2n+1 Yan+2) ( )
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w0 (KD * Py O By kp)
By nothing thatF,, )( )—>1 as pow
we have
Fevnye (KD = Ry (O

for ke(0, 1) all n € N and t > 0. Hence, by
Lemmal, {y,} is a Cauchy sequence in X. Since (X, F,
*) is complete, it converges to a point z in X. Also its
subsequences converge as follows: {Px;} — 2z,
{ABxzn} — z, {QXon+1} — Zz @and {STxzn+1} — 2.

Case I. AB is continuous, and (P,AB) and (Q, ST)
are compatible of type(P-1).

Since AB is continuous, AB(AB)x,, — ABz and
(AB)Px,, — ABz. Since (P,AB) is compatible of type
(P-1), PPx;, — ABz.

Step 2. By taking X = PXon, ¥ = Xop+1 With B= 1 in
(1.2), we have

Fa(PPXZH ,szw)(kt) 2 Fa(ABPXZH ,STXZM)(t) * Fa(PPx2n ,ABme)(t)
*F ST (0 % Faopry, 5700 (0

* Fa (QXgn41,ABPX,,) (t)
This implies that, as n — «

Foean (kt) 2 F, 0 a8 (t) * F,nezner (t)
Fae () * Foaey () * Fogasy ()
= Fa(zABz)(t) *1x1xF e
Foaey 0 * Fgaey (D).

Thus, by Lemma 2, it follows that z = ABz.
Step 3. By taking X = z, y = Xpns1 With = 1 in (1.2),

we have
Fa(Pz,QxM)(kt) 2 Fa(ABz,STxM)(t) * Fa(PZ,ABz) (t)
* B 0t 570 O * Fapzstg O Foong. a0 (O:
This implies that,asn — o
Faery (KD 2 F ) (0) * Fpy () *F, (D)
a(z Pz) (t) a(Z 2) (t)

=1= Fa(z,Pz)(t) * 1 x

> F, (z,Pz)(1).
Thus, by Lemma 2, it follows that z = Pz. Therefore, z
=ABz = Pz.

Step 4. By taking x = Bz, y = Xoner With = 1 in
(1.2) and using (1.3), we have

a(z,Pz) (t) * 1

Fa(P(Bz),meﬂ)( ) = F a(AB(Bz) STXZM)( ) a(P(Bz),AB(Bz)) (t)
o570 O * Fatpreny s (0% Py a2 (-

This implies that,asn — o

wer) (KD 2 Fopy (t) *F ey (1) * Fupp ()
oo (0 ¥F ()
=F (z,Bz)(t) * 1 *1+F g (t) e (D)
> F, e ().

Thus, by Lemma 2, it follows that z = Bz. Since z =
ABz, we have z = Az.

Therefore, z= Az = Bz = Pz.

Step 5. Since P(X) < ST(X), there exists w € X
such that z = Pz =STw. By taking X = Xz, Yy = w with
=1in (1.2), we have

Fe o o) (kt)

a(ABX2n ,STw) (t) a(PX2n ABXy, ) (t)

a(QW STw) (t) * a (PX,, ,STW) (t) a(QW ABXj,,, ) (t)
which implies that,asn — oo
Fa (z,Qw) (kt) a(z ) (t) a(z ) (t)
a (z.2) (t) a (z,Qw) (t)
=1*1*F (zQw)(t) *1*F (zQw)(t)
2 Fa (z,Qw) (t)
Thus, by Lemma 2, we have z = Qw.

a (z,Qw) (t)

Hence, STw = z = Qw. Since (Q, ST) is compatible
of type (P-1), we have Q(ST)w = ST(ST)w.

Thus, STz = Qz.
Step 6. By taking X = Xzn, Yy = z with B = 1 in (1.2)
and using Step 5, we have

a(Px ,Q2) (kt) = oc(Aszn ,STz) (t) o((Px2n ABXZn)(t)

a(Qz,STz) (t) Fa(PXQ“ ,STz) (t) Fa(QZ,ABXZH)(t)
which implies that, asn — «

a(z Qz) (kt) a(z Qz) (t) a(z ) (t)
a(Qz Qz) (t) (z Qz) (t) (z Qz2) (t)
= Faean(®) *1 1 #F 0y (0 *1 *F, 0, (0)

2 a(2,Qz) (t)

Thus, by Lemma 2, we have z = Qz. Since STz = Qz,
we have z = STz.

Therefore,z=Az=Bz=Pz=Qz=STz.

Step 7. By taking X = X, Yy = Tz with B = 1 in (1.2)
and using (1.3), we have
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Fa(PXZH ,Q(T2) (kt) = a(Aszn ST(Tz)) (t) oz(szn JABXy, ) (t)
Fa (Q(T2),ST(Tz)) (t) Fa(PXZH ,ST(Tz2)) (t)
* Fa (Q(T2)ABX,, ) (t)
which implies that,asn — o
Faero (kt) Foars(®) *F (1) *
a(z T2) (t) a (2.T2) (t)
a(sz)(t) # 1l F () *1*F (1)

> F a(z,T2) (t)
Thus, by Lemma 2, we have z = Tz. Since z = STz,
we have z = Sz.

Therefore, z = Az = Bz = Pz = Qz = Sz = Tz, that
is, z is the common fixed point of A,B, P, Q, Sand T.

Case Il. P is continuous, and (P,AB) and (Q, ST)
are compatible of type (P-1).

(Tz Tz) (t)

Since P is continuous, PPx,, — Pz and P(AB)X,,
— Pz. Since (P,AB) is compatible of type (P-1),
AB(AB)xz, — Pz.

Step 8. By taking X = ABXop, ¥ = Xonsy With B = 1 in
(1.2), we have

F a(P(AB)X,, , sz,‘ﬂ)(kt) = F a(AB(AB)Xy, ,STXpp41) ( )
*F, a(QXape1. STsz)( ) F

Fa (QXgpe1 AB(AB)X,, ) (t) '
This implies that, asn —

P(AB)X5, ,STXpn41) (t)

a(z,Pz) (kt) sz() Psz() ()
* Fa(z Pz) ( ) a(z,Pz) )
=F, () *1 #1 +F (t) Foern®

F sz()

Thus, by Lemma 2, it follows that z = Pz. Now using
Step 5-7, we have

z=Qz=STz=Sz=Tz

Step 9. Since Q(X)cAB(X), there exists w eX
such that z = Qz =ABw. By taking X = w, y = Xpn+1 With
B=1in(1.2), we have

Fa (PW,QX5n41) (kt)

a (ABW,STX341) (t) (PW ABw) (t)

* sz(QX2n+1 STXpn41) (t) (Pw STX2n+1)( )
* Fa(Qx2n+l,ABw) (t)
which implies that,asn — o
Fornm (KD 2 Foq () * F e ()
*Foen(® * Fopnm () *F (0
1*F py® *1 xF, () * 1

P(AB)X;n AB(AB)X,, ) (t)

Since (P,AB) is compatible of type (P-1), we have
Pz = ABz. Also z = Bz follows from Step 4. Thus, z =
Az = Bz = Pz. Hence, z is the common fixed point of
the six maps in this case also.

Step 10. For uniqueness, let v (v # z) be another
common fixed point of AB, P, Q, Sand T.

Taking x =z, y = v with B = 1 in (1.2), we have
a(Pz Qv) (kt) a(ABz STv) (t) * F a(Pz,ABz) (t)* F a(Qv,STv) (t)
a(Pz STv) (ﬂt) a(QvABz) ((2 ﬁ)t)

= I:oz(z,v) (kt) 2 I:oz(z,v) (t) * Fa(Z,Z) (t)
*F o0 * F o) *F, ) (t
VV() ZV() VZ()Th
= a(Z,V)(t) *1 *1 * F (zv)(t) a(zv)(t)
2 F,qu (®.
by Lemma 2, we have z = v.
This completes the proof of the theorem.

If we take A =B =S =T = IX (the identity map on
X) in Theorem 1, we have the following:

Corollary . Let P and Q be self maps on a
complete Fuzzy Menger space (X, Fq, *)

with continuous t-norm * and t*t = t for all t € [0, 1].
If there exists a constant

k € (0, 1) such that

Fa (Px,Qy) (kt) a(x y) (t) * (x Px) (t)
a (v.Qy) (t) a(y,Px) (:Bt) (>< Qy) ((2 ﬂ )t)

forallx,y e X,pB € (0,2) and t > 0, then P and Q
have a unigue common fixed point.
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