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Abstract — The present paper is devoted to the 

investigation of lossless transmission lines with 
Josephson junction. Such lines are described by 
first order hyperbolic system partial differential 
equations with sine nonlinearity. We formulate a 
mixed problem for this system with boundary 
conditions generated by a circuit corresponding 
to Josephson junction. We present the 
transformed mixed problem in an operator form, 
introduce approximated solution and obtain a 
sequence convergent to a generalized solution. 
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I.  INTRODUCTION  

A lot of papers have been devoted to the 
investigation of lossless transmission lines terminated 
by nonlinear loads and their applications to RF-circuits 
(cf. for instance [1]-[13]). Here we consider a lossless 
transmission line with Josephson junction (cf. [14], 
[15]) arising in the problems of superconductivity. 
From mathematical point of view the lossless 
transmission line system with Josephson junction is a 
nonlinear hyperbolic system plus a relation between 
Josephson flux and voltage: 
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        ],0,0,:,),( 2 TtxRtxtx  . 

Here ),,( txu  ),( txi  and ),( tx  are unknown 

functions − voltage, current and Josephson flux, L and 

C are prescribed specific parameters of the line,  > 0 

is its length, 
LC

v
1

  − the speed of propagation, 0j  

− maximal Josephson current per unit length, 

  215
0 /10.22/ mWe    − flux induction quant, 

0/1 JK  − Josephson constant.  

The commonly accepted approach to solve the 
above system is to obtain sine Gordon equation which 
can be derived in the following way: 
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The above transformations prove that if (1) has a 
solution then (2) is satisfied. It is quite obvious that the 
inverse assertion cannot be proved without additional 
assumptions. That is why we consider the original first 
order lossless transmission line system with sine 
nonlinearity (cf. Fig. 1): 
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Fig. 1 Losssless transmission line with Josephson junction 

First we assume that the resistive element 1R  (at 

the right end) is a linear one in order to show of how 
to overcome the difficulty generated by sine 
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nonlinearity. We investigate the case of nonlinear 
resistive element in a next paper. 

For (3) one can formulate the following mixed 
(initial-boundary value) problem: to find the unknown 
functions ),( txu  and ),( txi  in domain  

    Ttxtx ,0,,0:),(   

satisfying initial conditions  

  ,0),()0,(),()0,( 00 xxixixuxu  (4) 

and boundary conditions obtained from the loads (cf. 
Fig.1): 

],0[,0),0(),0()( 0 TttiRtutE  , (5) 

],0[),,(
1

),(
),(

1
0 Tttu
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ti

dt

tdu
C 


.  (6) 

Here )(),( 00 xuxi  are prescribed initial functions − 

the current and voltage at the initial instant, )(tE  is a 

prescribed source function, 10,RR  and 0C  − specific 

parameters of the elements of the circuits. 
First we transform the hyperbolic system in a 

diagonal form and then present the mixed problem for 
the new obtained hyperbolic system in an operator 
form (cf. [16]). The operator formulated is not strict 
contraction. Theorem 2.1 (cf. [17]) cannot be applied 
because the operator is not non-expansive. That is 
why we introduce a notion n -approximated solution. It 

is obtained as a unique fixed point of an operator with 

domain     .,0,)/1(,0:),( Ttnxtxn   This 

operator is strict contractive on n  and therefore has 

a unique fixed point in the space of continuous 
functions, namely n -approximated solution. Then we 

extend functions from n  on   and choose a 

convergent subsequence. Its limit we call generalized 
solution of the mixed problem.  

II. DIAGONALIZATION OF THE HYPERBOLIC SYSTEM  

Introducing denotations  
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we can rewrite (3) in the form 
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 xt AUU . (7) 

In order to transform the matrix 
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diagonal form we solve the characteristic equation: 
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Denote by  the matrix formed by eigen-vectors 
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Introduce new variables  
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Substituting ZHU 1  in (7) we obtain 
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. But 1H  is a constant matrix 

that implies    
xt ZAHZH 11 . Multiplying from the 

left by H we obtain 

 HZAZ xt
can . (9) 
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then (9) can be written in the form: 
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The new initial conditions for   ,0x  become: 

.)()()(

)0,()0,()0,(

),()()(

)0,()0,()0,(

000

000

xIxiLxuC

xiLxuCxI

xVxiLxuC

xiLxuCxV









  (11) 

We obtain new boundary conditions substituting 

),( txu  and ),( txi  from (8) into (5) and (6). Indeed, in 
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in (12) we obtain new boundary conditions: 
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III. OPERATOR FORMULATION OF THE MIXED PROBLEM  

The mixed problem is: to find a solution 
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satisfying initial conditions 

)()0,( 0 xVxV  , )()0,( 0 xIxI  ,   ,0x   (14) 

and boundary conditions 

.],0[;),(),(),(),(

;],0[),,0()(),0(

0

2

0

1 TtdssIdssVtVtI

TttItECtV

tt





 



 

Remark 3.1. Since we prove an existence of 
continuous solution we assume that the following 
Conformity condition (CC) is satisfied (cf. [16]): 

)0,0()()0,0( ItECV   , )0,()0,(  VI . 

Indeed the following conditions  

)()(,0)0(,0)0,0(,0)0,0( 00  VIEVI  (CC) 

imply (CC). 

We assign to mixed problem (14) the regularized 

problem (14- n ): to find a solution  ),(),,( txItxV nn  of 

the system 
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satisfying initial conditions 
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Prior to define an operator corresponding to the 
mixed problem we consider Cauchy problem for the 

characteristics (cf. [16]) ( LCv /1 ): 
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The functions 0),(  vtxV  and 0),(  vtxI  

are continuous ones and imply a uniqueness to the 

left from 0t  of the solution ),;( 00 txtx V  for 

vdtdx / ; 00)( xtx   and respectively ),;( 00 txtx I  

for vdtdx / ; 00)( xtx  . 

Denote by ),( txV  the smallest value of   such 

that the solution vtxvtxV   ),;(  of (15) still 

belongs to n  and respectively by ),( txI  the 

solution vtxvtxI   ),;(  of (16). If 0),( txV  
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Remark 3.2. We notice that ),( txV  and ),( txI  
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Prior to present problem (14) in an operator form 
we introduce  
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So we assign to the above mixed problem the 
following system of operator equations 
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where 

 
n
V

t

tx
V

V

n
Vin

V

tx
ddssxIsxV

CC

j
txIV

txvtxV

txIVB

0

),( 00

0

,0

),(
,),(),(sin),)(,(

),(),(

:),)(,(




































 







 


































  .),(,),(),(sin),)(,(

),(,))(

:),)(,(

),( 00

0

,0

n
I

t

tx
I

I

n
Iin

I

txddssxIsxV
CC

j
txIV

txvtxI

txIVB








     Remark 3.3. We restrict ourselves on the subset 

          ],0)/1(,0,:, 2 TntxRtxn  

because (as we shall see below) operator (17) is non-

expansive on  , while it is a strict contraction on n . 

So we get an existence of a unique solution defined 
on 

          ],0)/1(,0,:, 2 TntxRtxn   

for every fixed Nn .  
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Operator B is a strict contraction: 
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For the second component we obtain 
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Operator B is contractive one for sufficiently large 

0  and (14-n) has a unique solution  nn IV ,  
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Theorem 4.1 is thus proved. 

V. EXISTENCE OF SOLUTION OF THE MIXED PROBLEM 
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It is easy to see that functions  nn IV
~

,
~

 are extended 

in such a way that they remain equicontinuous family 

on .  Therefore  nn IV
~

,
~

 contains a convergent sub-

sequence whose limit we call a generalized solution of 
(14). 
 

VI. CONCLUSION  

In fact we have no uniqueness of solution but we 
have obtained a sequence tending to solution which is 
difficult for compact and densifying operators. A 
specific algorithm of constructing such a sequence we 
will give in a next paper. 

Here we collect all inequalities from the proof of the 
above theorems and show they are satisfied for real 

data. Indeed for sufficiently small ,00V 00I  we have:  
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Let us consider a Josephson transmission line (cf. 
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It should be noted that the actual physical 
quantities must be calculated by the formulas 
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So if we want to get voltage order 10
0
 we have to 

choose 4
00 10 IV . 

The above example shows that in contrast to [16] 
we obtain a generalized solution on the whole 
rectangle ],0[],0[ T .  
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