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I. INTRODUCTION & 
PRELIMINARIES 

In 1984, Wang.,Li,Gao,Iseki [13] 
introduced the concept of expansion 
mappings and proved some fixed point 
theorems in complete metric space. In 1992, 
Daffer and Kaneko [5] defined an expansion 
condition for a pair of mappings and proved 
some common fixed point theorems for two 
mapping in complete metric spaces. 
 
Definition 1.1: Let 𝑋𝑋 be a nonempty set and 
let 𝑑𝑑:𝑋𝑋 × 𝑋𝑋 → [0,∞) be a function 
satisfying following conditions. 

(i) 𝑑𝑑(𝑥𝑥,𝑦𝑦) ≥ 0 
(ii) 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 0 ⇔ 𝑥𝑥 = 𝑦𝑦 
(iii) 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 𝑑𝑑(𝑦𝑦, 𝑥𝑥) 
(iv) 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 𝑑𝑑(𝑥𝑥, 𝑧𝑧) + 𝑑𝑑(𝑧𝑧,𝑦𝑦)    

for all 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋 

      If 𝑑𝑑 is distance function on 𝑋𝑋. Then the 
pair (𝑋𝑋,𝑑𝑑) is called metric space. 

Definition 1.2: A sequence {𝑥𝑥𝑛𝑛} in metric 
space (𝑋𝑋,𝑑𝑑)  is called Cauchy sequence if 
for given 𝜀𝜀 > 0 there exists 𝑛𝑛0 ∈ 𝑁𝑁  such 
that ∀ 𝑚𝑚, 𝑛𝑛 > 𝑛𝑛0 

⟹ 𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑚𝑚) < 𝜀𝜀  or 𝑑𝑑(𝑥𝑥𝑚𝑚, 𝑥𝑥𝑛𝑛) < 𝜀𝜀 

𝑖𝑖. 𝑒𝑒. min{𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑚𝑚),𝑑𝑑(𝑥𝑥𝑚𝑚, 𝑥𝑥𝑛𝑛)} < 𝜀𝜀   

Definition 1.3: A sequence {𝑥𝑥𝑛𝑛} in metric 
space (𝑋𝑋,𝑑𝑑) is convergent to 𝑥𝑥 ∈ 𝑋𝑋, if  

lim𝑛𝑛→∞ 𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥) = lim𝑛𝑛→∞ 𝑑𝑑(𝑥𝑥, 𝑥𝑥𝑛𝑛) = 0  

In this case 𝑥𝑥 is called a limit of {𝑥𝑥𝑛𝑛}  and 
we write  𝑥𝑥𝑛𝑛 ⟶ 𝑥𝑥. 

Definition 1.4: A metric space (𝑋𝑋,𝑑𝑑)  is 
called complete if every Cauchy sequence is 
convergent. 

Definition 1.5: Let (𝑋𝑋,𝑑𝑑) be a  metric space 
and 𝑇𝑇:𝑋𝑋 → 𝑋𝑋 be a mapping then T is said to 
be expansive mapping if for every 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋 
there exit a number 𝑟𝑟 > 1 such that  

          𝑑𝑑(𝑇𝑇𝑥𝑥,𝑇𝑇𝑦𝑦) ≥ 𝑟𝑟𝑑𝑑(𝑥𝑥,𝑦𝑦)  
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II.  MAIN RESULT 

Theorem 2.1: Let (𝑋𝑋,𝑑𝑑) be a complete 
metric space and let 𝑇𝑇:𝑋𝑋 → 𝑋𝑋 be a mapping 
satisfying the following condition 

𝑑𝑑(𝑇𝑇𝑝𝑝+1𝑥𝑥,𝑇𝑇𝑝𝑝+2𝑦𝑦)  

                     ≥ 𝛼𝛼 𝑑𝑑�𝑥𝑥,𝑇𝑇𝑝𝑝+1𝑥𝑥��1+𝑑𝑑�𝑦𝑦,𝑇𝑇𝑝𝑝+2𝑦𝑦��
1+𝑑𝑑(𝑥𝑥,𝑇𝑇𝑝𝑝+2𝑦𝑦)   

                          +𝛽𝛽 𝑑𝑑�𝑥𝑥,𝑇𝑇𝑝𝑝+1𝑥𝑥��1+𝑑𝑑�𝑦𝑦,𝑇𝑇𝑝𝑝+1𝑥𝑥��
1+𝑑𝑑(𝑥𝑥,𝑇𝑇𝑝𝑝+1𝑥𝑥)    

                          +𝛾𝛾 �𝑑𝑑�𝑥𝑥,𝑇𝑇𝑝𝑝+1𝑥𝑥�+𝑑𝑑�𝑦𝑦,𝑇𝑇𝑝𝑝+1𝑥𝑥�
2

�                                  

                          +𝛿𝛿 �𝑑𝑑�𝑥𝑥,𝑇𝑇𝑝𝑝+2𝑦𝑦�+𝑑𝑑�𝑦𝑦,𝑇𝑇𝑝𝑝+2𝑦𝑦�
2

�    

                                                         …(3.1.1) 

  For all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋, 𝛼𝛼,𝛽𝛽, 𝛾𝛾, 𝛿𝛿 ≥ 0, 𝛾𝛾 + 𝛿𝛿 > 2 

𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾 > 1 and for any non-negative 
integer 𝑝𝑝. 

Then 𝑇𝑇 has a unique fixed point. 

Proof: we prove this theorem for 𝑝𝑝 = 0 

Now putting 𝑝𝑝 = 0 in (3.1.1) then we have 

𝑑𝑑(𝑇𝑇𝑥𝑥,𝑇𝑇2𝑦𝑦) ≥  𝛼𝛼 𝑑𝑑(𝑥𝑥,𝑇𝑇𝑥𝑥)�1+𝑑𝑑�𝑦𝑦,𝑇𝑇2𝑦𝑦��
1+𝑑𝑑(𝑥𝑥,𝑇𝑇2𝑦𝑦)   

                          +𝛽𝛽 𝑑𝑑(𝑥𝑥,𝑇𝑇𝑥𝑥)[1+𝑑𝑑(𝑦𝑦,𝑇𝑇𝑥𝑥)]
1+𝑑𝑑(𝑥𝑥,𝑇𝑇𝑥𝑥)   

                          +𝛾𝛾 �𝑑𝑑(𝑥𝑥,𝑇𝑇𝑥𝑥)+𝑑𝑑(𝑦𝑦,𝑇𝑇𝑥𝑥)
2

�  

                          +𝛿𝛿 �𝑑𝑑�𝑥𝑥,𝑇𝑇2𝑦𝑦�+𝑑𝑑�𝑦𝑦,𝑇𝑇2𝑦𝑦�
2

�  

We define a sequence {𝑥𝑥𝑛𝑛} ∈ 𝑋𝑋 as follow: 

𝑥𝑥0 ∈ 𝑋𝑋, 𝑥𝑥0 = 𝑇𝑇𝑥𝑥1, 𝑥𝑥1 = 𝑇𝑇𝑥𝑥2,  

𝑥𝑥2 = 𝑇𝑇𝑥𝑥3, … … … , 𝑥𝑥𝑛𝑛 = 𝑇𝑇𝑥𝑥𝑛𝑛+1  

Now consider 

𝑑𝑑(𝑥𝑥0, 𝑥𝑥1) = 𝑑𝑑(𝑇𝑇𝑥𝑥2,𝑇𝑇2𝑥𝑥2)   

                 ≥ 𝛼𝛼 𝑑𝑑(𝑥𝑥2,𝑇𝑇𝑥𝑥2)�1+𝑑𝑑�𝑥𝑥2,𝑇𝑇2𝑥𝑥2��
1+𝑑𝑑(𝑥𝑥2,𝑇𝑇2𝑥𝑥2)    

                      +𝛽𝛽 𝑑𝑑(𝑥𝑥2,𝑇𝑇𝑥𝑥2)[1+𝑑𝑑(𝑥𝑥2,𝑇𝑇𝑥𝑥2)]
1+𝑑𝑑 (𝑥𝑥2,𝑇𝑇𝑥𝑥2)          

                      +𝛾𝛾 �𝑑𝑑(𝑥𝑥2,𝑇𝑇𝑥𝑥2)+𝑑𝑑(𝑥𝑥2,𝑇𝑇𝑥𝑥2)
2

�  

                      +𝛿𝛿 �𝑑𝑑�𝑥𝑥2,𝑇𝑇2𝑥𝑥2�+𝑑𝑑�𝑥𝑥2,𝑇𝑇2𝑥𝑥2�
2

�   

                  ≥ 𝛼𝛼 𝑑𝑑(𝑥𝑥2,𝑥𝑥1)[1+𝑑𝑑(𝑥𝑥2,𝑥𝑥0)]
1+𝑑𝑑(𝑥𝑥2,𝑥𝑥0)       

                      +𝛽𝛽 𝑑𝑑(𝑥𝑥2,𝑥𝑥1)[1+𝑑𝑑(𝑥𝑥2,𝑥𝑥1)]
1+𝑑𝑑(𝑥𝑥2,𝑥𝑥1)   

                      +𝛾𝛾 �𝑑𝑑(𝑥𝑥2,𝑥𝑥1)+𝑑𝑑(𝑥𝑥2,𝑥𝑥1)
2

�       

                      +𝛿𝛿 �𝑑𝑑(𝑥𝑥2,𝑥𝑥0)+𝑑𝑑(𝑥𝑥2,𝑥𝑥0)
2

�                                                   

                  ≥ (𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾)𝑑𝑑(𝑥𝑥2, 𝑥𝑥1)  

                       +𝛿𝛿[𝑑𝑑(𝑥𝑥2, 𝑥𝑥1) − 𝑑𝑑(𝑥𝑥1, 𝑥𝑥0)]                                

 ⟹ 𝑑𝑑(𝑥𝑥2, 𝑥𝑥1) ≤ (1+𝛿𝛿)
(𝛼𝛼+𝛽𝛽+𝛾𝛾+𝛿𝛿)𝑑𝑑(𝑥𝑥0, 𝑥𝑥1)    

⟹ 𝑑𝑑(𝑥𝑥1, 𝑥𝑥2) ≤ (1+𝛿𝛿)
(𝛼𝛼+𝛽𝛽+𝛾𝛾+𝛿𝛿)𝑑𝑑(𝑥𝑥0, 𝑥𝑥1)    

Similarly we have  

 𝑑𝑑(𝑥𝑥2, 𝑥𝑥3) ≤ (1+𝛿𝛿)
(𝛼𝛼+𝛽𝛽+𝛾𝛾+𝛿𝛿)𝑑𝑑(𝑥𝑥1,𝑥𝑥2)    

 𝑑𝑑(𝑥𝑥2, 𝑥𝑥3) ≤ � (1+𝛿𝛿)
(𝛼𝛼+𝛽𝛽+𝛾𝛾+𝛿𝛿)�

2
𝑑𝑑(𝑥𝑥0, 𝑥𝑥1)    

In general we can write 

𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑛𝑛+1) ≤ � (1+𝛿𝛿)
(𝛼𝛼+𝛽𝛽+𝛾𝛾+𝛿𝛿)�

𝑛𝑛
𝑑𝑑(𝑥𝑥0, 𝑥𝑥1)    

𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑛𝑛+1) ≤ 𝐾𝐾𝑛𝑛𝑑𝑑(𝑥𝑥0, 𝑥𝑥1)                   

where 𝐾𝐾 = (1+𝛿𝛿)
(𝛼𝛼+𝛽𝛽+𝛾𝛾+𝛿𝛿) < 1 
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Since 0 ≤ 𝐾𝐾 < 1 so for  𝑛𝑛 → ∞,𝐾𝐾𝑛𝑛 → 0 we 
have 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) → 0. 

Hence {𝑥𝑥𝑛𝑛} is a Cauchy sequence in the 
complete metric space 𝑋𝑋. So there is a point 
𝜉𝜉 ∈ 𝑋𝑋 such that {𝑥𝑥𝑛𝑛} → 𝜉𝜉. 

Now  

𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉) = 𝑑𝑑(𝑇𝑇𝜉𝜉,𝑇𝑇2𝑥𝑥𝑛𝑛+2)  

               ≥ 𝛼𝛼 𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)�1+𝑑𝑑�𝑥𝑥𝑛𝑛+2,𝑇𝑇2𝑥𝑥𝑛𝑛+2��
1+𝑑𝑑(𝜉𝜉,𝑇𝑇2𝑥𝑥𝑛𝑛+2)   

                   +𝛽𝛽 𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)[1+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑇𝑇𝜉𝜉)]
1+𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)   

                   +𝛾𝛾 �𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑇𝑇𝜉𝜉)
2

�  

                   +𝛿𝛿 �𝑑𝑑�𝜉𝜉,𝑇𝑇2𝑥𝑥𝑛𝑛+2�+𝑑𝑑�𝑥𝑥𝑛𝑛+2,𝑇𝑇2𝑥𝑥𝑛𝑛+2�
2

�  

               ≥ 𝛼𝛼 𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)[1+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑥𝑥𝑛𝑛)]
1+𝑑𝑑(𝜉𝜉,𝑥𝑥𝑛𝑛)   

                   +𝛽𝛽 𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)[1+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑇𝑇𝜉𝜉)]
1+𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)     

                   +𝛾𝛾 �𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑇𝑇𝜉𝜉)
2

�  

                   +𝛿𝛿 �𝑑𝑑(𝜉𝜉,𝑥𝑥𝑛𝑛)+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑥𝑥𝑛𝑛)
2

�  

Letting  𝑛𝑛 → ∞ then we have 

𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉) ≥ (𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾)𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)  

⟹ [(𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾) − 1]𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉) ≤ 0  

This gives  

𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉) = 0 ⇒ 𝑇𝑇𝜉𝜉 = 𝜉𝜉.  

Hence 𝜉𝜉 is a fixed point of 𝑇𝑇. 

Let 𝜂𝜂 be another point fixed of 𝑇𝑇 then by 
condition (3.1.1) we have  

𝑑𝑑(𝜉𝜉, 𝜂𝜂) = 𝑑𝑑(𝑇𝑇𝜉𝜉,𝑇𝑇2𝜂𝜂)  

 ≥ 𝛼𝛼 𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)�1+𝑑𝑑�𝜂𝜂,𝑇𝑇2𝜂𝜂��
1+𝑑𝑑(𝜉𝜉,𝑇𝑇2𝜂𝜂) +𝛽𝛽 𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)[1+𝑑𝑑(𝜂𝜂,𝑇𝑇𝜉𝜉)]

1+𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)    

    +𝛾𝛾 �𝑑𝑑(𝜉𝜉,𝑇𝑇𝜉𝜉)+𝑑𝑑(𝜂𝜂,𝑇𝑇𝜉𝜉)
2

� + 𝛿𝛿 �𝑑𝑑�𝜉𝜉,𝑇𝑇2𝜂𝜂�+𝑑𝑑�𝜂𝜂,𝑇𝑇2𝜂𝜂�
2

�       

 ≥ 𝛼𝛼 𝑑𝑑(𝜉𝜉,𝜉𝜉)[1+𝑑𝑑(𝜂𝜂,𝜂𝜂)]
1+𝑑𝑑(𝜉𝜉,𝜂𝜂) +𝛽𝛽 𝑑𝑑(𝜉𝜉,𝜉𝜉)[1+𝑑𝑑(𝜂𝜂,𝜉𝜉)]

1+𝑑𝑑(𝜉𝜉,𝜉𝜉)                       

     +𝛾𝛾 �𝑑𝑑(𝜉𝜉,𝜉𝜉)+𝑑𝑑(𝜂𝜂,𝜉𝜉)
2

� + 𝛿𝛿 �𝑑𝑑(𝜉𝜉,𝜂𝜂)+𝑑𝑑(𝜂𝜂,𝜂𝜂)
2

� 

𝑑𝑑(𝜉𝜉, 𝜂𝜂) ≥ 𝛾𝛾+𝛿𝛿
2
𝑑𝑑(𝜉𝜉, 𝜂𝜂)  

��𝛾𝛾+𝛿𝛿
2
� − 1� 𝑑𝑑(𝜉𝜉, 𝜂𝜂) ≤ 0  

𝑖𝑖. 𝑒𝑒.𝑑𝑑(𝜉𝜉, 𝜂𝜂) = 0  

⟹ 𝜉𝜉 = 𝜂𝜂  

Hence fixed point of 𝑇𝑇 is unique. 

Theorem 2.2: Let (𝑋𝑋,𝑑𝑑) be a complete 
metric space and let 𝑇𝑇:𝑋𝑋 → 𝑋𝑋 be a mapping 
satisfying the following condition 

𝑑𝑑(𝑇𝑇𝑝𝑝+1𝑥𝑥,𝑇𝑇𝑝𝑝+2𝑦𝑦)  

            ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑥𝑥,𝑇𝑇𝑝𝑝+2𝑦𝑦),𝑑𝑑(𝑦𝑦,𝑇𝑇𝑝𝑝+1𝑥𝑥)}  

                +𝛽𝛽 �𝑑𝑑�𝑥𝑥,𝑇𝑇𝑝𝑝+1𝑥𝑥�+𝑑𝑑�𝑦𝑦,𝑇𝑇𝑝𝑝+2𝑦𝑦�
2

�     

                                                         ... (3.2.1) 

For all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋, 𝛼𝛼 > 1,𝛽𝛽 > 2, and for any 
non-negative integer 𝑝𝑝. 

Then 𝑇𝑇 has a unique fixed point. 

Proof: we prove this theorem for 𝑝𝑝 = 0 

Now putting 𝑝𝑝 = 0 in (3.2.1) then we have 

𝑑𝑑(𝑇𝑇𝑥𝑥,𝑇𝑇2𝑦𝑦) ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑥𝑥,𝑇𝑇2𝑦𝑦),𝑑𝑑(𝑦𝑦,𝑇𝑇𝑥𝑥)}   
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                        +𝛽𝛽 �𝑑𝑑(𝑥𝑥,𝑇𝑇𝑥𝑥)+𝑑𝑑�𝑦𝑦,𝑇𝑇2𝑦𝑦�
2

�   

We define a sequence {𝑥𝑥𝑛𝑛} ∈ 𝑋𝑋 as follow: 

𝑥𝑥𝑛𝑛 = 𝑇𝑇𝑥𝑥𝑛𝑛+1,𝑛𝑛 = 0,1,2, ….  and  𝑥𝑥0 ∈ 𝑋𝑋. 

Now consider 

𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑛𝑛−1) =  𝑑𝑑(𝑇𝑇𝑥𝑥𝑛𝑛+1,𝑇𝑇2𝑥𝑥𝑛𝑛+1)  

    ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑥𝑥𝑛𝑛+1,𝑇𝑇2𝑥𝑥𝑛𝑛+1),𝑑𝑑(𝑥𝑥𝑛𝑛+1,𝑇𝑇𝑥𝑥𝑛𝑛+1)}  

        +𝛽𝛽 �𝑑𝑑(𝑥𝑥𝑛𝑛+1,𝑇𝑇𝑥𝑥𝑛𝑛+1)+𝑑𝑑�𝑥𝑥𝑛𝑛+1,𝑇𝑇2𝑥𝑥𝑛𝑛+1�
2

�     

    ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛−1),𝑑𝑑(𝑥𝑥𝑛𝑛+1,𝑥𝑥𝑛𝑛)}                

        +𝛽𝛽 �𝑑𝑑(𝑥𝑥𝑛𝑛+1,𝑥𝑥𝑛𝑛)+𝑑𝑑(𝑥𝑥𝑛𝑛+1,𝑥𝑥𝑛𝑛−1)
2

�  

    ≥  𝑚𝑚𝑖𝑖𝑛𝑛

⎩
⎪⎪
⎨

⎪⎪
⎧�𝛼𝛼 + 𝛽𝛽

2
� 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛−1)

+ 𝛽𝛽
2
𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛),

𝛽𝛽
2
𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛−1)

+ �𝛼𝛼 + 𝛽𝛽
2
� 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛)⎭

⎪⎪
⎬

⎪⎪
⎫

  

   ≥  𝑚𝑚𝑖𝑖𝑛𝑛

⎩
⎪⎪
⎨

⎪⎪
⎧�𝛼𝛼 + 𝛽𝛽

2
� {𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) − 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛−1)}

+ 𝛽𝛽
2
𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛),

𝛽𝛽
2

{𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) − 𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛−1)}

+ �𝛼𝛼 + 𝛽𝛽
2
� 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) ⎭

⎪⎪
⎬

⎪⎪
⎫

  

    ≥  𝑚𝑚𝑖𝑖𝑛𝑛

⎩
⎪
⎨

⎪
⎧

(𝛼𝛼 + 𝛽𝛽)𝑑𝑑(𝑥𝑥𝑛𝑛+1,𝑥𝑥𝑛𝑛)

−�𝛼𝛼 + 𝛽𝛽
2
� 𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑛𝑛−1),

(𝛼𝛼 + 𝛽𝛽)𝑑𝑑(𝑥𝑥𝑛𝑛+1,𝑥𝑥𝑛𝑛)
−𝛽𝛽

2
𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑛𝑛−1) ⎭

⎪
⎬

⎪
⎫

 

    ≥  𝑚𝑚𝑖𝑖𝑛𝑛 � (𝛼𝛼+𝛽𝛽)

1+�𝛼𝛼+𝛽𝛽2�
, (𝛼𝛼+𝛽𝛽)

1+𝛽𝛽2
� 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) 

    ≥  (𝛼𝛼+𝛽𝛽)

1+�𝛼𝛼+𝛽𝛽2�
𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛)   

    ≥  2(𝛼𝛼+𝛽𝛽)
2+𝛼𝛼+𝛽𝛽

𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛)  

⟹ 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) ≤ (2+2𝛼𝛼+𝛽𝛽)
2(𝛼𝛼+𝛽𝛽)

𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑛𝑛−1)    

⟹ 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) ≤ 𝐾𝐾𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑛𝑛−1)                    
Where 𝐾𝐾 = (2+2𝛼𝛼+𝛽𝛽)

2(𝛼𝛼+𝛽𝛽)
< 1 

Similarly we can show that  

𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑥𝑥𝑛𝑛−1) ≤ 𝐾𝐾𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛−2)  

And 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) ≤ 𝐾𝐾2𝑑𝑑(𝑥𝑥𝑛𝑛−1, 𝑥𝑥𝑛𝑛−2)  

Thus 𝑑𝑑(𝑥𝑥𝑛𝑛+1,𝑥𝑥𝑛𝑛) ≤ 𝐾𝐾𝑛𝑛𝑑𝑑(𝑥𝑥1,𝑥𝑥0) 

Since 0 ≤ 𝐾𝐾 < 1 so for  𝑛𝑛 → ∞,𝐾𝐾𝑛𝑛 → 0 we 
have 𝑑𝑑(𝑥𝑥𝑛𝑛+1, 𝑥𝑥𝑛𝑛) → 0. 

Hence {𝑥𝑥𝑛𝑛} is a Cauchy sequence in the 
complete metric space 𝑋𝑋. So there is a point 
𝑧𝑧 ∈ 𝑋𝑋 such that {𝑥𝑥𝑛𝑛} → 𝑧𝑧. 

Now  

𝑑𝑑(𝑧𝑧,𝑇𝑇𝑧𝑧) = 𝑑𝑑(𝑇𝑇𝑧𝑧,𝑇𝑇2𝑥𝑥𝑛𝑛+2)  

           ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑧𝑧,𝑇𝑇2𝑥𝑥𝑛𝑛+2),𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑇𝑇𝑧𝑧)}   

                 +𝛽𝛽 �𝑑𝑑(𝑧𝑧,𝑇𝑇𝑧𝑧)+𝑑𝑑�𝑥𝑥𝑛𝑛+2,𝑇𝑇2𝑥𝑥𝑛𝑛+2�
2

�      

           ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑧𝑧, 𝑥𝑥𝑛𝑛),𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑇𝑇𝑧𝑧)}  

                 +𝛽𝛽 �𝑑𝑑(𝑧𝑧,𝑇𝑇𝑧𝑧)+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑥𝑥𝑛𝑛)
2

�   

Letting  𝑛𝑛 → ∞ then we have 

𝑑𝑑(𝑧𝑧,𝑇𝑇𝑧𝑧) ≥ 𝛽𝛽
2
𝑑𝑑(𝑧𝑧,𝑇𝑇𝑧𝑧)  

�𝛽𝛽
2
− 1� 𝑑𝑑(𝑧𝑧,𝑇𝑇𝑧𝑧) ≤ 0  

This gives  

𝑑𝑑(𝑧𝑧,𝑇𝑇𝑧𝑧) = 0 ⇒ 𝑇𝑇𝑧𝑧 = 𝑧𝑧.  

www.jmest.org 
JMESTN42350047 

24 

http://www.jmest.org/


Journal of Multidisciplinary Engineering Science and Technology (JMEST) 
ISSN: 3159-0040 

Vol. 1 Issue 4, November - 2014 

Hence 𝑧𝑧 is a fixed point of 𝑇𝑇. 

Let 𝑤𝑤 be another point of 𝑇𝑇 then by 
condition (3.2.1) we have  

𝑑𝑑(𝑧𝑧,𝑤𝑤) = 𝑑𝑑(𝑇𝑇𝑧𝑧,𝑇𝑇2𝑤𝑤)  

              ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑧𝑧,𝑇𝑇2𝑤𝑤),𝑑𝑑(𝑤𝑤,𝑇𝑇𝑧𝑧)}  

                    +𝛽𝛽 �𝑑𝑑(𝑧𝑧,𝑇𝑇𝑧𝑧)+𝑑𝑑�𝑤𝑤,𝑇𝑇2𝑤𝑤�
2

�  

              ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑧𝑧,𝑤𝑤),𝑑𝑑(𝑤𝑤, 𝑧𝑧)}  

                    +𝛽𝛽 �𝑑𝑑(𝑧𝑧,𝑧𝑧)+𝑑𝑑(𝑤𝑤,𝑤𝑤)
2

�  

              ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑧𝑧,𝑤𝑤),𝑑𝑑(𝑧𝑧,𝑤𝑤)}  

⟹ (𝛼𝛼 − 1)𝑑𝑑(𝑧𝑧,𝑤𝑤) ≤ 0  

⟹ 𝑑𝑑(𝑧𝑧,𝑤𝑤) = 0             Since 𝛼𝛼 > 1 

⟹ 𝑧𝑧 = 𝑤𝑤  

Hence fixed point of 𝑇𝑇 is unique. 

Theorem2.3:  Let (𝑋𝑋,𝑑𝑑) be a complete 
metric space and let 𝑆𝑆,𝑇𝑇:𝑋𝑋 → 𝑋𝑋  are two 
mappings satisfying the following condition 

𝑑𝑑(𝑆𝑆𝑝𝑝+1𝑥𝑥,𝑇𝑇𝑝𝑝+2𝑦𝑦)  

           ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑥𝑥,𝑇𝑇𝑝𝑝+2𝑦𝑦),𝑑𝑑(𝑦𝑦, 𝑆𝑆𝑝𝑝+1𝑥𝑥)}  

                 +𝛽𝛽 �𝑑𝑑�𝑥𝑥,𝑆𝑆𝑝𝑝+1𝑥𝑥�+𝑑𝑑�𝑦𝑦,𝑇𝑇𝑝𝑝+2𝑦𝑦�
2

�  

                 +𝛾𝛾 �𝑑𝑑�𝑥𝑥,𝑇𝑇𝑝𝑝+2𝑦𝑦�+𝑑𝑑�𝑦𝑦,𝑆𝑆𝑝𝑝+1𝑥𝑥�
2

�           

                                                          ...(3.3.1) 

For all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋, 𝛼𝛼,𝛽𝛽, 𝛾𝛾 > 1,and for any 
non-negative integer 𝑝𝑝. 

Then 𝑆𝑆,𝑇𝑇 has a unique fixed point. 

Proof: we prove this theorem for 𝑝𝑝 = 0 

Now putting 𝑝𝑝 = 0 in (3.3.1) then we have 

𝑑𝑑(𝑆𝑆𝑥𝑥,𝑇𝑇2𝑦𝑦) ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑥𝑥,𝑇𝑇2𝑦𝑦),𝑑𝑑(𝑦𝑦, 𝑆𝑆𝑥𝑥)}   

   +𝛽𝛽 �𝑑𝑑(𝑥𝑥,𝑆𝑆𝑥𝑥)+𝑑𝑑�𝑦𝑦,𝑇𝑇2𝑦𝑦�
2

�+ 𝛾𝛾 �𝑑𝑑�𝑥𝑥,𝑇𝑇2𝑦𝑦�+𝑑𝑑(𝑦𝑦,𝑆𝑆𝑥𝑥)
2

�      

Let 𝑥𝑥0 ∈ 𝑋𝑋. We define a sequence {𝑥𝑥𝑛𝑛} ∈ 𝑋𝑋 
as follow: 

𝑥𝑥0 = 𝑇𝑇𝑥𝑥1, 𝑥𝑥1 = 𝑆𝑆𝑥𝑥2, … … ..  

𝑥𝑥2𝑛𝑛 = 𝑇𝑇𝑥𝑥2𝑛𝑛+1, 𝑥𝑥2𝑛𝑛−1 = 𝑆𝑆𝑥𝑥2𝑛𝑛, …   

Consider  

𝑑𝑑(𝑥𝑥2𝑛𝑛+1, 𝑥𝑥2𝑛𝑛) = 𝑑𝑑(𝑆𝑆𝑥𝑥2𝑛𝑛+2  ,𝑇𝑇2𝑥𝑥2𝑛𝑛+2  )   

         ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛 �𝑑𝑑(𝑥𝑥2𝑛𝑛+2,𝑇𝑇2𝑥𝑥2𝑛𝑛+2  ),
𝑑𝑑(𝑥𝑥2𝑛𝑛+2  ,𝑆𝑆𝑥𝑥2𝑛𝑛+2) �   

            +𝛽𝛽 �𝑑𝑑(𝑥𝑥2𝑛𝑛+2,𝑆𝑆𝑥𝑥2𝑛𝑛+2)+𝑑𝑑�𝑥𝑥2𝑛𝑛+2 ,𝑇𝑇2𝑥𝑥2𝑛𝑛+2  �
2

�                          

            +𝛾𝛾 �𝑑𝑑�𝑥𝑥2𝑛𝑛+2,𝑇𝑇2𝑥𝑥2𝑛𝑛+2  �+𝑑𝑑(𝑥𝑥2𝑛𝑛+2,𝑆𝑆𝑥𝑥2𝑛𝑛+2)
2

�     

  ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛),𝑑𝑑(𝑥𝑥2𝑛𝑛+2  ,𝑥𝑥2𝑛𝑛+1)} 

            +𝛽𝛽 �𝑑𝑑(𝑥𝑥2𝑛𝑛+2,𝑥𝑥2𝑛𝑛+1)+𝑑𝑑(𝑥𝑥2𝑛𝑛+2 ,𝑥𝑥2𝑛𝑛)
2

�                                      

            +𝛾𝛾 �𝑑𝑑(𝑥𝑥2𝑛𝑛+2,𝑥𝑥2𝑛𝑛)+𝑑𝑑(𝑥𝑥2𝑛𝑛+2,𝑥𝑥2𝑛𝑛+1)
2

�             

≥ 𝑚𝑚𝑖𝑖𝑛𝑛

⎩
⎪⎪
⎨

⎪⎪
⎧ �𝛼𝛼 + 𝛽𝛽

2
+ 𝛾𝛾

2
� 𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛)

+ �𝛽𝛽+𝛾𝛾
2
� 𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1),

�𝛼𝛼 + 𝛽𝛽
2

+ 𝛾𝛾
2
� 𝑑𝑑(𝑥𝑥2𝑛𝑛+2  ,𝑥𝑥2𝑛𝑛+1)

+ �𝛽𝛽+𝛾𝛾
2
� 𝑑𝑑(𝑥𝑥2𝑛𝑛+2 ,𝑥𝑥2𝑛𝑛) ⎭

⎪⎪
⎬

⎪⎪
⎫

     

       

≥  𝑚𝑚𝑖𝑖𝑛𝑛

⎩
⎪⎪
⎨

⎪⎪
⎧�𝛼𝛼 + 𝛽𝛽

2
+ 𝛾𝛾

2
� {𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1) − 𝑑𝑑(𝑥𝑥2𝑛𝑛+1,𝑥𝑥2𝑛𝑛)}

+ �𝛽𝛽+𝛾𝛾
2
� 𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1),                                    

�𝛼𝛼 + 𝛽𝛽
2

+ 𝛾𝛾
2
� 𝑑𝑑(𝑥𝑥2𝑛𝑛+2  , 𝑥𝑥2𝑛𝑛+1)                                 

+ �𝛽𝛽+𝛾𝛾
2
� {𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1) − 𝑑𝑑(𝑥𝑥2𝑛𝑛+1, 𝑥𝑥2𝑛𝑛)}  ⎭

⎪⎪
⎬

⎪⎪
⎫
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 ≥ 𝑚𝑚𝑖𝑖𝑛𝑛

⎩
⎪
⎨

⎪
⎧

(𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾)𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1)

−�𝛼𝛼 + 𝛽𝛽
2

+ 𝛾𝛾
2
� 𝑑𝑑(𝑥𝑥2𝑛𝑛+1, 𝑥𝑥2𝑛𝑛),

(𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾)𝑑𝑑(𝑥𝑥2𝑛𝑛+2  , 𝑥𝑥2𝑛𝑛+1)

−�𝛽𝛽+𝛾𝛾
2
� 𝑑𝑑(𝑥𝑥2𝑛𝑛+1, 𝑥𝑥2𝑛𝑛) ⎭

⎪
⎬

⎪
⎫

  

                         

≥  𝑚𝑚𝑖𝑖𝑛𝑛 � (𝛼𝛼+𝛽𝛽+𝛾𝛾)

1+�𝛼𝛼+𝛽𝛽2+
𝛾𝛾
2�

, (𝛼𝛼+𝛽𝛽+𝛾𝛾)

1+�𝛽𝛽+𝛾𝛾2 �
� 𝑑𝑑(𝑥𝑥2𝑛𝑛+2,𝑥𝑥2𝑛𝑛+1)                                      

𝑑𝑑(𝑥𝑥2𝑛𝑛+1, 𝑥𝑥2𝑛𝑛) ≥ (𝛼𝛼+𝛽𝛽+𝛾𝛾)

1+�𝛼𝛼+𝛽𝛽2+
𝛾𝛾
2�
𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1)  

⟹ 𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1)  

                     ≤ (2+2𝛼𝛼+𝛽𝛽+𝛾𝛾)
2(𝛼𝛼+𝛽𝛽+𝛾𝛾) 𝑑𝑑(𝑥𝑥2𝑛𝑛+1, 𝑥𝑥2𝑛𝑛)  

                     ≤ (2+2𝛼𝛼+𝛽𝛽+𝛾𝛾)
2(𝛼𝛼+𝛽𝛽+𝛾𝛾) 𝑑𝑑(𝑥𝑥2𝑛𝑛+1, 𝑥𝑥2𝑛𝑛) 

⟹ 𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1) ≤ 𝐾𝐾𝑑𝑑(𝑥𝑥2𝑛𝑛+1,𝑥𝑥2𝑛𝑛)  

   where 𝐾𝐾 = (2+2𝛼𝛼+𝛽𝛽+𝛾𝛾)
2(𝛼𝛼+𝛽𝛽+𝛾𝛾) < 1 

Similarly,  

𝑑𝑑(𝑥𝑥2𝑛𝑛+1, 𝑥𝑥2𝑛𝑛) ≤ 𝐾𝐾𝑑𝑑(𝑥𝑥2𝑛𝑛, 𝑥𝑥2𝑛𝑛−1)  

And   

𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1) ≤ 𝐾𝐾2𝑑𝑑(𝑥𝑥2𝑛𝑛, 𝑥𝑥2𝑛𝑛−1)  

Continue in this way we get 

𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1) ≤ 𝐾𝐾𝑛𝑛𝑑𝑑(𝑥𝑥1,𝑥𝑥0)  

Since 0 ≤ 𝐾𝐾 < 1 so for  𝑛𝑛 → ∞,𝐾𝐾𝑛𝑛 → 0 we 
have 𝑑𝑑(𝑥𝑥2𝑛𝑛+2, 𝑥𝑥2𝑛𝑛+1) → 0. 

Hence {𝑥𝑥𝑛𝑛} is a Cauchy sequence in the 
complete metric space 𝑋𝑋. So there is a point 
𝑧𝑧 ∈ 𝑋𝑋 such that {𝑥𝑥𝑛𝑛} → 𝑧𝑧. 

Now we will show that 𝑧𝑧 is a common fixed 
point of 𝑆𝑆 and 𝑇𝑇. 

𝑑𝑑(𝑧𝑧, 𝑆𝑆𝑧𝑧) = 𝑑𝑑(𝑥𝑥𝑛𝑛, 𝑆𝑆𝑧𝑧) = 𝑑𝑑(𝑆𝑆𝑧𝑧,𝑇𝑇2𝑥𝑥𝑛𝑛+2)  

           ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑧𝑧,𝑇𝑇2𝑥𝑥𝑛𝑛+2),𝑑𝑑(𝑥𝑥𝑛𝑛+2, 𝑆𝑆𝑧𝑧)}  

                     +𝛽𝛽 �𝑑𝑑(𝑧𝑧,𝑆𝑆𝑧𝑧)+𝑑𝑑�𝑥𝑥𝑛𝑛+2,𝑇𝑇2𝑥𝑥𝑛𝑛+2�
2

�  

                     +𝛾𝛾 �𝑑𝑑�𝑧𝑧,𝑇𝑇2𝑥𝑥𝑛𝑛+2�+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑆𝑆𝑧𝑧)
2

�        

           ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑧𝑧, 𝑥𝑥𝑛𝑛),𝑑𝑑(𝑥𝑥𝑛𝑛+2, 𝑆𝑆𝑧𝑧)}                                    

                     +𝛽𝛽 �𝑑𝑑(𝑧𝑧,𝑆𝑆𝑧𝑧)+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑥𝑥𝑛𝑛)
2

�                                          

                     +𝛾𝛾 �𝑑𝑑(𝑧𝑧,𝑥𝑥𝑛𝑛)+𝑑𝑑(𝑥𝑥𝑛𝑛+2,𝑆𝑆𝑧𝑧)
2

�  

⟹ 𝑑𝑑(𝑧𝑧, 𝑆𝑆𝑧𝑧) ≥ 𝛽𝛽+𝛾𝛾
2
𝑑𝑑(𝑧𝑧, 𝑆𝑆𝑧𝑧)  

⟹ �𝛽𝛽+𝛾𝛾
2
− 1� 𝑑𝑑(𝑧𝑧, 𝑆𝑆𝑧𝑧) ≤ 0  

This gives 𝑑𝑑(𝑧𝑧, 𝑆𝑆𝑧𝑧) = 0 ⟹ 𝑆𝑆𝑧𝑧 = 𝑧𝑧. 

Hence 𝑧𝑧 is a fixed point of 𝑆𝑆. 

Similarly we can show that 𝑧𝑧 is a fixed point 
of  𝑇𝑇. 

Hence 𝑧𝑧 is a common fixed point of 𝑆𝑆 & 𝑇𝑇. 

Let 𝑢𝑢, 𝑣𝑣 be a common fixed point of 𝑆𝑆 and 𝑇𝑇 
then  

𝑑𝑑(𝑢𝑢, 𝑣𝑣) = 𝑑𝑑(𝑆𝑆𝑢𝑢,𝑇𝑇𝑣𝑣) = 𝑑𝑑(𝑆𝑆𝑢𝑢,𝑇𝑇2𝑣𝑣)  

              ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑢𝑢,𝑇𝑇2𝑣𝑣),𝑑𝑑(𝑣𝑣, 𝑆𝑆𝑢𝑢)}        

                   +𝛽𝛽 �𝑑𝑑(𝑢𝑢,𝑆𝑆𝑢𝑢)+𝑑𝑑�𝑣𝑣,𝑇𝑇2𝑣𝑣�
2

�  

                   +𝛾𝛾 �𝑑𝑑�𝑢𝑢,𝑇𝑇2𝑣𝑣�+𝑑𝑑(𝑣𝑣,𝑆𝑆𝑢𝑢)
2

�  

              ≥  𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛{𝑑𝑑(𝑢𝑢, 𝑣𝑣),𝑑𝑑(𝑣𝑣, 𝑢𝑢)}                                         
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                    +𝛽𝛽 �𝑑𝑑(𝑢𝑢,𝑢𝑢)+𝑑𝑑(𝑣𝑣,𝑣𝑣)
2

�  

           +𝛾𝛾 �𝑑𝑑(𝑢𝑢,𝑣𝑣)+𝑑𝑑(𝑣𝑣,𝑢𝑢)
2

�  

⟹ 𝑑𝑑(𝑢𝑢, 𝑣𝑣) ≥ (𝛼𝛼 + 𝛾𝛾)𝑑𝑑(𝑢𝑢, 𝑣𝑣)  

⟹ (𝛼𝛼 + 𝛾𝛾 − 1)𝑑𝑑(𝑢𝑢, 𝑣𝑣) ≤ 0  

⟹ 𝑑𝑑(𝑢𝑢, 𝑣𝑣) = 0  

⟹ 𝑢𝑢 = 𝑣𝑣  

Hence common fixed point of  𝑆𝑆 and 𝑇𝑇 is 
unique. 
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