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Abstract— A mechanical system consisting of 
a sequence of two material points in one-
dimensional, rectilinear, free motion and 
interacting with each other by means of elastic 
and damping elements (two-dimensional dynamic 
chain) is considered. The free motion of the 
dynamic chain is determined by the kinetic energy 
of the material points, the potential energy of the 
elastic element, the dissipation energy of the 
damping element and is described by Lagrange 
equations of the second kind, where the 
deviations of the point masses from the natural 
configuration are taken as generalized 
coordinates. The compiled mathematical model of 
the two-dimensional dynamic chain is reduced to 
a canonical matrix form of the fourth order in 
order to unify the algorithm for the analytical 
solution of a system of differential equations, 
based on the roots of the characteristic equation 
of the fourth degree. Formulas are given for the 
four roots of the characteristic equation, 
depending on the variable parameters of the 
dynamic chain. The dynamic quality of the chain 
is determined by the distribution of the roots in 
the complex plane. The distribution of the roots in 
the complex plane is ensured by the choice of 
variable parameters, which constitutes the 
analytical design procedure two-dimensional 
dynamic chain. 
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I.  INTRODUCTION 

Analytical design is the most important stage in the 
development of transport systems, preceding the 
computational and natural experiment. Analytical 
design determines the main dynamic qualities of the 
technical system. Calculation schemes in the form of a 
dynamic chain [1] are widely used in the design of 
railway [2, 3], automobile [4, 5], rocket and space [6], 

and vibration [7] transport. The theoretical basis for 
analytical design is classical mathematical methods, 
residue theory, and modal control theory [8-11]. A 
mathematical model of the free motion of a dynamic 
chain is constructed in the traditional form of Lagrange 
equations of motion of the second kind and is reduced 
to canonical matrix form in order to unify analytical 
algorithms [11]. The number of degrees of freedom of 
the dynamic target determines the order of the system 
of differential equations and the degree of the 
corresponding characteristic equation. The distribution 
of the roots of the characteristic equation in the 
complex plane determines the dynamic qualities of a 
technical system, including stability, stability margin, 
oscillation frequencies, resonant frequencies, beats, 
oscillation, etc. Expressing the roots of the 
characteristic equation in variable parameters of a 
technical system and controlling the distribution of 
roots in the complex plane is possible only in certain 
special cases [12-19]. The objective of this work is to 
apply the modal control method to the analytical 
design of a two-dimensional dynamic chain in free 
motion. 

II. STATEMENT OF THE PROBLEM 

A two-dimensional dynamic chain is considered, 
the calculation scheme of which is shown in Fig. 1. 

m1 m2

µ 

c

 

 Fig. 1. Calculation scheme of a two-dimensional 
dynamic circuit. Here m1, m2 - are the mass of the 

chain links; c - is the elasticity coefficient;  - damping 
coefficient. 
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Deviations of m chain links from the natural 
configuration q1(t), q2(t) are taken as generalized 
coordinates. 

It is necessary to construct a mathematical model 
of the free motion of a two-dimensional dynamic chain 
in canonical form, to compile the corresponding 
characteristic equation and find its particular solutions, 
to establish the types of distribution of roots in the 
complex plane, technically implemented by choosing 
the design parameters of the system. 

III. MATHEMATICAL MODEL 

The free motion of a two-dimensional dynamic 
chain is determined by a system of linear Lagrange 
differential equations: 
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New variables (phase coordinates) are introduced: 
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The mathematical model of a two-dimensional 
dynamic chain takes the following canonical matrix 
form: 

             1,2,3,4 .i i

d
X t D X t i

dt
             

where [Xi(t)] is the column matrix of phase 
coordinates: 
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D - is a dynamic square matrix of the fourth order: 
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the corresponding characteristic determinant of the 
fourth order is formed: 

   det ,D E     

where E - is the identity matrix of the fourth order. 

Characteristic equation 

  0   

is transformed into an algebraic equation of the 
fourth degree: 

4 3 2

4 3 2 1 0 0a a a a a         

The roots of this equation are found using the 
obvious formula [16]: 
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if the coefficients satisfy the condition: 
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Here 

   4 0det ,  deta E a D    

or the determinants are represented by an equivalent, 
compact notation: 

4 00 0 0 0 ,  1 2 3 4 ,a a   

where 0 - means the corresponding column of the 
matrix - E; 1, 2, 3, 4 is the column number of the matrix 
D. 

Then the coefficients a3, a2, a1, are found using 
symmetric determinants of the following structure: 
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Due to the structural features of the two-
dimensional dynamic chain under consideration, the 
coefficients of the characteristic equation in the 
expanded form take the form: 
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i.e. the dynamic matrix D is singular (singular): 

 det 0D   

For a homogeneous two-dimensional dynamic 

chain: m1=m2=m, introducing the reduced coefficients 
of elasticity and damping: 

,  ,
c

c
m m


   

we get: 

2 32 ,  2 .a c a    

Then the roots are found using the formula: 

2
2 2

1,2,3,4

1 3
2 2 ,

2 22
c c


  

 
        

 

 

given that: 

2 2 0.c      

From which it follows: 

1,2 3,4;  
2 2 2 2

   
        

and the corresponding distribution of roots in the 
complex plane is shown in Fig. 2. 
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Fig. 2. A double, negative, real root is conjugate 
with a double, zero root relative to the center of 
symmetry. 

 

Due to the structural feature of the dynamic chain 

under consideration а0=0, а1=0 the characteristic 
equation of the fourth degree is reduced to a quadratic 
one: 

 2 2 2 2 0c      

and allows for other analytical solutions: 

1,2 3,40,  ,d       

Where 
2 2 .d c   

In particular, for d=0 we obtain 𝜆1,2 = 0, 𝜆3,4 =
−𝜇̅, i.e. the distribution of roots shown in Fig. 2. 

For 1,2,3 40 :  0,  2c       and the 

corresponding distribution of roots is shown in Fig. 3. 
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Fig. 3. Negative, real root and triple zero 

 

At 
1,2 3,40:  0,  2 .i c       The distribution 

of roots is shown in Fig. 4. 
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Fig. 4. Conjugate imaginary roots and double zero 

 

At 1,2 3,40:  0,  .d d        The 

distribution of roots is shown in Fig. 5. 
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Fig. 5. Conjugate, negative real roots and double 
zero. 

 

At 1,2 3,40:  0,  .d i d        The 

distribution of roots is shown in Fig. 6. 
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Fig. 6. Complex conjugate roots with negative real 
part and double zero 

Analysis of the dynamic properties of a two-
dimensional homogeneous chain: 

 - under external disturbance, the movement of a 
two-dimensional, homogeneous dynamic chain as a 
whole is unstable due to the presence of a multiple 
zero root (Fig. 2, 3, 4, 5, 6); 

- the transient process is aperiodic and damping in 
nature due to the presence of negative real roots (Fig. 
2, 3, 5); 

- the transient process has an undamped, 

oscillatory nature with a frequency 2c  subject 

0   to the presence of conjugate imaginary roots 

(Fig. 4); 

- the transient process has a damped, oscillatory 

nature with a frequency 
22c   due to 

22c   

the presence of complex conjugate roots with a 
negative real part (Fig. 6). 

Thus, by selecting variable design parameters, a 
distribution of roots is ensured that corresponds to the 
required dynamic quality of a two-dimensional, 
homogeneous chain. 
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