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Abstract— The effect of thermal diffusion on 
the magneto-hydrodynamic heat transfer in an 
unsteady flow past a sheet perpendicular to the 
horizontal is a significant aspect in many 
engineering applications. It has been investigated 
numerically under the action of a strong induced 
magnetic field. This approach is used for solving 
cooling problems involving lighter and heavier 
particles. Numerical solutions for the velocity, 
induced magnetic field, and temperature are 
obtained for associated parameters using the 
explicit finite difference method. The obtained 
results are illustrated in graphs using the 
programming language named Fortran, followed 
by the software Techplot, to observe the effects of 
various parameters like Grashof number, Prandtl 
number, and Eckert number on the corresponding 
quantities. Finally, the outcomes of the approach 
are concluded. 

Keywords—MHD, Transient heat Transfer, 
Induced Magnetic Field.  

I. INTRODUCTION 

Alfven [1] first explained the abstraction of MHD. 
As per the abstraction, “if a conducting liquid is placed 
in a constant magnetic field, every motion of the liquid 
gives rise to an electromagnetic force that produces 
electric currents. Owing to the magnetic field, these 
currents give mechanical forces that change the state 
of motion of the liquid. Thus, a kind of combined 
electromagnetic-hydrodynamic wave is produced.” 
Heat transfer plays a significant role in fluids 
condensing or boiling at a solid surface.  This 
consideration arises due to buoyancy forces caused 
by thermal diffusions. For isothermal system the heat 
transfer aling a vertical plate has been observed by 
Callahan and Marner [2]. [3] Chaudhary and Sharma 
(2006) have analytically analyzed the steady 
combined heat and mass transfer flow with induced 
magnetic field. [4] Chen have observed the MHD 
combined heat and mass transfer in natural 
convection adjacent to a vertical surface. There are 
analytical solution restrictions in their studies. 
Condensing and boiling are characteristic for many 
separation processes in chemical engineering as 
drying, evaporation, distillation, condensation, 
rectification and absorption of a fluid. [5] Pera and 
Gebhart was first author to investigate the combined 
buoyancy effects of thermal and mass diffusions on 
natural convection flow. Labrosse [6] conceptualized 

as well as experimented the Soret effect for thermo-
gravitational column and obtained a good impact. 
Gokhale and Soundalgekar [7] considered the 
constant heat flux to investigate the unsteady free 
convection for MHD. In the presence of pressure 
gradient, the MHD boundary layer has been caried out 
by Gribben [8]. [9] Lin and Wu have studied 
simultaneous heat and mass transfer model with the 
entire range of buoyancy ratio for most practical 
chemical species in dilute and aqueous solutions. 
There are many individuals [10, 12, 13, 14, 15, 16, 17] 
who investigated the impacts of heat transfer and 
concluded their corresponding findings. With 
reference these studies, the effect of thermal diffusion 
on MHD free convection and mass transfer flows have 
also been considered by many investigators due to its 
important role particularly in isotope separation and in 
mixtures between gases with very light molecular 

weight (𝐻2 ,  He) and medium molecular weight (𝑁2 , 
air) (Eckert and Drake, 1972). Recently, [11] Alam et 
al. have numerically investigated the mass transfer 
flow past a vertical permeable medium with heat 
generation and thermal diffusion on the combined 
free-forced convection under the mastery of 
transversely applied magnetic field. In all the papers 
cited earlier, the studies concentrated on MHD free 
convection and mass transfer flow of an 
incompressible viscous fluid past a continuously 
moving surface under only the action of transverse 
magnetic field with or without thermal diffusion. But 
the flow under the action of a strong magnetic field 
that induced another magnetic field have of great 
interest in geophysics and astrophysics. A numerical 
study of steady combined heat and mass transfer by 
mixed convection flow past a continuously moving 
infinite vertical porous plate under the action of strong 
magnetic field with constant suction velocity, constant 
heat and mass fluxes have been investigated by [11] 
Alam et. al. For unsteady two-dimensional case, the 
above problem becomes more complicated. These 
types of problems play a special role in nature, in 
many separation processes as isotope separation, in 
mixtures between gases, in many industrial 
applications as solidification of binary alloy as well as 
in astrophysical and geophysical engineering. The 
goal of the existing research is to examine the 
unsteady heat transport with induced magnetic field 
along a vertical semi-infinite plate. 
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II. MATHEMATICAL MODEL 

Transient MHD heat transfer of an electrically 
conducting incompressible viscous fluid past an 
electrically non-conducting continuously moving semi-
infinite vertical plate with thermal diffusion is modeled 
here. In Cartesian coordinate system, the x-axis is 
chosen along the plate in the direction of flow and the 
y-axis is normal to it. Normal to the flow region strong 
uniform magnetic field is sued. Because of the 
magnetic Reynolds number, the flow is not taken to be 
small enough, the induced magnetic field is not 
negligible and is of the form (𝐻𝑥, 𝐻𝑦, 0).  

The divergence equation 𝛁. 𝑯 = 0  of Maxwell’s 
equation for the magnetic field gives 
𝐻𝑦 = 𝐻0. 

Initially we chose that the plate as well as the fluid are 
at the same temperature 𝑇(= 𝑇∞) everywhere in the 
fluid is same. Also, it is claimed that the fluid and the 
plate is at rest after that the plate is to be moving with 

a constant velocity 𝑈0  in its own plane and 
instantaneously at time 𝑇 > 0, the temperature of the 

plate is raised to 𝑇(>  𝑇∞) , which is thereafter 
maintained constant, where 𝑇𝑤  is the temperature at 

the wall and 𝑇∞ is the temperature of the species far 
away from the plate respectively. The physical model 
of this study is furnished in the following figure. 

     
Figure 1: Physical configuration [11] 

 
Also, the study is based on the following abstractions: 
 
i. All the physical properties of the fluid are considered 
to be constant except the influence of variations of 
density with temperature are considered only on the 
body force term, in accordance with the Boussinesq’s 
approximation. 
ii. There is no chemical reaction taking place between 
the foreign mass and the fluid. 
iii. The equation of conservation of electric charge, 
𝛁. 𝑱 = 0 gives 𝐽𝑦 = constant where the current density 

𝑱 = (𝐽𝑥,  𝐽𝑦,  𝐽𝑧), because the direction of propagation is 

considered only along the y-axis and J does not have 
any variation along the y-axis. Since the plate is 
electrically non-conducting, the constant is zero i.e. 
𝐽𝑦 = 0 at the plate and everywhere. 

Continuity equation 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0        (1) 

Momentum equation 

𝜕𝑢
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+ 𝑢
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+ 𝑣
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−
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Magnetic Induction Equation 
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Energy equation 
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+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣
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2
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𝜐
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(

𝜕𝑢

𝜕𝑦
)

2

 (4) 

 
with the corresponding initial and boundary conditions 
𝑡 = 0, 𝑢 = 0, 𝑣 = 0, 𝐻𝑥 = 0, 𝑇 → 𝑇∞ at everywhere  (5) 

𝑡 > 0, {

𝑢 = 0, 𝑣 = 0, 𝐻𝑥 = 0, 𝑇 → 𝑇∞ at 𝑥 = 0
𝑢 = 0, 𝑣 = 0, 𝐻𝑥 = 𝐻𝑤 , 𝑇 = 𝑇𝑤 at 𝑦 = 0
𝑢 = 0, 𝑣 = 0, 𝐻𝑥 = 0, 𝑇 → 𝑇∞ 𝑎𝑠 𝑦 → ∞

 (6) 

 
where x , y are Cartesian coordinate system; u , v are 
x , y component of flow velocity respectively; g is the 
local acceleration due to gravity; β is the thermal 

expansion coefficient; υ is the kinematic viscosity; 𝜇𝑒 
is the magnetic permeability; ρ is the density of the 

fluid; 𝐻0 is the constant induced magnetic field; 𝐻𝑥 be 
the x -component induced magnetic field; σ is the 
electrical conductivity; κ is the thermal conductivity; 𝐶𝑝 

is the specific heat at the constant pressure and 𝐻𝑤 is 
the induced magnetic field at the wall. 
Upon introducing the dimensionless quantities  

𝑋 =
𝑥𝑈0

𝜐
,    𝑌 =

𝑦𝑈0

𝜐
,   𝑈 =

𝑢

𝑈0
,   𝑉 =

𝑣

𝑈0
,   𝜏 =

𝑡𝑈0
2

𝜐
,   

 𝐻𝑥
̅̅̅̅ =

√
𝜇𝑒
𝜌

 𝐻𝑥

𝑈0 
 ,   𝑇̅ =

(𝑇−𝑇∞)

𝑇𝑤−𝑇∞
 

The above equations from (1) to (4) have the new 
shapes as follows: 
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0        

      (7) 
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+ 𝑉
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𝜕𝑌
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𝜕2𝑈

𝜕𝑌2 + 𝑀
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𝜕𝑌
+ 𝜅𝑈 

      (8) 
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+ 𝑈
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+ 𝑉
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= 𝐻𝑥

̅̅̅̅ 𝜕𝑈

𝜕𝑋
+ 𝑀 

𝜕𝑈

𝜕𝑌
+

1

𝑃𝑚

𝜕2𝐻𝑥̅̅ ̅̅

𝜕𝑌2  

      (9) 
𝜕𝑇̅

𝜕𝜏
+ 𝑈

𝜕𝑇̅

𝜕𝑋
+ 𝑉

𝜕𝑇̅

𝜕𝑌
=

𝐸𝑐

𝑃𝑚
(

𝜕𝐻𝑥̅̅ ̅̅

𝜕𝑌
)

2

+ 𝐸𝑐  (
𝜕𝑈

𝜕𝑌
)

2

+
1

𝑃𝑟

𝜕2𝑇̅

𝜕𝑌2 (10) 

where, 𝐺𝑟 =
𝜐𝑔𝛽(𝑇𝑤−𝑇∞)

𝑈0
3  (Grashof number), 

 𝑀 =
 𝐻0

𝑈0 
√

𝜇𝑒

𝜌
  (Magnetic Force Number), 

𝑃𝑚 = 𝜐𝜎′𝜇𝑒  (Magnetic diffusivity Number), 

 𝑃𝑟 =
𝜐 𝜌𝐶𝑝

𝜅 
 (Prandtl Number), 

𝐸𝑐 =
𝑈0

2

𝐶𝑝(𝑇𝑤−𝑇∞)
  (Eckert Number) and 𝜅 =

𝜐2

𝜅′𝑈0
2   

with the corresponding boundary conditions 

 𝜏 = 0, 𝑈 = 0, 𝑉 = 0, 𝐻𝑥
̅̅̅̅ = 0, 𝑇̅ = 0 at everywhere  (11) 

𝜏 > 0, {

𝑈 = 0, 𝑉 = 0, 𝐻𝑥
̅̅̅̅ = 0, 𝑇̅ = 0 at 𝑋 = 0

𝑈 = 0, 𝑉 = 0, 𝐻𝑥
̅̅̅̅ = 1, 𝑇̅ = 1 at 𝑌 = 0

𝑈 = 0, 𝑉 = 0, 𝐻𝑥
̅̅̅̅ = 0, 𝑇̅ = 0 𝑎𝑠 𝑦 → ∞

 (12) 

The explicit finite difference method has been used to 
solve equations (7) to (10) subject to the conditions 
given by (11) and (12). Here we have, 
𝑈𝑖,𝑗−𝑈𝑖−1,𝑗

∆𝑋
+

𝑉𝑖,𝑗−𝑉𝑖−1,𝑗

∆𝑌
= 0    (13) 
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𝑈′
𝑖,𝑗−𝑈𝑖,𝑗

∆𝜏
+ 𝑈𝑖,𝑗

𝑈𝑖,𝑗−𝑈𝑖−1,𝑗

∆𝑋
+ 𝑉𝑖,𝑗

𝑈𝑖,𝑗−𝑈𝑖−1,𝑗

∆𝑌
= 𝐺𝑟𝑇̅𝑖,𝑗 +

𝑈𝑖,𝑗+1−2𝑈𝑖,𝑗+𝑈𝑖,𝑗−1

(∆𝑌)2 + 𝑀 
𝐻̅𝑥𝑖,𝑗+1−𝐻̅𝑥𝑖,𝑗

∆𝑌
+ 𝜅𝑈𝑖,𝑗  (14) 

𝐻′̅̅̅̅ 𝑥𝑖,𝑗−𝐻̅𝑥𝑖,𝑗

∆𝜏
+ 𝑈𝑖,𝑗

𝐻̅𝑥𝑖,𝑗−𝐻̅𝑥𝑖−1,𝑗

∆𝑋
+ 𝑉𝑖,𝑗

𝐻̅𝑥𝑖,𝑗+1−𝐻̅𝑥𝑖,𝑗

∆𝑌
=

𝐻̅𝑥𝑖,𝑗

𝑈𝑖,𝑗−𝑈𝑖−1,𝑗

∆𝑋
+ 𝑀

𝑈𝑖,𝑗+1−𝑈𝑖,𝑗

∆𝑌
+

1

𝑃𝑚

𝐻̅𝑥𝑖,𝑗+1−2𝐻̅𝑥𝑖,𝑗+𝐻̅𝑥𝑖,𝑗−1

(∆𝑌)2

      (15) 
𝑇′̅̅̅𝑖,𝑗−𝑇̅𝑖,𝑗

∆𝜏
+ 𝑈𝑖,𝑗

𝑇̅𝑖,𝑗−𝑇̅𝑖−1,𝑗

∆𝑋
+ 𝑉𝑖,𝑗

𝑇̅𝑖,𝑗+1−𝑇̅𝑖,𝑗

∆𝑌
=

1

𝑃𝑟

𝑇̅𝑖,𝑗+1−2𝑇̅𝑖,𝑗+𝑇̅𝑖,𝑗−1

(∆𝑌)2 +
𝐸𝑐

𝑃𝑚
(

𝐻̅𝑥𝑖,𝑗+1−𝐻̅𝑥𝑖,𝑗

∆𝑌
)

2

+ 𝐸𝑐 (
𝑈𝑖,𝑗+1−𝑈𝑖,𝑗

∆𝑌
)

2

      (16) 
and the initial and boundary conditions with the finite 
difference scheme are 

𝑈0
𝑖,𝑗 = 0, 𝑉0

𝑖,𝑗 = 0, 𝐻̅0
𝑥𝑖,𝑗

= 0, 𝑇̅0
𝑖,𝑗 = 0   (17) 

𝑈𝑛
0,𝑗 = 0, 𝑉𝑛

0,𝑗 = 0, 𝐻̅𝑛
𝑥0,𝑗

= 0, 𝑇̅𝑛
0,𝑗 = 0 

𝑈𝑛
𝑖,0 = 0, 𝑉𝑛

𝑖,0 = 0, 𝐻̅𝑛
𝑥𝑖,0

= 1, 𝑇̅𝑛
𝑖,0 = 1 

𝑈𝑛
𝑖,𝐿 = 0, 𝑉𝑛

𝑖,𝐿 = 0, 𝐻̅𝑛
𝑥𝑖,𝐿

= 0, 𝑇̅𝑛
𝑖,𝐿 = 0 

  (18) 

Where 𝐿 → ∞. 
 
Here the subscripts i and j designate the grid points 
with x and y coordinates respectively and the 
superscript n represents a value of time, 𝜏 = 𝑛 ∆𝜏 

where 𝑛 = 0, 1, 2, . . .. 
 

III. RESULTS AND DISCUSSIONS 

Along with the obtained steady state solutions, the 
flow behaviors in case of cooling problem are 
discussed graphically. The profiles of the transient 
velocity, induced magnetic field and temperature 
versus Y are illustrated. 

  
Figure 2: Velocity profiles 

for different values of 𝐺𝑟 
where 𝜏 = 10 

Figure 3: Velocity profiles 

for different values of 𝐺𝑟 
where 𝜏 = 30 

 
 

Figure 4: Velocity profiles 

for different values of 𝐺𝑟 
where 𝜏 = 40 

Figure 5: Velocity profiles 

for different values of 𝐺𝑟 
where 𝜏 = 50 

 
For the change of 𝐺𝑟 , the velocity profile is shown in 
(Figures 2 to 5). From these Figures we see that, as 
the value of 𝐺𝑟  increases the velocity profile also 
increases at τ =10, 30 and 40. But at τ =50 the 
velocity profile shows same graph as τ =40. 

  

Figure 6: Induced 
magnetic fields for 
different values of 𝐺𝑟 

where 𝜏 = 10 

Figure 7: Induced 
magnetic fields for 
different values of 𝐺𝑟 

where 𝜏 = 30 

  
Figure 8: Induced 
magnetic fields for 

different values of 𝐺𝑟 
where 𝜏 = 40 

Figure 9: Induced 
magnetic fields for 

different values of 𝐺𝑟 
where 𝜏 = 50 

 
The induced magnetic field profile (Figures 6 to 9) 

remains same as the value of 𝐺𝑟 increases at τ =10. 
But for τ =30, 40 and 50 the induced magnetic field 

profile decreases as the value of 𝐺𝑟  increases. At τ 
=50 the induced magnetic field profile shows identical 
graph as τ =40. 

  

Figure 10: Temperature 
profiles for different 

values of 𝐺𝑟 where 𝜏 = 10 

Figure 11: Temperature 
profiles for different 

values of 𝐺𝑟  where 
𝜏 = 30 

  
Figure 12: Temperature 
profiles for different 

values of 𝐺𝑟 where 𝜏 = 40 

Figure 13: Temperature 
profiles for different 

values of 𝐺𝑟  where 
𝜏 = 50 

The temperature profile (Figs. 10 to 13) remains same 

as the value of 𝐺𝑟 increases at τ =10. But for τ =30, 40 
and 50 the temperature profile decreases as the value 
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of 𝐺𝑟  increases. At τ =50 the temperature profile 
shows identical graph as τ =40. Also as the value of τ 
increases the temperature profiles increase upto τ 
=40. But at τ =50 the temperature profile shows same 
graph as τ =40. 

  

Figure 14: Velocity 
profiles for different 
values of 𝑃𝑟 where 𝜏 = 10 

Figure 15: Velocity 
profiles for different 
values of 𝑃𝑟   where 

𝜏 = 30 

  
Figure 16: Velocity 
profiles for different 

values of 𝑃𝑟  where 𝜏 = 40 

Figure 17: Velocity 
profiles for different 

values of 𝑃𝑟   where 
𝜏 = 50 

 
As the value of Pr increases the velocity profile (Figs. 
14 to 17) decreases at τ =10, 30 and 40. But at τ =50 
the velocity profile shows same graph as τ =40. One 
the other hand, as the value of τ increases the velocity 
profiles also increase upto τ =40. But at τ =50 the 
velocity profile shows same graph as τ =40.  
 

  
Figure 18: Induced 
magnetic fields for 

different values of 𝑃𝑟 
where 𝜏 = 10 

Figure 19: Induced 
magnetic fields for 

different values of 𝑃𝑟 
where 𝜏 = 30 

  

Figure 20: Induced 
magnetic fields for 
different values of 𝑃𝑟 

where 𝜏 = 40 

Figure 21: Induced 
magnetic fields for 
different values of 𝑃𝑟 

where 𝜏 = 50 
 
The induced magnetic field profile (Figs. 18 to 21) 
remains same as the value of Pr increases at τ =10. 
But for τ =30, 40 and 50 the induced magnetic field 
profile initially decreases and after certain amount of Y 
it increases as the value of Pr increases. At τ =50 the 
induced magnetic field profile shows identical graph 
as τ =40. Also as the value of τ increases the induced 
magnetic field profiles also increase upto τ =40. But at 
τ =50 the induced magnetic field profile shows same 
graph as τ =40. 

  

Figure 22: Temperature 
profiles for different 

values of 𝑃𝑟 where 𝜏 = 10 

Figure 23: Temperature 
profiles for different 

values of 𝑃𝑟 where 𝜏 = 30 

  
Figure 24: Temperature 
profiles for different 

values of 𝑃𝑟 where 𝜏 = 40 

Figure 25: Temperature 
profiles for different 

values of 𝑃𝑟 where 𝜏 = 50 
 
As the value of Pr increases the temperature profile 
(Figs. 22 to 25) decreases at τ =10, 30 and 40. But at 
τ =50 the temperature profile shows same graph as τ 
=40. One the other hand, as the value of τ inc reases 
the temperature profiles also increase upto τ =40. But 
at τ =50 the temperature profile shows same graph as 
τ =40. 
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Figure 26: Velocity profiles 

for different values of 𝐸𝑐 
where 𝜏 = 10 

Figure 27: Velocity 
profiles for different 
values of 𝐸𝑐   where 

𝜏 = 30 

  
Figure 28: Velocity profiles 

for different values of 𝐸𝑐  
where 𝜏 = 40 

Figure 29: Velocity 
profiles for different 

values of 𝐸𝑐   where 
𝜏 = 50 

 

As the value of 𝐸𝑐 increases the velocity profile (Figs. 
26 to 29) also increases at τ =10, 30 and 40. But at τ 
=50 the velocity profile shows same graph as τ =40. 
One the other hand, as the value of τ increases the 
velocity profiles also increase upto τ =40. But at τ =50 
the velocity profile shows same graph as τ =40.  

  
Figure 30: Induced 
magnetic fields for 
different values of 𝐸𝑐 

where 𝜏 = 10 

Figure 31: Induced 
magnetic fields for 
different values of 𝐸𝑐 

where 𝜏 = 30 

  
Figure 32: Induced 
magnetic fields for 
different values of 𝐸𝑐 

where 𝜏 = 40 

Figure 33: Induced 
magnetic fields for 
different values of 𝐸𝑐 

where 𝜏 = 50 

 
The induced magnetic field profile (Figs. 30 to 33) 
remains same as the value of 𝐸𝑐 increases at τ =10. 
But for τ =30, 40 and 50 the induced magnetic field 
profile decreases as the value of cE increases. At τ 
=50 the induced magnetic field profile shows identical 
graph as τ =40. Also as the value of τ increases the 
velocity profiles also increase upto τ =40. But at τ =50 
the velocity profile shows same graph as τ =40. 

  

Figure 34: Temperature 
profiles for different 
values of 𝐸𝑐 where 𝜏 = 10 

Figure 35: Temperature 
profiles for different 
values of 𝐸𝑐 where 𝜏 = 30 

 
 

Figure 36: Temperature 
profiles for different 

values of 𝐸𝑐 where 𝜏 = 40 

Figure 37: Temperature 
profiles for different 

values of 𝐸𝑐 where 𝜏 = 50 
 

As the value of 𝐸𝑐  increases the temperature profile 
(Figs. 34 to 37) increases at τ =10, 30 and 40. But at τ 
=50 the temperature profile shows same graph as τ 
=40. One the other hand, as the value of τ increases 
the temperature profiles also increase upto τ =40. But 
at τ =50 the temperature profile shows same graph as 
τ =40.  
 

IV. CONCLUSIONS  

An unsteady heat transfer flow through an electrically 
conducting incompressible viscous fluid past along an 
electrically nonconducting semi-infinite vertical plate 
under the action of strong magnetic field taking into 
account this approach. The resulting governing 
system of dimensionless coupled non-linear PDE’s 
are numerically solved by an explicit finite difference 
method. The results are discussed for different values 
of important numbers as magnetic parameter, 
magnetic diffusivity numbers, Grashof number, 
Prandtl number and Eckert number. Some of the 
important findings obtained from the graphical 
representation of the results are listed herewith; 
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1. The velocity improves with the rises of 𝐸𝑐  or lift 

down with the uplifting values of 𝑃𝑟 . 
2. The magnetic induction downgrades with the 

upgrades of 𝐺𝑟 , 𝐸𝑐 . Moreover, the magnetic induction 
initially reduces and later increases with the 

advancement of 𝑃𝑟 . Particularly, for heavier particles 
the induced magnetic field is greater than the lighter 
particles. 
3. The temperature soars with the climb of 𝐸𝑐 while it 

falls with the climb of 𝐺𝑟  or 𝑃𝑟  . Particularly, the fluid 
temperature is more for air than water and it is less for 
lighter than heavier particles. 
As the basis for many scientific and engineering 
applications for studying more complex vertical 
problems involving the flow of electrically conducting 
fluids, it is hoped that the present investigation of the 
study of applied physics of flow over a vertical surface 
can be utilized. In the migration of underground water 
or oil as well as in the filtration and water purification 
processes, the findings may be useful for study of 
movement of oil or gas and water through the 
reservoir of an oil or gas field. The results of the 
problem are also of great interest in geophysics and 
astrophysics in the study of interaction of the 
geomagnetic field with the fluid in geothermal region. 
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