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Abstract—Hardy's inequality is an important inequality in analysis. This paper uses the traditional

convolution transformation to prove a mixed norm Hardy's inequality.
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1 Introduction:

Hardy's inequality is an inequality full of vitality. It was first proposed by the British mathematician
Hardy in 1927 when he was studying basic mathematics. Since the advent of Hardy's inequality, it has
been nearly a hundred years, and people have achieved many excellent results in the forward deformation
of Hardy's inequality, the determination of the best constant and the application of integrals. Hardy's
inequality has been widely used in the fields of differential equations and harmonic analysis. [1-8], This
article summarizes and discusses the proofs of Hardy's inequality with mixed norms. Through the
decomposition and reorganization of the structure of Hardy's inequality, the relevant characteristics and
application methods of Hardy's inequality are clarified, and the application scope of Hardy's inequality is

further broadened. It is Hardy's inequality. The research and derivation provide a new idea.
Il main conclusion
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[11 Proof of main conclusion

Proof of Theorem 1

Step 1 Introduction of parameters

We take F(x) = EJ‘M f (t)dt,x >0. By Holder inequality
X X
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To make _[ t Pdt<+oo, Conditions must also be met ﬂs>1, then s>£:p—1o

P q

Assume r>1, l=1+£—1>0,s> p-1, Tomakej+wxsfp(x)dx<+wo
a pr 0

In this way, F(x) is meaningfultoall x>0

Step 2 Substitution of variables
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T fr(t)dt = " e*fPe)e’dx=| e fPe")dx= Pof(e) | dx,
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takep(x)=e ° f(e*), thenf(e)=e " @(X)
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Step 3  Introduce convolution

F(x)= %I:w f(t)dt,x >0, so,forany—-o<Xx<+o0, Wwe can get

F(e* )_—j f(t)dt —Xj“"e“ f(e*)du :rwe“’xf(e“)du
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Now,weassumeqzp>1.takelzl+1—1, r=#o
q pr 1011
q p
1+1—£:(1—1)+1 0, 1+1—1_1 (———)<1,
q p P q q p p
So r=#210 So,if s>p-1, .|‘+wtsfp(t)dt<+oo, then
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Proof of Theorem 2

Forany xe(0,a), by Holder inequality,
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Here 1—1<a<1—10
p p
1 1 r
Take f(a)=(qa-1)" (p—pa—r),ae[l—g,l—g},
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Therefore, (EJZF)pisthe best constant.
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