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Abstract-This article re-examines the

generalized forms of the two Carleman inequalities,

discusses their correctness and error and the best
constants in detailand obtains a correct and
relatively complete conclusion.

Keywords—Carleman's Inequality;Best constant

I. Introduction

Carleman's inequality is actually the case of the
power exponent P — +0 of Hardy's inequality, and its

discrete form is:

Lemma 1.1 .Suppose {an} is a sequence of

non-negative numbers, Zan < +o0 ,then
n=1

0 1 0
D D (aa,--a)"<ed a;
n=1 n=1

(2) Inequality takes the equal sign if and only if
a,=0,n=12,---;

(3) € isthe best constant.

This inequality has the following two weighted
extensions.

Lemma 1.2 U .Suppose {ﬂn} is a positive
sequence, A, =A4 +A,+---+ 4, .Let {an} be a

non-negative sequence,

> 4,a, <+ then

0 i o0
Zﬂ’n (aiﬂla‘;2 o ar?n )An < eZ/’Lna‘n
n=1 n=1
Among them, € is the best constant.

Lemma 1.3 [ .Suppose {/In} is a positive

sequence, A, =4 + A4, +---+ A4, . Let {an} be a

non-negative sequence.

Z/lnan < 400 then
n=1

<ez/1 a,

Among them, € is the best constant.

i/;— e*“ ~1)(a*aj -

n=1

The strange thing is that although the literature [3]
claims €to be the best constant for the inequalities in
Lemma 1.2 and 1.3, it does not give a proof. Although
the monographs [1] and [2] both include Lemma 1.2,
they do not say that € is the best constant.

In=1
If Lemma 1.3 is correct, take @, = {O 1, then
N>

e-1
e—-1<eA, that is A4 >—— .But there is no such
€

requirement in Lemma 1.3, so this lemma is wrong. In
addition, when the monograph [2] records this
inequality as

l o0
ar) <ed Aa,
n=1

Z% —1)(a1 aj -
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it shows that € is the best constant.Take

lLn=1
a, = We can also find the mistake by
0O,n>1

substituting it in the verification.

After in-depth study of these two inequalities, the
correct conclusion is found.

[I.Main conclusion
Theorem2.1. Let{/ln} be a sequence of positive

numbers,

A, =A+A 4+ ,N=12- Let

{an} be a non-negative sequence,

z/inan < 400 then
=1

o0 i o0
W D A (ke ---am)™ <ed da;
n=1 n=1

(2) Inequality takes the equal sign if and only if
a,=0,n=12,--;

o0 /’i{n )
) If ZA_ convergences, then € is not the best

n=1 n

constant;

. A A
@) If lim—=0 ,but Z—” divergences ,then
n—o0 An n—1 A

n

eis the best constant;

.o A
(5) If € is the best constant, then inf ——=0.

@ DA™ -D(atay---al)™ <ed Aa;
n=1 n=1

(2) Inequality takes the equal sign if and only if

a,=0,n=12,--;

A
3) If ZA—” convergences, then € is not the best

n=1 n

constant;

. A 2 A
A If lim— =0 ,but Y — divergences ,then €
( ) n—oo An Z A g

n=1 n
is the best constant;

Note 1. The inequality in Theorem 2.2 is actually an
enhanced version of the inequality in Theorem 2.1.
Therefore, if € is the best constant in Theorem 2.1, it
must also be the best constant in Theorem 2.2.

Il . Proof of main conclusion
1.Proof of Theorem 2.1

(1) Take any positive sequence {Cn} for any

positive integer, according to the weighted mean
inequality, we have

1
1 A A
(alj’la;/zaﬁ")[\" _ (Clal)ﬂi(czaz)jﬁ..;(cnan) Ay,
Clzicg’lcn”
A
//31clalqtiz(:2a2+---+A“cnan
n

n n

n
DI
< =

1
(e o)

neN* A
And the inequality takes the equal sign if and only if
Theorem 2.2. Let {in}be a sequence of positive ca =c,a, =---=cC,a,. Therefore,
numbers, A, =A4+A4,+-+4,n=12,--- .Let
{an} be a non-negative sequence, Zlnan <400,
n=1
then
WWW.jmest.org
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At n n i

Z;L"(al 8 ) Z 1 ZAJ Take d,=0,d,>0,n=2,3,---,c, =€’ then

n=1 :l (C?C;Q Cl")A j=1
c =1

© © /1” 1 1

:Z;}“j c; D, T |4
j= n=j
A, (clc ey ;
o(Ee ) 3o $a3

Cf'l(:zﬂq-.-(:;‘":lL[Ciﬂ1 —H(ell )%_He " _gh H
i=1 i -

Select appropriately {Cn} SO that

o n/llld.:nd.n n(A ~A,)d, =AY, YA d
Cjz ﬂ’n T <e’j:l’2'3,...,then i-1 nj:1 ! nj:1 Ji:j =1 = Z JZ:; =
n=j An - _SA d
AMCEES M2
= A e .
Z n - <_1J=112!31'“
—i — C.
A (el gy Here, supplementary agreethat A, =0 .Take
Further demand that (C. ¢ is monotonous and A
{ n} dj:A111J:2!31'“1then
-1
undiminished.Let limc, =c thenc € (0,+x].
n—oo
n n n nfll_
Yo Ya it R
1 . c,=e =g =gt =g
If C=+00,then Z(———)—— =12,---. n ’
n=j Cn Cn-*—l C
n i nA n 1 n-1 -1
di=AY T2 N1 =AY LY =4 LA,
If C <+o0 sthen IZI‘/%JZ;, ] ;AH JZZ =V V= L = Y
N 1 1 1 1 '
z(___ LN T i
7 C Cu C C C then
Ani%_/\n—l
Therefore, Z(———) <— , j=1,2,-+- .Choose cicpecih=e
n=j Cn Cn-*—l j
the monotonous positive sequence to satisfy then
- A
> n eZ(———) j=12,-- b $A b $A Mk AL S
- o A A, A A, A 1 A,
n=l An(clﬂ'lcgﬂ Cﬂn) n=j n Cn+1 (Cflc;Q'”C:")A" —pit —pi" e g 1ej,1 i
Then Therefore,
A 1 1 :
L ce(t——) =12, LI
-~ C A A er-1 1 1 11
A, (cicsz --clm)™ "o =<t =) =e )
= 4 Yy 4ya ¢, C.
An(CfﬂC;q"'C:“)A” efleHAi ej:l i eHAi ej:l i

Find such a sequence {Cn} of positive numbers.
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i% But for any positive integer N, 4, >0,c, >0,
Take c,=e’™ ' then
a, =0,

n-1 A n-1 A

O Y
c=limc, =lime=" =¢" Y —gn’ Ay <e(i__1 )

n—oo n—oo 1 !
Cn Cn+l

Ao(chcs o)

o0 ﬂ/ o0
If Z—” convergences,then C<+oo. If Z—”

n=1 n n=1 n

Therefore,a, =0,n=1,2,---.

divergences,thenC =4c0.

o0 l
3) If ZA—‘ convergences,then
1 n=1 4}
0 i o0 0 ﬂ/
’11 /12 ln An n
zﬂn(al 8y ---ar) SZ% Cjz T <|%0.According to (1),we have
n=1 j=1 n=j A,
A(Ghct ) 1
o0 PR 1 o0
- 501001 A,(@faz--am)™ <e(l-=)» 1a,,
falegd-L a0 <eo
=1 n=j “n n+l
So € is not the best constant.
If C < 4o00,then "iﬂ
A

4 c =e"" n=12,-- .Due toi—”e(O,l],the

1
= " = 21 1 = 1 1 n
> A e )t <ed A {01-2(———’}% =X
n=1 j=1 i G Cha =t Cj C A
convergence of z—" is the same as that of

0 C. . 1 -
j=1 c i c c = =

n A

If ¢ =400 ,then

[Ss) i 0 © . n i
2 n(ara ey SeZﬂJ{CjZ(E—Q}aFGZWa} =125 =t
= - 'c, ¢ : N

j=1 n=j n n+1 j=1 1= J
When n>1,
0 i 0 n /1 n l n A _A n A
In summary, > 2, (aj*a;?---a;")™ <ed Aa,. > L=14> =14 ’—H:1+ZJ
n=1 n=1 j=1 Aj j=2 Aj j=2 Aj j=2 A A
n N
(2) The sufficiency is obvious and the proof <1+ AA’ %:;HJ'AA”%:;LHnﬁ
necessity is as follows. j=2 "t X voX 1
When the inequality takes the equal sign,we have
n A
o o 1 w > 1 ﬁo A—J <l+In A” .Then,
n _ e Y .
Z;/li CJZ -+ aj_e;/lj[ch(c— - )il 1
1= n=j P 0\ An 1= n=j n n+l
A (cic ) . A
_ 1:1/\71' _(1+InA—”) a ﬂ’n
A.e > e L=eA
n
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n 2’]

o0 A, o0 - —

. A

E — divergences,so Ae
n=1 An n=1

: A,
divergences,then z— divergences.
n=1l “p

Take any positive integer N ,define the sequence

1

_,n:LZ,...,N
a, =4C, ,then
0, n>N
© i N ﬂ/
Z/ln(aiﬂia:?"’ar?n)l\n :Z : 1
n=1

GO

(5) Let r=inf ﬁ ;then re[O,l) .Take any

neN* An

non-negative sequence {an} ,SO that

z&nan < 400 then
=1

1
00 - 0 0 /1

AH
PIACAER- D RED WAL : |8
n=1 j=1 n=j N
A, (Gec)™

For any positive integer j ,due to " strictly
© N4 monotonically decreasing on (0, +) ,then
> A=)
e A Ao
= A, o A, - A, e -1
— divergences,so — ris a sequence o n=j A, n=j 2 n=j A, e
n C, m Cp An(cfczjq Cr?”) pit! e -1 e1=1A'
” : - - o T 1 1 r -, 101 r
positive numbers that is strictly monotonically <ec Z (——- )= eC_Z(___)< e
-7 r =) LA r ] A
increasing towards infinity.According to Stokes’ n-j € -1 2 Z/TJ. e -1 = G G € -1
[ JE|
formula, ¢ ¢
N A
o 1 Z—”l Therefore,
Zﬂ( (a;‘iaj’z.”a}‘n)/\n ) il
n 2 n n= (Cﬂicﬂz_ C%)An
lim 2= = lim 12 7 oo 1 roe
N—o0 i N—o0 N M at An ) An
- 2/13. - ﬁ Zﬂ“n(ai a - a, ) < r eZijaJ"
n=n =1 e _1 j=1
n=1 n=1 Cn n i
AN N-1
1 Zi Due to— € <e,eis not the best constant.This
(Chc g )M gt o e -1
= lim 2™ = lim — =elime ™ =e¢
N =0 AN N—o Zﬁfl N—o i i . /1n
— A, is contradictory.So inf —/ =0.#
CN e neN* A
) 2.Proof of Theorem 1.2
So € is the best constant.
(1) still take the positive sequence {Cn} as
n—1ﬁ
e~ A -
c,=e* "' ,n=L2,--- .let c=limc, then
n—oo
CE(O, +oo] According to the weighted mean
inequality,
www.jmest.org
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o0 )l iy o0 — )‘ﬂ
A A, Ala /\ 1a1) ( ) (cnan)
Ene s S { s
A, 3
3 Aﬁclal+%02a2+~--+/\—cﬂaﬂ o A Ziujcjaj

SiAn(e“” - n — :i(e:\n _1)12171

(i)

I I |
:Zﬁj 0127 g

S
i)

For any positive integer |,

n n
0 Ap 0 Ay o
oy — o Y e Y s
R (e eL) L egffl SRR eéAT
© 1 1 ec.(i 1)c<+oo
=ech(C——C—)= e, ¢ <e
n=J *n n+1 e ¢ = +o0

So Y A, (e™ -1(atay---ar)™ <ed Aa,
n=1 n=1

(2) The sufficiency is obvious and the proof
necessity is as follows. We divide the discussion into
two situations, C <400 and C=+400.

First, C < +o0.
For any positive integer |,
i
& e 1 : 1
¢,y ————<ec,(—->)=e(l-2) <e(l-2)
n= N C,
J(CMC ,,,Cﬂn)/\n

Then,

Y AN -D(atar--an) <e(l-2)Y A .
n1 C =
Inequality takes the equal sign,so

e(1——)Z:/”tnan = eZﬂn . ,namelyi&nan =0.
n=1

A,>0,a,20,n=12,---s0 a,=0,n=12,---.

Second ,C =+00.

= A
When C =+, Z —- divergences.
n=1

According to the necessary and sufficient
conditions oftaking the equal sign ofthe weighted
mean inequality,

G2, =08, =y ="+

If a, are not all O ,then a, are not Oat all.we

assumel=ca, =C,a, =C,a, =--- then
1 A _
a,=—,n=12,---s0 Z—” convergences.But in
Cn n=1

the proof of Theorem 1.1, we have already shown

A
Z—” divergences.This s

n=l “p

contradictory  .So

a,=0,n=12,--

In summary, the inequality takes the equal sign if

andonlyif a,=0,n=12,---

0 /’Ln
3) z—convergences,so C <+o0.In the proof
n=1

of ), we get

1

o0 i
D AN -D(atay---am)™ <e(1——)2/1 a, T
n=1 j=1

1
hene(l—=) < e, Therefore, €is not the best constant.
c

divergences. According

A,
4 I|m— 0 ,but
@ lim - u}iA

=1

to Theorem 1.1, € is the best constant.
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