Journal of Multidisciplinary Engineering Science and Technology (JMEST)
ISSN: 2458-9403
Vol. 7 Issue 12, December - 2020

State observer design for a family of nonlinear
systems with or without exponential nonlinearity
Yeong-Jeu Sun
Department of Electrical Engineering,
I-Shou University, Kaohsiung, Taiwan 840, R.O.C.
Email: yjsun@isu.edu.tw; Fax: 886-7-6577205
Abstract—In this paper, a family of nonlinear
systems is proposed and the state observation
problem of such systems is explored. Based on
the time-domain approach with differential
inequalities, a suitable state observer for a family
of nonlinear systems is proposed to ensure the
global exponential stability of the resulting error
system. At the same time, the guaranteed
exponential decay rate can be accurately
calculated. Finally, several numerical simulations
are offered to verify the correctness and
effectiveness of the obtained results.
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II.

PROBLEM FORMULATION AND MAIN RESULTS

Nomenclature
the n-dimensional real space

n

A

the transport of the matrix

T

the Euclidean norm of the vector x   n

x

In this paper, we consider a family of nonlinear
systems:
(1a)
x1t   a1x1t   f1x2 t  ,
(1b)
x2 t   f 2 x1 t , x2 t , x3 t  ,
(1c)
x3 t   a2 x3 t   f3 x2 t ,
(1d)
yt   x2 t ,  t  0,

x1 0

INTRODUCTION

Due to the defects of the measuring instrument or
the uncertainties of the system, not all state variables
are just measurable for a linear or nonlinear system.
At this time, the design of the state observer is very
important and needs to be seriously faced. The state
observer has come to take its pride of place in system
identification and filter theory. Meanwhile, the state
observer design for the state reconstruction of
dynamic systems with chaos is in general not as easy
as that without chaos. Based on the above-mentioned
reasons, the state observer design of chaotic systems
is quite meaningful and crucial.
In recent years, the design and methodology of
state observers for many systems have been widely
explored and discussed; see, for example, [1]-[10] and
the references therein. Undoubtedly, once the state
estimator of the system is designed, the controller
design of the system will be more diverse and easier.
The above reasons have prompted more researchers
to devote themselves to the related research of state
observer.
In this paper, the observability problem for a family
of nonlinear systems is explored. By using the timedomain approach with differential inequalities, a
suitable state observer for such nonlinear systems is
offered to ensure the global exponential stability of the
resulting error system. Furthermore, the guaranteed
exponential decay rate can be precisely calculated.
Finally, some numerical simulations are given to
demonstrate the effectiveness of the obtained result.

A

where

x2 0 x3 0  x10
T

x20

T
x30  ,

xt  : x1 t  x2 t  x3 t  
T

3

is

(1e)
the

state

vector, yt  is the system output, x10 x20 x30 T is
the initial value, f1 , f 2 , and f 3 are smooth functions,
and a1, a2 ,    represent the parameters of the
system with a1  0, a2  0 , and   0 . It should be
noted that the Li’s chaotic system [11] is a special
case of system (1) with a1  10, a2  1, f1  x2 ,
2

f 2  8 x2  x1 x3 , and f 3  e x2 . It is a well-known fact
that since states are not always available for direct
measurement, particularly in the event of sensor
failures, states must be estimated. The objective of
this paper is to search a suitable state observer for the
system (1) such that the global exponential stability of
the resulting error systems can be ensured.
Before presenting the main result, the state
reconstructibility is offered as follows.
Definition 1: The system (1) is exponentially state
reconstructible if there exist a state observer
f z, z, y   0 and positive numbers  and  such that
et  : xt   z t    exp   t ,

t  0,

where zt  expresses the reconstructed state of the
system (1). In this case, the positive number  is
called the exponential decay rate.
Now, we are in a position to present the main
results for the state observer of system (1).
Theorem 1: The system (1) is exponentially state
reconstructible. Besides, a suitable state observer is
given by
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z1 t    a1 z1 t   f1 z 2 t ,

(2a)

z2 t  

(2b)

1

yt ,


z3 t   a2 z3 t   f3 z2 t ,  t  0.

(2c)
In this case, the guaranteed exponentia decay rate is
given by  : min a1, a2 .
Proof. For brevity, let us define the observer error
(3)
ei t  : xi t   zi t ,  i 1,2,3 and t  0 .
From (1), (2), and (4), one has
e1 t   x1 t   z1 t 
 a1 x1 t   f1 x2 t   a1 z1 t   f1 z2 t 

 a1x1 t   z1 t   f1 x2 t   f1 z2 t 

 yt  
 yt  
 a1e1 t   f1 
  f1 

  
  

 a1e1 t ,  t  0.

This implies that

e1 t   e1 0  ea t ,  t  0.
1

e2 t   x2 t   z2 t  
e3 t   x3 t   z3 t 

yt 





yt 



 0,  t  0.

(4)

 y t  
 y t  
 x3 t   z3 t   f 3 
  f3 

  
  
 a2e3 t ,  t  0.
It results that

e3 t   e3 0  e

2

with the guaranteed exponential convergence rate
 : min 10, 1  1 . The typical state trajectories of the
systems (7) and (8) are depicted in Figure 1 and
Figure 2, respectively. Besides, the time response of
error states between the systems (7) and (8) is shown
in Figure 3.
CONCLUSIONS
In this paper, a family of nonlinear systems has
been proposed and the state observation problem of
such systems has been investigated. Based on the
time-domain approach with differential inequalities, a
suitable state observer for a family of nonlinear
systems has been established to ensure the global
exponential stability of the resulting error system. In
addition, the guaranteed exponential decay rate can
be accurately calculated. Finally, several numerical
simulations have been offered to verify the correctness
and effectiveness of the obtained results.
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,  t  0.

(6)
0

From (4)-(6), we have

et  : e12 t   e22 t   e32 t 
2
3

t

-50

,  t  0.

Consquently, we conclude that the system (2) is a
suitable state observer with the guaranted exponential
decay rate  : min a1, a2 . This completes the proof.

x1(t); x2(t); x3(t)

 e 0  e 0  e
2
1

(8c)
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 a2 x3 t   f 3 x2 t   a2 z3 t   f 3 z 2 t 

 a2t

z3 t    z3 t   e z2 t  ,

-100

-150
x1: the Blue Curve
x2: the Green Curve
-200

III. NUMERICAL SIMULATIONS
Consider the following Li’s chaotic system with
exponential nonlinearity:
x1 t   10 x1 t   x2 t ,
(7a)
(7b)
x2 t   8x2 t   x1 t x3 t ,
x3 t    x3 t   e x2 t  ,
2

yt   1.73x2 t ,
Comparison of (7) with (1), one has
a1  10, a2  1,   1.73 , f1  x2 ,

-250

x3: the Red Curve

0

5

10

15

20

25
t (sec)

30

35

40

45

50

Figure 1: Typical state trajectories of the system (7).

(7c)
(7d)

2

f 2  8 x2  x1 x3 , f 3  e x2 ,
By Theorem 1, we conclude that the system (7) is
exponentially state reconstructible by the state
estimator
(8a)
z1 t   10z1 t   z2 t ,

z2 t  

1
yt ,
1.73

(8b)
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Figure 2: Typical state trajectories of the system (8).
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Figure 3: The time response of error states.

REFERENCES
[1] Y. Ge, L. Yang, and X. Ma, “Sensorless
control of PMSM using generalized extended state
observer and adaptive resistance estimation,” IET
Electric Power Applications, vol. 14, pp. 2062-2073,
2020.
[2] M. Wang, Z. Wang, Y. Chen, and W. Sheng,
“Observer-based fuzzy output-feedback control for
discrete-time strict-feedback nonlinear systems with

stochastic noises,” IEEE Transactions on Cybernetics,
vol. 13, pp.3766-3777, 2020.
[3] X. Yu, S. Zhang, Q. Fu, C. Xue, and W. Sun,
“Fuzzy logic control of an uncertain manipulator with
full-state constraints and disturbance observer,” IEEE
Access, vol. 8, pp. 24284-24295, 2020.
[4] S. Lu, C. Tian, and P. Yan, “Adaptive
extended state observer-based synergetic control for
a long-stroke compliant microstage with stress
stiffening,” IEEE/ASME Transactions on Mechatronics,
vol. 25, pp. 259-270, 2020.
[5] H.H. Alhelou, M.E.H. Golshan, and N.D.
Hatziargyriou,
“Deterministic
dynamic
state
estimation-based optimal LFC for interconnected
power systems using unknown input observer,” IEEE
Transactions on Smart Grid, vol. 11, pp. 1582-1592,
2020.
[6] H. Arezki, A. Zemouche, F. Bedouhene, and
A. Alessandri, “State observer design method for a
class of non-linear systems,” IET Control Theory &
Applications, vol. 14, pp. 1648-1655, 2020.
[7] S.A. Nugroho, A.F. Taha, and J. Qi, “Robust
dynamic state estimation of synchronous machines
with asymptotic state estimation error performance
guarantees,” IEEE Transactions on Power Systems,
vol. 35, pp. 1923-1935, 2020.
[8] Z. Ma, Y. Xiao, P. Wang, and Y. Zhao, “Linearextended-state-observer based pinning control of
nonlinear multi-robots system,” IEEE Access, vol. 8,
pp. 144522-144528, 2020.
[9] P. Gao, G. Zhang, H. Ouyang, and L. Mei, “An
adaptive super twisting nonlinear fractional order PID
sliding mode control of permanent magnet
synchronous motor speed regulation system based on
extended state observer,” IEEE Access, vol. 8, pp.
53498-53510, 2020.
[10] C. Ren, X. Li, X. Yang, and S. Ma, “Extended
state observer-based sliding mode control of an
omnidirectional
mobile
robot
with
friction
compensation,” IEEE Transactions on Industrial
Electronics, vol. 66, pp. 9480-9489, 2019.
[11] C. Li, K. Su, and J. Zhang, “Amplitude control
and projective synchronization of a dynamical system
with exponential nonlinearity,” Applied Mathematical
Modelling, vol. 39, pp. 5392-5398, 2015.

www.jmest.org
JMESTN42353636

13199

