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Abstract—We  discuss the asymptotic
behavior of solutions for the nonlocal quasilinear
hyperbolic problem of Kirchhoff type

u, —g(x) || Vu(t) ||* Au+6u, =uf*u, xe R",

t >0, with initial conditions u(x,0) =u,(X) and
u,(x,0)=u,(x), in the case where N>3,6>0
and (#(x))™ = g(X) is a positive function lying in
LY2(RM)NL*(RY). It is proved that when the

initial energy E(u,,U,) which corresponds to the

problem, is non-negative and small, there exists a
unique global solution in time in the space

X, = D(A)xD"*(R"). When the initial energy
E(u,,u,) is negative, the solution blows-up in

finite time. For the proofs, a combination of the
modified potential well method and the concavity
method is used. Also, the existence of an
absorbing set in the space

X, = D"*(RM)x Lz (R") is proved and that

the dynamical system generated by the problem
possess an invariant compact set A in the same
space.

Finally, for the generalized dissipative Kirchhoff’s
String problem

u, =—|| A"z, Au—-5Au, + f (u),

xeRY t>0,

with the same hypotheses as above, we study the
stability of the trivial solution U=0. It is proved
that if f'(0) >0, then the solution is unstable for
the initial Kirchhoff’'s system, while if f'(0) <0
the solution is asymptotically stable. In the
critical case, where f'(0)=0, the stability is
studied by means of the central manifold theory.
To do this study we go through a transformation

of variables similar to the one introduced by R.
Pego.

Keywords— Quasilinear Hyperbolic Equations,
Global Solution, Blow Up, Dissipation, Potential
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. Introduction-Preliminaries

We study the following quasilinear hyperbolic initial
value problem

1.1) U, —g(X)||Vu@®) | Au+du—|ufu=0,
(1.2) u(x,0) = u, (x), u,(x,0) = uy (x),
xeR",t>0, with initial conditionsu,,U,in

appropriate function spaces, N >3, and & >0.
Throughout the paper we assume that the

function ¢ and Q: R"Y > R satisfy the following
condition:

G) #(X)>0, forall xeR"and (#(x))" =g(x) €
"2 (RM)NL(RY).

This class will include functions of the form
p(x)0c,+¢|xX|*,e>0anda>0, resembling
phenomena of slowly varying wave speed around
the constant speed C,.

G. Kirchhoff in 1883 proposed the so called Kirchhoff
string model in the study of oscillations of stretched
strings and plates

o°u  _ou Eh ou,,| 6%

Ph—z+8 = po+—- [ () =5+ T for 0
ot ot 2Ly ox | ox

<x <L, t=0, where u = u(x, t) is the lateral

displacement at the space coordinate x and the

time t, E the Young modulus, p the mass density,

h the cross-section area, L the length, p, the
initial axial tension, & the resistance modulus
and f the external force (see [10]). When p,= 0

the equation is considered to be of degenerate
type, otherwise it is of nondegenerate type.

In the case of bounded domain, T. Kobayashi [11]
constructed a unique weak solution by a Faedo-
Galerkin method for a quasilinear wave equation with
strong dissipation (see also [1, 13]). K. Nishihara [14],
has derived a decay estimate from below of the
potential of solutions. Also R. lkehata [4], has shown
that for sufficiently small initial data, global existence
can be obtained, even when the influence of the
source terms is stronger than that of the damping
terms. Finally K. Ono [15]
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for 0 20, has proved global existence and blow up
results for a degenerate non-linear wave equation of
Kirchhoff type with strong dissipation.

In the case of unbounded domain, P. D’Ancona and
S. Spagnolo [2] have shown the global existence of a

unique C” solution for the non-degenerate type with
small C;’ data. N. Karahalios and N. Stavrakakis [5]-

[9], have proved global existence and blow-up results
for some semilinear wave equations with variable

wave speed on all RY. T Mizumachi (see [12]),
studied the asymptotic behavior of solutions to the
Kirchhoff equation with a viscous damping term with
no external force. In our previous work (see [16]), we
prove global existence and blow-up results of an

equation of Kirchhoff type in all of RV . Also, in [17]
we prove the existence of compact invariant

sets for the same equation. Finally, in [18] we study
the stability of the trivial solution u = 0 for the
generalized Kirchhoff’'s string equation, using the
central manifold theory.

As we will see, the space setting for the initial
conditions and the solutions of our problem is the

product space X, = D(A)x D**(R"). By

D*?(R") we define the closure of the C;(R")
functions with respect to the energy norm

lullyz= [ [VU dx. itis known that
RN

2N
Dl'Z(RN):{UGLN‘Z(RN):VUE(LZ(RN))N}
The weighted Lebesque space LE(RN) is the
closure C;(R") functions with respect to the inner
duct (U,V), .= uvdx (see [3]).
product (U,V),; ) RjNg (see [3])

We also have that the operator A=—¢A is self-

adjoint and therefore graph-closed. Its domain
D(A), is a Hilbert space with respect to the norm

1/2
|Au|| {J¢|Au| dx} . So, we construct

the following evolution quartet, with compact and
dense embeddings:

D(A) c D"*(RY) < LZ (R = D™ (RM).

For the positive selfadjoint operator A=—¢A,

we may define the fractional powers in the following
way. For every >0, A° is an unbounded selfadjoint

operator in ng(RN) with its domain D(A®) to be a
dense subset in LZ (R"). The operator A’ is strictly

positive and injective. Also D(A®), endowned with

(UV) gy = (“’V)Lg +(A’u, A')
becomes a Hilbert space. We write as usual
V,,=D(A’) and we have the following
identifications D(A™/?)=D™?(R"), D(A’) =12,
D(A"?) = D**(R") . Moreover the mapping
A*?:V_—V,__ is an isomorphism. Furthermore, we
D(AY) c D(A%) is
compact and dense, for everys;,S, € R, s, >5,.

In order to clarify the kind of solutions we are going to
obtain for our problem, we give the definition of the
weak solution for the problem.

2
Lg

have that the injection

Definition 1.1 A weak solution of the problem
(1.1)-(2.2) is a function u such that

ue L’[0,T;D(A)],u, € L’[0,T; D",
u, € L’[0,T; 31,
Gy for al veCy([0,T]x(R")),satisfies the

generalized formula

13) | U (). v(2),, d
+].(||Vu(r)||2 j VU(T)VV(T)dXJdT

+5j (u(?)V(D),; dr— j fU(@). (), dr =0

where f (s)=[s|* s, and (iii) satisfies the initial
conditions
u(x,0) =u,(x) € D(A),u,(x,0) =u,(x) e D**(R").
In the following section we briefly discuss the results
concerning the asymptotic behavior of solutions for
the problem (1.1)-(1.2). Among the global existence
and blow-up results we also prove existence of a
compact functional invariant set. We would like to
mention that up to our knowledge, this is the first
result concerning existence of functional invariant
sets for mathematical models of Kirchoff's strings
type.

Il. Global Existence, Blow Up Results
and Invariant Sets
In this section we give global existence and blow-up
results for the problem (1.1)-(1.2) in the space X, .

We also prove existence of an attractor like set.
For the proofs we refer on [16], [17]. In order to
obtain a local existence result for the problem (1.1)-
(1.2), we need information concerning the solvability
of the corresponding non-homogeneous linearized

problem around the functionV, where
the scalar product
Www.jmest.org
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(v,v,) € C(0,T;D(A)x D"?), is given restricted in
the sphere By :

2.1)

U, =) [ VVI* Au+6u, =|v [ v,

(x,t) e By x(0,T),

u(x,0) =u,(x),u,(x,0) =u,(x),x € By,
u(x,t)=0,(x,t) e oB; x(0,T),
veC(0,T;D(A))andV, € C(O,T; Ij’z)
Proposition 2.1 Assume that
u, € D(A),u, e D**(R") and 0<a<4/(N-2),

then the linear wave equation (2.1) has a unique
solution such that

ueC(0,T;D(A)),u €C(0,T;D*?).
Proof. The proof follows the lines of [6, Proposition

3.1]. The Galerkin method is used, based on the
information taken from the eigenvalue problem.

Next, we have the following theorem (for the proof
we refer to [16]).

Theorem 2.2 If (uy,U,) € D(A)xD"* and satisfy
the non-degenerate condition || VU, ||*> 0, then there
exists T > 0, such that the problem (1.1)-(1.2) admits
a unique local weak solution U satisfying:

ueC(0,T;D(A)),u, €C(0,T;D*). Moreover, at

least one of the following statements holds true,
either

0) T =400, 0r
i eU®)=llu P +llulfy—>o, as
t—>T .

The next theorem deals with the global existence,
blow-up results and the energy decay property of the
problem. The proofs of the results are in [16].

First we define as the energy of the problem (1.1)-
(1.2) the quantity

E(t) = E(u(t),u,(t)) =lu(t) IIfg +
(2.2) ¢ ) 9
E” ut) [I5:. —mllu(t)

Also, we introduce the potential of the problem (1.1)-
(1.2), as

1 2
23) JW) ==|lu®) |, ———|lu(t
23) () =Zu®) [l ——= lu®)]
So, we get the following relation
@4 E(®) =l u, @I} +I(u).

Finally, we introduce a modified version of the
modified potential well used in [6] (see also [13]), by

a+2
a+2 *
LQ

a+2
a+2 "
Lg

(2.5)
W = {u e D(A);K(u) dlulll.. —llu ||i§+§> O}U{O}.
Theorem 2.3 Assume that

N =38/3<a<4,u,eW(c D(A))and u, € D**.
Also suppose that the following inequality holds

.6) E(u,,u,) <
(2.6) E(up, ;) (C

1 Up,
pl) , if8/3<a<4 and

oo
2(a+2)-3a
p,>0. Then a) for p, ::f and
3a-8 , . .
p, = g there exists a unique global solution

ueW of the problem (1.1)-(1.2) satisfying
u € C([0,+); D(A)) and u, € C([0,+x); D*?).

b) Moreover, this solution obeys the following energy
estimates

lu I, +d 5 VU< E(uu) <

(2.7) -1/2 1 ) 2
{E(Uy,u) ™ +d,'[t-1]" |,
whered, = % andd, >1, thatis

2.8) ||Vu|‘<C.@+1t)?,

4

whereC.. is some constant depending on || U, [}

and Jlu,
c) Suppose that a=>2,N >3 and the initial energy

E(u,U,) is negative. Then there exists a timeT ,

where
0<T <a?(-E(uy,u,))™

[{(25 1o I1;; —aus,uy) . )’

(2.9) , , 12
ra (EUou U, |+

25” Uo ”iz _a(uo’u1)|_2 J
9 9
such that the (unique) solution of the problem (1.1)-
(1.2) blows-up at T , i.e,
2.10) lim,_; [lu(t) ||ﬁé = +o0.
The existence of an absorbing set in X, is given

below. The proofs of the results are in the work [17].

Lemma 24 Assume that
p, >4aV?R%cZ,0<a<2/(N-2),N>3 and
|| Vu, ||> 0.Then the unique local solution defined by
Theorem 2.1 exists globally in time.

Remark 2.5 (Global Solutions) From the last Lemma
2.4, we may observe that solutions of the problem
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(1.1)-(1.2),(given by Theorem 2.2 ), belong to the
space C,(R,,X,), i.e., we have achieved global

solutions for the given problem. Let us remark that, in
the Theorem 2.3, using a modified potential well
technique, we have proved global existence results

under the conditons N =3,8/3<a<4 and the
initial energy E(0) been non-negative and small.

On the other hand, in Lemma 2.4, we could achieve
global results for different type of nonlinearities, i.e.,

aec(0,2/(N-2)), but for any N>3  and
independently of the sign of the initial energy E(0).

Lemma 2.4 has an immediate consequence:

Remark 2.6 A nonlinear semigroup
S(t): X, > X,,t>0, may be associated to the
problem (1.1)-(1.2) such that for
w ={U;, U} e Xo, SOy ={u(t),u, (1)}

is the weak solution of the problem (1.1)-(1.2).
Moreover the ball B, =B, (O,R.) forany R. >R,
, where R, is defined by Lemma 2.4, is an
absorbing set for the semigroup S(t) in the energy
space X, < X, compactly.

In the rest of the paper we show that the @ -limit
set of the absorbing set B, is a compact invariant
set. To this end, we need to decompose the
semigroup S(t), in the form S(t) =S, (t) +S,(t),
where for a suitable bounded set Bc X, the
semigroups S, (t),S,(t) satisfy the following
properties:

(S1) S,(t)is uniformly compact for t large, i.e.,
Uy, S (1) B is relatively compact in X .

(S2) sup, s || S, (t)k ||x1—> 0,ast—>w.

As a consequence of the above properties we have
the following result

Theorem 2.7 Let ¢ satisfy hypothesis (G). Then the

semigroup S(t) associated with the problem (1.1)-
(1.2) possesses a functional invariant set
A=w(B,), which is compact in the weak topology

of X,.

Remark 2.8 We have that X, is compactly
embedded in X, , so the set U, S,(t)B is compact
with respect to the strong topology in X;. For the
functional invariant compact setA=w(B;), we

observe that(U,,u,) € A, if |Vu, [>0. So, A is an
attractor like set.

Finally, in the following section we study the
stability of the initial soluton U=0 for the
generalized Kirchhoff equation.

M. Stability Results

We consider the generalized quasilinear
dissipative Kirchhoff’s String problem

=AUl Au—SAu,+ f (u),
xeRN,t>0,
under the same initial conditions as above and
H is a Hilbert space. First, we prove existence of

solution for our problem, under small initial data
(for the proof we refer to [18]).

Theorem3.1. (Local Existence) Let f(u) a C'—
function such that
| fQ) ISk U] Fru)igk, [ul?,
0<a<4/(N-2),N>3.

Consider that (U,,U;) € D(A)xV and satisfy the
non-degenerate condition

(3.1) || A"?u, ||> 0.

Then there exists T, >0such that our problem
admits a unique local weak solution u satisfying
ueC(0,T;D(A)) and u, eC(O,T;V).
The linearized equation of the system around the
solution u =0is
3.2) u,+A'u=0,
where
— . . [5A —f '(0)}
(33) U, =(wv) and A = :
-1 0
So, in order to study the stability of the solution, we
study the spectrum of the operator A", The
characteristic polynomial of A'is
—5/1j + U f'(0)
1 s

or equivalently

,ujz —oAu;— 1'(0)=0.
Let, A= 52/1j2 +4f'(0). Then according to the sign

of f '(0), we have the following cases:

I) Let f'(0)>0, then we have that 0 is unstable
for the initial Kirchhoff’'s system.
Il) Let f '(0) <0. This implies that the operator

A" admits two real eigenvalues, which are both
positive. Thus we obtain that the solution u = 0
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is asymptotically stable for the initial Kirchhoff’'s
system.

Iy Let '(0)=0. Inthis case we use the central

manifold theory in order to study the stability of
the initial solution u=0. Making use of the
change of variables similar to what is found by
Pego (see [20]), namely

_ A-L2
(3.4) { PO, = Al,z e
q(x,t) =-6A"u-np,

we can rewrite (3.2)-(3.3) in the form of a reaction-
diffusion system:
(3.5)

6, (1) =—<§n p+ql2)(p+a)— A2 £ (u),
p(x,t)=0,t >0,
P(x,0) = py(x),q(x,0) = gy (x),

where p+q =-5A"%u.

In order to prove the existence of a local central
manifold we need the following result:

Proposition 3.2. For some neighbourhood U of 0 in

XY? =V xH,system (3.5) has a local central
manifold defined by

Wi, (0)={&+n]E=h"(n),£€ X NU,n e X,NU}

where we have that h®(0) = Dh®(0) =0.

We get that the central manifold is approximated in
the following form

¢ 1 .

h (q)=yllqlli A'lq+
(36) 2A%2f (u)

TJrO(IIQII“H)-

Solutions on the central manifold satisfy

p(t) =h°(q(t)),
(3.7

7)
qt(t>=—§|| he(a)+q I (h°(q)+a).

From system (3.7), we obtain that the stability of
the solution u=0 depends on f. Thus we have
the following cases:

@i): if f(uy) <0, then we getthat (p,q) =

(0,0) is unstable, so u =0 is also unstable

for the initial Kirchhoff's system,

@ii): if f(uy)>0,then (p,q)=(0,0) is

Asymptotically stable, so u =0 is also
asymptotically stable for the initial system,

1 .
pt(x,t)=—5Ap+(§II p+alf)(p+a)+ A f(u),

(iii): if f (u,) =0, we have that solutions

on the central manifold satisfy the following
system

p(t) =h°(q(t)),

1
qt(t)=—§||qllﬂ q+o(lqlf,)-

So, we obtain that (p,q) =(0,0) is stable,

that is, U = 0 is also stable for the initial
Kirchhoff’s system.
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