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Proof Of Hardy Inequality
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Abstract—Starting from the discrete Hardy inequality, this paper derives the integral type Hardy
inequality.In this paper, the two methods of balance coefficient method and error estimation method are
used to prove the integral inequality, and the proof of the best coefficient is given.We give an example in the
end ,
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Introduction
Hardy first proposed the following inequality in 1920:

Z(X1+XJI: +Xk)p<2rxp r< (L)p

p
among them, (LJ is the best coefficient [1].

The integral type of Hardy inequality is given in [2-4] :Assume f (X) is non-negative in [0, a] , p >1,Define

J, fodt p p .

(Tf)(x) = =———, then ||Tf ||p < —1” f ||p , among them, 1 is the best coefficient.In this paper, the equilibrium
X P— p-

coefficient method is used to prove the discrete Hardy inequality.For the integral type Hardy inequality, two methods of error

estimation method and balance coefficient method are given.

Main content

1. Discrete Hardy inequality

Theorem 1 :

. + X, + 4 X

Assume X, X,,-++, X >0, p>1,then XX k < p Xp .Inequality takes the equal sign if and only if

Xl 2 n p k
k=1 i=1

X =X, ==X =0.

n

Proof :

Step 1 Introduce balance factor

Let 9= Ll is the conjugate coefficient of p.Arbitrarily select positive numbers &, ., -, &, , a . According to
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Hardy inequality,we can get:

1 1
X pa X e X1 kaﬁ aq aq aqyaq
X+ X, +o+ X =—a; +—a2+---+ ( +oo =) (" +a + ) Let
ol e a as”’ a,”
1 1
ag=1, then a=—=1-—,
q p
then,
xP xP p 1 1
XA X 4ot X S(——+—2—+ -+ —) (o +a,++) P
@-p @ @)
8 a, ° 8
p xP p 1 1
—(%+ p2_1+ + Ff_l)"(al+ozz+ +a) °
a & K
then,
p p p
g, X X X
(X + X+ +X ) < (o +a, ++a, ) ( p_1Jrapz_l+---+ap“_l)
2 k
then,
p-1 p p p
(x + X, +- +xk)p (g +a,++a,) (X1 X, X )
k kp alp_l ap_l ap_l
2 k
then,
-1 k
Z(x1+x +- +xk)p Z(“1+“z+“'+“k)p Z X"
k=1 k kP =a’
1
:Z“:[ 1 Z“:(al+a2+ +a, )" |,
1 i
T A S kP
1 &y +a,++a )™
So the coefficient of X° is I = —— (@ +a, y
Pl L kP
a| k=i
Step 2 Determine the appropriate balance factor
In order to make the form of o, + o, +---+, assimple as possible, we can assume
a,+o,+ o, =K’
1 2 k ’
Lk=1
Among them, £ >0, then ¢, = =k —(k-1”,k=12,---,n
k? —(k-1” k>1
(g +a,++a)"" (|<f’)p-1 1
r= Z 1 2 K Z Zkﬂpﬂ p
i apl kP apl y apl
=1
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Choose S tomake Sp—Lf—-p<0,Bp—L—p#-—1, then
(XPPPY = (Bp—B-P)BP-B-p-Dx* P >0,xe(0,+),

So X”P77P isastrict lower convex function in (0, +00),

then,

1 (k _1)(1—,8)(13—1) —(k+ 1)(1—ﬂ)(p—1)
KPP-h-p J'k? xPPAP(y — 2 2
“2 1-A)p-1)

Then,

1 1
K = DY@AGD _ (e 4 TY@A-D
(k=2) (k+2)

i 1ilzn:kﬁp—ﬁ—p< 1712”:

a’ S a’ S 1-8)(p-1)
o1 (1-8)(p-1) 1 (-8)(p-1)

i—= —(n+=

(-~ (0+3)

a’ (1~ p)(p-1)

Aslongas (1—/)(p—-1) >0, thatis 0< £ <1.Now, we can continue to scale this inequality

. Liane Lia-my _ Lianoy
i—-= —-(n+= i—=
(i-2) (n+2) (i-2)

! 2 (- A(p-)  @-p(p-Da

1
1 1 1
(I _ 7)(17/3)( p-1) (I _ 7)1%
2 _ 2
al™ a

0< <1, So x”isastrict lower convex function in (0, +0),

then,
a, =% —(i-1)” :ﬂJ._i_lxﬁ’ldx > B(i —%)‘”,i =1,2,--,
then,
- 1 17ﬂ - 1 l,ﬂ
- -
()" G 1
a A _E)ﬁfl B
2
then,
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1
r < ﬂp_l L
T @-A(p-D)  (p-Ha-HAP?
then,
X, + X+ Xy 1 «
X Ty Yk

Step 3 Determine the optimal balance factor

Consider the maximum value of the function f (X) = (1—X)X"" =x""—=x"in [0,1] :

f (X) isnon-negative and continuous in [O,l] Derivative,

F/(x) = (p—1)xP2 — pxP* = x“(IO —x).

when 0<x< P~ 100 >0 when P ox<1, f/(x)<0.
P
So, f(X) gets the maximum when X=p—_1.
P
Choose ﬁ=p—_, then
p
Z(Xl"'x"k' +Xk)p<z 1 p_( p ) ZXD
k=1

T (p-na-P- 1)<pp1>

2.Integral Hardy Inequality

Theorem 2 :

J.ftdt

Assume that f (X) is non-negative and continuous in [O, a] p>1land (Tf)(x)= , then

p
T, <——Ifl,
p-1
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Proof :

Method 1

Step 1 Continuity of (Tf)(X)

jox f (t)dt
=

is continuous in (0,a] ,and

| “f (t)dt
lim (Tf )(x) = lim ==——=lim f(x) = f(0),
x—0" x—>0" X x—0"
We make a supplementary rule that (Tf)(0) = f () . then (Tf )() is continuous in[0, a].
Then (Tf)(X) is uniform continuity in [O,a] In other words, Ve >0,35 >0, stVX,y E[O, a], as long as |X— y| <0,

() - f(y)|<e.3N >0,s.tVn>N,%<5o

Step2 Approximation of (Tf)(X)

ia

J.OF f (t)dt can approximate approximation with E{ f (E) + f(@) oot f (E)} , then, (Tf )(%) can approximate
n n n n

approximation with

2 i i
R T | TG TR T PR
ia - i

n

According to Hardy inequality of discrete forms, we can get

a 2a ia
RGO R G R [} I A
3| 0’| <Py [f(—)},
i1 I p-1 = n
then,
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ia, |

FE)+ (s (D)

i-1 |

Slo

P o\ ia, 1" a P yo[®¢0
s(p—_l) ;[f(ﬁ)} H%(p——l) [ £P00dx,n -0

Step 3 Error estimate

a[f(a)Jr f(@)+...+ f(ia):|
nl 'n n n

ia

n

Estimate the difference between

(approximation  value) and

jftdt

(real value).

(Tf)( )

n

Vn>N, thereis <, then, Vie{l,2,---,n} and X,ye{(l Da |a}’
n n n

there is |f(x)— f(y)|<g.
E{f(3)+ (24t f(i—a)}—jff(x)dx
n n n n 0
:%; f(?)—jz_;j(,nnl)a f(x)dx:z_lj(,nnl){f(l—:)— f(x)}dx

ZL, l){f( )—f(x)}

ac _iae
= n n

E{f(§)+f(§)+---+f(i—a)} j f (x)dx| =

_ZJ.(J Da
n

f(‘a)—f(x)

dx < Z.[(J e E0X =

then,

@y, 1 (B4 p (2 i Al Ay 1Ry 1 (] o
n|:f(n)+f(n)+ +f(n)}_(Tf)(E)=J.Onf(t)dt_n|:f(n)+f(n)+ +f(n):|sn:8
1a n 1a 1a 1a
‘ n n n n
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2 H -
‘:[f(zh ()4t f(f)L )+ f(z:‘)+---+ &

0< _ <M,
1a I
n
“f (t)dt
os(Tf)(x)=JO SW:M,
X X
Among them, M = m[glx] f(x).
Then,
a 2a ia, |”
n f(7)+f(7)++f(7) a n ia pa
> " = {Uf)(—)} =
i-1 I n 5 n

a 2a
FY+ (D) ++ £ o
"~ n n —[(Tf)(%)} a

N RGO T Il aPla
) . —[(Tf)(—)} =
a 2a ia
Lagrange mean value theorem _n f(*)-" f(7)++ f(i) iala
= 2P =)

<> pM plg% = pM " ag
i=1

)

F(3) 4 (23t £ "
n N and (I'f)(F) Then,

Here, &, is between
I

a 2a ia. 1
| FEO)+HTED)+ -+ () n TP
lim n n_ n"| a_ [(I’f)(ﬁ)} al_p,
n—oo | 4= | n ; n n

then,
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ia
o | FC )+f(f)+ f(=) n P
lim N2 jimy| (7f E} & (1) P ax,
lim2, , : HZ[( S | 2= [ 1a100]
then,
: P P \e[®fp
[ IO dx < p—l) [ £P00dx
then,
1 D 1
a p PP acp p
( [C[T)00] dx) < p—l(-[o i (x)dx) ,
then,
P
[T, < ==l
Y
O
Method 2
Let g is the conjugate number of p,( = P 1 Assume that g(X) is a non-negative continuous function with at most one zero

point in [0, +oo) . Vx>0, According to Holder inequality

1 1 1_%
(t)g(t)—dt fP(t)g®(t)dt ( ] j
100 - If:t)dt f a(®) S(J ) f ©)

X X

X X 1
Here, g(X) needs to choose properly to make IO fP(t)gP(t)dt and IO T are significant. Then,
g

1) p p
p [ ) gq(t)j [ P®g° Mt
[(Tf )(X)] <
XP
To make J.Xi have a simple for,let I ——Xﬂ , 5> 0 .Deriving on both sides of the equation, then L = Bx,
°g'(t) 9(t) 9*(x)

1 L)
gx)=—5x"1".

ﬂa
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Then,

p

1
1 a1 e
11 X ~ pp-l X
i /

9°(x)=

a

This  g(X) guarantees that I is significant.In order to ensure onfp(t)gp(t)dt is  significant,we

°g'(t)
Iimit% >0.then,0< f <1,
then,
[(Tf )(X)]p < < '[OX prp(t)g et = Xﬁp’ﬁ’pjox fP(t)g’(t)dt,
then,

a a X
([0 o< | [xﬁ" SN "(t)gp(t)dt}dx
Notice that when X e (0, a], xPPPP £ P(t)gP(t) is continuous.But when X =0 we can't judge.In order to exchange the

order of points smoothly,choose ¢ € (0,a),

then,
j:[xﬁpﬂp [t ®g p(t)dt}dx

= [ tr®g M)t j xPP PPl 4 j fP()g"(t)dt j:‘ XPP-AP(ix

(B-1(p-1) _ a(ﬂ—l)(P—l)

£ a o ¢ 1 B e
OS.[O f p(t)g"(t)dtL LY deZJ‘O f°(t) COICRY

£ @-A)(p-1)
1 &
< J‘ fP (t) £4-A-D [ gAY _ 5(B-1(p-D }dt
(p-DA-p)B°*
1 P
_ fP (t) [1_ A D(P-D @-A)p-D ]dt 50,0
(p-DA-p)p*" IO

Then, lim [ £ (t)g” (t)dt [ x”*~Pdx =0.
£—0"J0 &
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(B0 _ g(A-D(p-D)

a a a 1
fP(t)gP® (t)dt Bo-f-pax = | fP(t t@A)p-1)
L gt [ 10 25 -1
1

= TETYE J‘: fP(t) [1_ a (A D(P-D{-A)(p-D) ] dt

1 a
N J‘ f2(t) [1_ (A D(p-D1a-A)(p-1) J dt,e — 0"
(p-D@A-p)B**7o

then,
joa[xﬂpﬂp [RECE p(t)dt}dx = lim j:‘[xﬂpﬂp [ f°ma p(t)dt}dx
= lim [ [ gt x> vdxs [ 1P (0g° @ct[” xﬂ”pdx}
1 e _ -D(p-D4(1-8)(p-1
= ona e | O[T Jat
1 a
ek O
then,

a p 1 a
Jo [T o< == |, £ 7 ot

when S €[0,1], (p—1)(1— B) " is non-negative continuous, and we get the maximum value at ,B=pT_1.
(p-Da- 2P o Ry,
p p p
then,
a p L 0 a P
jo[(rf)(x)] dxs(p_l) jo fP(t)dt,
then,
a p % p a p %
( [C[T)00] dx) sp—_l( [0 (t)dt) ,
then,

p
[Tl < =1 ¥l.#
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3.An example of integral type Hardy inequality

Theorem3 : Assumeq>1r >0, g(X)is anon-negative continuous function in (0O, -+o0).Prove that

UJOOU; g(U)dUTt‘r‘ldtj: < %(Ew[ug(u)]qu—r—ldu):

Proof:

g

1
Letq>1 and p = 1are conjugated. Va>0 and f<—, Vt>0,
p

According to Holder inequality,
! ! p L T (1) 9 é 01 %
jog(u)du:_[og(u)u u—pdug(jog (U)u du) (J.oquu) ;
then,
-3
q

(Igg(u)du)q s(j; gq(u)uqﬂdu)(j;u%du)

fees N S .
:( j (jog“(u)u‘wdu):—jogq(u)u“ﬂdu

1-pB 1-pA™
If q—qf—r—2=-1, then

af pt q a 9982 1 . .
g(u)du} 7t < [ ——— | g*(u)u¥dudt =——— | g(u)u®du| tT¥"dt
IO UO ‘[0 L-pp)** jo (1-pp)** IO L Let
a q-9B-r-1 _ nq-qp-r-1
(1-pp)*— o qp+r+1-q
gp+r+1-q>0, then,
J-al:JAt (u)du:|qtr1dt< 1 Ia q(u)uqﬁ uq—Q/i—r—l i
o[ C(1-pB)™ 09 qf+r+1-q
1

e A LCC

Let 1-pB=qpf+r+1—q, then

_g-r_ g-r _(q-r)(a-1)
2 I
p+q q +q q
g-1

Such [ can satisfy :
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ﬂ:(q—r)(q—l)<q(q—1):q—l:1,

2 2

q q qa p
then,
qﬁ+r+1—q:1_pﬁ>o,
then,
- —r
(PP @+ +1-0) =1 Pp) =(-p )
q +q- q q+ q ,
_(P+q-pg+pry,_,q-1 g-1" g-1 ¢ Iy
= )= ¥ =)
P+ i+q q
g-1
then,
I ot st [ ug i = ) ugto)Ju
Oog _(r)qog _rog ,
q
then,

(I:U; g(u)du]qt”dtj; < %(Joa[ug(u)]u”du)‘l’ ,

Take a — 400, we can get

1 1

UJOOU; g(u)duTt‘r‘ldtjq < %(J'Om[ug(u)]qu‘r‘ldu)q
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