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Abstract—Based on the study of classical Hardy's inequality, this paper uses the integral transformation 

method to refine and improve the original inequality, and proposes and proves two derived Hardy's 

inequalities. 
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I. INTRODUCTION 

Since Hardy first proved this inequality relationship in 1920, there has been a lot of application and promotion work in 

Hardy inequality .First ,we get the basic form of Hardy inequality: we assume ( )f x is a Non-negative continuous 

function in 0,a  0,a , 1p  ,definition 0
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is the best coefficient of the Hardy inequality.In this paper, We refine the Hardy's inequality and give an 

error estimate. Based on this error estimate ,we propose and prove two refined Hardy inequalities. 

II. MAIN CONTENT 

A. Theorem 1：Assume  1( ) 0,f x C a , (0) 0f  , 
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Proof. 

By Hardy's inequality, we can get  
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We make the following integral transformation ( ) ( ) ( )f x g x h x , ( ), ( )g x h x is differentiable,then 
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Then 
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For any  0,x a ,we can get 
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B. Theorem 2：We assume  1( ) 0,f x C a , (0) 0f  ,then 
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In order to prove the theorem3 , we first introduce the following lemma 
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Lemma 1.Assume  1( ) ,f x C a b , 1q  ,we can get  1( ) ,
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