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Proof And Promotion Of Hardy Inequality

RunQiu Wang* DianchenLu
Faculty of Science, Jiangsu University, Zhenjiang, 212013, PR China

Abstract—Based on the study of classical Hardy's inequality, this paper uses the integral transformation
method to refine and improve the original inequality, and proposes and proves two derived Hardy's
inequalities.
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I. INTRODUCTION

Since Hardy first proved this inequality relationship in 1920, there has been a lot of application and promotion work in

is the best

Hardy inequality .First ,we get the basic form of Hardy inequality: we assume f (X)is a Non-negative continuous
function in[0,a] [0,a], p >1,definition (Tf )(x) = , Then|[Tf ||p < Ll” f ||p , Which the

j: f (t)dt
X p—-

coefficient of the Hardy inequality[1-4].in references [5-6], The author gives thehigh dimensional form of Hardy's

inequality: Assume P %m0 %,) is a Non-negative integrablefunctionin [O,ai]X[O,az]x---x[O,an] , p>1,

q=i, is the Conjugate number of p ., Assume g (X, X, -+, X,) = X2 X5z - X K ,K,, -, K

p-1

. is a positive

number to be determined, K; < ,J=12,---,n, definition

J‘0X1J.0XZWJ.OXn f(u,,u,,---,u,)dudu,---du

X1X2...Xn

(TF)(X, Xy, o+, X, ) = ,» Then we can get ||Tf ||p < (p—pl)” || f ||p , Which

n
the (Ll] is the best coefficient of the Hardy inequality.In this paper, We refine the Hardy's inequality and give an
p -

error estimate. Based on this error estimate ,we propose and prove two refined Hardy inequalities.
Il. MAIN CONTENT

A. Theorem 1 : Assume f (x) eC! [0, a] , £(0)=0,

Then we can get

M,XE(O,&]: fx)-10) _f(x) xe(0,a]
X X X '
f'(0),x=a

P < { [#' O] -[Tf ’(t)]z}dt_[oa[Tf ‘()] ot
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Proof.

By Hardy's inequality, we can get
a , 2 a , a ,
jo [Tf'(x)] dx < (2—_1)2 jo [£/()] dx =4 jo [ /()] dx

Then

[} f 1(2X)dx <4["[£'(x)]dx

Then

alreroz F2X)
L{[f(x)] e

We make the following integral transformation f (x) = g(x)h(x), g(x), h(x) is differentiable,then

F'(x)=g'(x)h(x)+g ()" (x)

Then

[ ' (;()

=[9' ()] h*(x) + g () [N (N)] +2g'(x)h(x)g(x)h'(x) -

9°(x)h*(x)
4x*

~[g'()] h2(x) + 2" (x)h(x)g(x)h(x)+{[h o -2 (X)}g (X)

We assume[h'(x)]2 h:r(x)

0 take h'(x) = ()Wecanget
2X

h(x) = c:ejgj*z =Cx _

take h(x) = /X , g(x) = ) ,x €(0,a]thenh(x), g(x) is differentiable in (0, a] sthen

Ix
lim g(x) = lim ) _ I|m\/_I|m =0-f'(0)=0
x—0" x—0" \/_ x—0" x—0"
Now,we can assume g(0) =0.Forany Xe (0, a] ,we can get

f (x)

[0 - =[9'00]" h* () +29"()h(x) g ()N'(x)

—x[g'(0] +29(x)g'(x)&%=x[g'(x)]2+g(x)g'(x)'
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Then

[ {[f 0 - (X)}d - X9 00T + 9099 00 = [ x[g 00T e+ 9700
= ["x[g'00f dx+= S0 @
For any Xe[O,a] ,we can get

9°(x) = 9°() - g*(0) =2 g(1)g'(t)ct

By Cauchy inequality

1

2 " ' “q’ t X T T2 o g2, )2
9°(x)=2[ gt)g'(hdt=2 g (t)ﬁ%dtSZ(Iot[g ®] dt) UO 9 t( )dt]

< z(joat [g’(t)]zdt)z Uj@dt]z

Then
9 (x)<4j t[g'(t)] dtJ. ﬂdt<4{j t{g'®)] dt+t 59 (a)}j [HOM
—af’ { [F@F - (t)}dtf AU j{ [ MF - (t)}dj O
=[’ { Al -[T'®)] }dt_[ [T/(t) ot
Then
f(x)< [ {are@r [T Jae [ o ot
Then

O { [£'®] -[Tf '(t)]z}dtj:[Tf ‘()] dt

B. Theorem 2 : We assume f (x) e C* [0, a] , 1(0) =0,then

f4(x) < (%u)zj:{ "0 —%}dt[j f2(t)dt,x [0,a]

Proof.

f(x)

We take g(X) = —= ,then we can get
Jx
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J{ror - L2 k- [gofa o
For any X & (0,a],we can get

0’ (9)-9%(2) =2 g(®)g'®)dt <2[ |g(®)]|g’(t)|dt =

X dt

X

[ ou]
L] Lo

<2["g®]lg'®]-dt == [ VElg @]k Ig(t”“ﬂf t

s%“jt } U tg (t)dt} U

Then

1

1
2 a , 1 2 a
0 <g° @)+ [elgofaSo'@ [ [
We are now giving an estimate by g*(a) ,takes >0, h(x) = x*g*(X)

Then h(X) is a continuousfunctionin [0, a] ,h(0) =0 ,we can get

a°g?(a) = h(a) = h(a) —h(0) = j:h'(t)dt - j:[sts Tg(t) + 2t°g()g'(t) ] ot

= Ioat;g(t) [sts_gg (t) + 2ts_%g '(t)} dt < U:tg 2 (t)dt}z {joa[stszg (t) + 2ts_%g ’(t)} dt}2

1

1 -
_T12| [*tq2 2
_TZUO tg (t)dt}
with
[ o2 R
T=| {St 2g(t) + 2t Zg'(t)} dt = || %700+ 4t P9 (0 g'() + 4" o' O ot
If s=1then
_J' { (t2s 2)’gz(t)+25t25 2|:g (t)] +4t25‘1|g (t)| }d
2 _ 4 4
Assume = 25 ,which leads to S = — ,Now take S = — ,we can get
25-2 3 3
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al8| 2 ’ 5 ) a 2 ) 8l 2 a
T=] §[t3g2(t)} +483|g' ()] (dt = 4] t3]g'(V) dt+§{t~’»g?(t)ﬂo

[Crleef deSa'gta)

<4a3j |g(t)| dt+2a3g (a) = 4a3f t|g’ (t)| dt +— a3g (a)

=4a3[f tjg'®)f dt+§g (a)}<4a3°fD o' dt+> gz(a)}
L Plgofac o]
Then
a’g*(a) <72 [ joatgz(t)dt]2 < {%as [ I:tlg’(t)l2 dt +%92(a)}}2 U:tgz(t)dt]2
- Fe | Lol oo @| [[eoa]
Then
s e toworas oo [fwos]
Then
9%(x) < g*(a) +§[j:t T U:t@f(t)olt}2

1

f |:'[Oatg 2 (t)dt}2 We  have

E
X

Sﬁ[ﬁftlg'mf dt+§92(a)} o' |

4 2
-

completed the certificate

g'(t)] dt+ 59 (a)} U tg (t)dt}z

f4(x) < (%+ 2)2 j:[| fraf - fﬁﬂdt j: f2(t)dt,x e(0,a]

C. Theorem3 : Assume f (x) e C [O, a], f(0)=0,qg >1,we can get

|f(x)|2q S( / 2(:] +qJ j |:| (t)|

In order to prove the theorem3 , we first introduce the following lemma

}dt [C[F @t
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Lemma 1.Assume f (x) € C'[a,b],q>1 we can get |f(x)|' €C'[a,b].

Proof -

Take X, € [a, b] ,

(one)If f(X,) > 0 then there exist a neighborhoodU (X, ) by X, ,then inU (x,) N [a, b]

we can get f (X) >0

i L= F 0 [T [ F )]

X—>Xg X— XO X—>Xg X— XO

=q[f ()] F1(%) = F ) /(%) san (f (%))

we can

get| f (X)|q is differentiable in X, , then

e =0T O F00)san (F(x)))

d 9

—|f(x

dx| ( )|
(two) If f (X,) <0 ,then there exist a neighborhood U (X,) by X, ,then inU (X,) ﬂ[a, b]

we can get f(x) <0

i PO =[FO | [=F 00T [~ ()]

X=Xy X— 0 X=X X— XO

X
=q[—f(%)]" [~ /()] =a] F ) £ (%) san(F(x,))

Now we can get| f (X)|q is differentiable in X, , then

%I FOO e =alF )™ 06500 (F(%,))

(there) If f (X,) =0 then

F) _ i £ = (%)

lim = 1(%)
X—>Xg X_XO X—>Xg X— XO
Then lim F(x) —|f (X0)| then
X% | X=X,
L R LG PP T P
xaxo _XO ‘ xax X — x X=Xy X=X | X — XO

O [0

X=X X —

=0=q|f ()" F/0)sgn(F(x,))

0
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we can get| f (X)|q is differentiable in X, ,

L1 =0=alF 06" F 05N F(5,)

It follows from the arbitrariness of X, ,we can get | f (X)|q is differentiable in [a, b] :
d q q-1 ¢,
a;“(ﬁ|=ﬂ“(@| f'(x)sgn(f(x))

Assume f (x) e C* [a, b] . £(x) is a continous function in [a, b]
Take any X, € [a, b] , If (X,) > 0 then there exist a neighborhood U (X,) by X, ,then inU (X,) ﬂ[a, b] ,we can get

f(x)>0

fim %| f00f' = lim | a[ 00" £/0osan(f(x)) |=lim | o] (0" 10|

X=Xy

=q| F )" /(%) =a|f (%) /(%) sgn (f (xo))=%| f(x)[*

If f (X,) <O ,then there exist a neighborhood U (X,) by X, ,then inU (X,) ﬂ[a, b]

we can get f (X) <0

fim %| OOl = lim| | f 0" £(sgn (£ () | =~ fim | q[f 0" /00 |

=—q| f ()| F(%) =0 F )" f'(x())sgn(f(xo)):% f(x)|"

X=Xy

If f (x,) =0 then

d q
T

_ ‘q| FOO[ " £ son (f (x))‘ <q|f OO £/ ()] > 0,.x > X%,

X=Xo

. d d
Now ,we can get lim —| f (X)|q =0= —| f (X)|q
x=% dX dx
d
Therefore, d_| f (X)|q is continuousin X, .It follows from the arbitrariness of X,
X

%| f (x)|"is a continousfunction in[a, b] then we can get| f (x)|' € C*[a,b]

With this lemma, Now we can prove the theorem 3

f(x)

forany g(X)=—+",

N

f (%)
Jx

Assume f(X)eCl[O,a], f(0)=0,9>1,9(x)=
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JMESTN42353147 10860


http://www.jmest.org/

Journal of Multidisciplinary Engineering Science and Technology (JMEST)
ISSN: 2458-9403
Vol. 6 Issue 10, October - 2019

9O ~Jg(@)* = f:%m(t)r‘ dt = ["alg®)|"" g't)san (g () it

<af Jo®["" |g'®lson (9(t))|dt <af la]|g't)it

a _ a a N aq
=2 ["lo®" jg'pedt <L [*la O] o' 2dt
X2 X2

q a g-1 E= ' q a
=_ﬂj.x|g(t)| t 2 g(t)N'Edts-qUXt

X2 X2

o' O)f dtf [ [t |g(t)|2“dtf

Then

909" <[g(@)] + | [t
X2~

g O)f dtf [ [ftg (t)|2"‘2dtf

l 1

a 1 a B - 1

< |9(a)|q +—qﬂ .[O t|9'('[)|2 d'[+5g2(a)}2 UO £ 1|g(t)|2q 2dt:|2
X2 -

We are now giving an estimate by |g(a)|q takes>0,h(x) =x° |g(x)|q ,Then h(X) is a continous function in [O, a] ,
h(0) =0 ,we can get
a*|g(@)[" =h(a) =h(2)-h(©) = [ W'@dt = [ st |o " +at* (o[ g'(D san (g (1)) e

- jj|g<t)|“‘lt2{st“2|g(t)|+qtsZg'(t)sgn(g(t))}dt

= “oa|g(t)|2q2tq"ldt}2 {J.:[Stuz la®)|+ qtyig’(t)sgn (g(t))} dt}

with

T= J.Oa[sts12 la(t)|+ qty%g’(t)sgn (g(t))} dt

a_ S—l—q—_1 s—L_l 2
T:J'0 st 2 |g(t)|+qt 2 g’(t)sgn(g(t))} dt

=[] s2t=o1g? 1) + 2sat* *g ) (1) + g7t o

g/ fsan (g ) [

a SZ s—qy/ 5— d S—0+1 | ~ 1 (41 ]2 2
= _ﬂ(tz DOP O +sat” - 0* O+ 'O fson (9(0)) }dt

2 2 2

Assume = 5Q ,which leadsto S = then 2s—(Qq=2 @ _ q= _a ,
2s—Q 2q-1 2q-1 2q-1
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a| s 25—\ 2 2sqd 2, 25—q+1
T =[] —=— @) g?(t)+sqt> ™ — g?(t) + q*t>
L[ZS_q( Yo' () +sat™ " 9" () +4

_Q_3 12912
e Gl

3 q 39-1

g'(t)|2\sgn(g(t))\2}dt

3gq-1

+¢? [ g0 san () et

=2;‘_1 ig?(a) +o° [ 2 g’ [sgn (g (1)) dt

< @ amigeaysqan [ (L )33_1| Wfet= S a®igia-a'a [ Lgfa
2q—1 q 1

_ 0 gmigia)rqia™ [ty “‘*{Ftlg'(t)ﬁdw . gZ(a)}

2q-1 0 2q-1

29° 73
g'(t)fdt+= g(a)} —1a [j

g ©fdts 2 (a)}

<=1 2q 2 2q l|:
29~ Then

1

a* 1
o o@f <[ o™t

1

1
<\ 2 az‘?l[rtlg'(t)lzdtﬁg%a)} Z[Ialg(t)lz“t‘”dt}z
2q-1 0 2 0

1 1
20° S T , 1 2[ pa o 5
Llaz(zckl) {J.O t|g (t)|2dt+5 gZ(a)} |:J.O |g(t)|2q 2tq 1dtj|2

20—

Then

lg@)|' < fzzq_la (20-) qu[j tlg'@)| dt+ L 5 (a)} an|g(t)|2q2tq1dt}2

— 2q3 -3 a ’ 2 1 2 E a 20-2, 4 %
“\2g-1° Z[Ltlg(t)l dt+2g (a)} INEC R

Then

1

[t lof e

1 1
20° -3 pa, e 1 2[ ra 20-2,q-1 4, |2
s 2[I0t|g o dt+Egz(a)} Uo|g(t)| {0 ldt}
1

1
I e S | [ PN leaear e s
‘{ 201" 2*7]{Iot|g(t)l dt+§g2(a)} [ o

N

909" <[g (@) +%[ [tlg'of dt+§92(a)}

X2

N

U:tq‘l |g(t)|2q_2dt:|;

Then
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|f(X)|q < ZilQ_Sl(g)g +q {I:D f '(t)|2 B f:t(zt)}dt}z |:j0a| ¢ (t)|2q—2dt:|2
< 2q3 i {J-a|:| f '(t)|2 B fz(t):|dt}; [J.a| f (t)|2q2dt:|;
“(\29-1 0 4t 0

We have completed the certificate

[1]
(2]

[3]

[4]

[5]
[6]

[7]

(8]

2 [2q3 P O
| F ([ < 2q1"" L{U(o|— yre

}mﬁnaﬁ*wt
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