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In this paper, we consider a two-dimensional 
stagnation point flow and heat transfer due to 
suction or injection towards a stretching surface. 
The governing nonlinear boundary layer 
equations are transformed into the system of 
nonlinear ordinary differential equation (ODE) 
using similarity transformation. The equations are 
then solved numerically by using the bvp4c 
function in MATLAB software. The effects of the 
governing parameters, namely velocity ratio 
parameter, Hartmann number, mixed convection 
parameter, Prandtl number, heat 
generation/absorption coefficient and 
suction/injection parameter are discussed and 
presented graphically. 
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I.  INTRODUCTION 

The stagnation flow represents the fluid motion 
near the stagnation point. According to Wang [1], the 
stagnation region encounters the highest pressure, the 
highest heat transfer, and the highest rates of mass 
deposition. The study of stagnation point flow towards 
a solid surface in moving fluid traced back to 
Hiezmenz [2]. He was the pioneer to analyze the two-
dimensional stagnation point flow on stationary plate 
by using a similarity transformation to reduce the 
Navier-Stokes equations to non-linear ordinary 
differential equations. The existence and uniqueness 
of the solution in [2] was shown by Tam [3] and Craven 
and Peletier [4]. Ramachandran et al. [5] analyzed the 
laminar mixed convection in two-dimensional 
stagnation flows around heated surfaces for both 
cases of an arbitrary wall temperature and arbitrary 
surface heat flux variations, and they found the 
existence of dual solutions for a certain range of the 
buoyancy parameter.  

Ishak et al. [6], [7] studied the mixed convection 
boundary layer flow near the two-dimensional 
stagnation-point flow of an incompressible viscous fluid 
over a stretching vertical sheet and vertical porous 
plates, respectively, by considering both cases of 
assisting and opposing flows. Noor et al. [8] 
considered the flow of mixed convective 
magnetohydrodynamic (MHD) fluid flow through 

vertical porous channel with radiation effect  and used 
a shooting method to obtain the numerical solutions. 
They found that the lower fluid flow concentration on 
the inclined surface is caused by the high value of 
thermophoretic parameter. The problem of the 
axisymmetric stagnation flows of micropolar fluids 
towards a shrinking sheet has been solved numerically 
by Shafique [9], while Mburu et al. [10] investigated the 
MHD flow between two parallel infinite plates with 
inclined magnetic field under applied pressure gradient 
by solving it analytically with appropriate boundary 
conditions.  

Recently, Liu et al. [11] investigated the three-
dimensional MHD mixed convection under volumetric 
heat source in vertical square duct with wall effects 
and they found that the wall conductance ratio 
dominates the jet flow at low 𝐺𝑟 number and high wall 
conductance ratio, while Akinshilo [12] considered the 
flow of mixed convective magnetohydrodynamic 
(MHD) fluid flow through vertical porous channel with 
radiation effect he managed to prove the usefulness of 
mixed convection MHD flow in practical applications. In 
additional, Ramana Reddy et al. [13] did a comparative 
study on the combined influences of frictional and 
irregular heat on MHD Casson and Maxwell fluid flows 
due to a stretching surface and they observed that the 
mass transfer rate in Casson fluid flow is better than 
that of Maxwell fluid. Furthermore, the effects of heat 
generation/absorption on MHD mixed convective 
stagnation point flow along a vertical stretching sheet 
in the presence of external magnetic field is 
investigated by Sharma et al. [14]. 

In this paper, we consider the numerical solutions 
and suction or injection by extending the study done in 
[14]. To our best knowledge, the case of permeable 
surface has not been conveyed yet, hence the 
presented numerical results are original. 

II. PROBLEM FORMULATION 

A. The Governing Equations 

We consider a two-dimensional steady laminar flow 
of a viscous incompressible fluid along a vertical 
stretching sheet placed in 𝑥 −direction and 𝑦 −axis is 

normal to the sheet. 𝑢 and 𝑣  are the velocity 
components in 𝑥  and 𝑦  directions, respectively. 
𝑢 = 𝑢𝑒(𝑥) = 𝑎𝑥  is the free stream velocity and the 
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velocity by which the sheet is stretching is 𝑢 = 𝑢𝑤(𝑥) =
𝑐𝑥   where both 𝑎  and 𝑐  are positive constants. An 
external magnetic field 𝐻0  is applied normal to the 
sheet in the presence of heat sink/source. By these 
assumptions, the governing equations of continuity, 
momentum and energy can be expressed as 
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where 𝜇𝑒  is the magnitude permeability, 𝜎  is the 

electrical conductivity, 𝜌  is the fluid density, 𝑇  is the 
fluid temperature, 𝑇∞  is the free stream temperature, 
and the temperature of the sheet is denoted as 
𝑇𝑤 = 𝑇∞ + 𝑏𝑥, 𝑏 is a constant for heated surface 𝑏 > 0 

so that 𝑇𝑤 > 𝑇∞  and for cooled surface 𝑏 < 0  and 
𝑇𝑤 < 𝑇∞,  𝛽  is the volumetric coefficient of thermal 

expansion, 𝜈 =
𝜇

𝜌
 is the kinematic viscosity, 𝑔  is the 

acceleration due to gravity, 𝑘  is the thermal 
conductivity and 𝐶𝑝  is the specific heat at constant 

pressure. 

The Eqs. (1)-(3) are subjected to the following 
boundary conditions, 
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Due to hydrostatic and magnetic pressure gradient, the 
forces will be equilibrium as given below 
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Hence, the equation of momentum (2) becomes 
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B. Similarity Transformation 

The Eqs. (1), (3) and (6) subject to boundary 
conditions (4) can be expressed in a simpler form by 
applying the following transformation [14] 
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where 𝜂 is the similarity variable and 𝜓 is the stream 
function which defined as 
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Using (7), Eq. (1) is satisfied, while Eqs. (6) and (3) are 
reduced to the following ordinary differential equations 
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along with the corresponding boundary conditions 
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where 𝐻𝑎 = 𝜇𝑒
2𝐻0

2√
𝜎
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 is the Hartmann number, 

𝜆 =
𝑔𝛽(𝑇𝑤−𝑇∞)

𝑎2𝑥
 is the mixed convection parameter, 
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 is Prandtl number, 𝛿 =

𝑄
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 is the heat 

generation/absorption coefficient, 𝑠 =
−𝑣𝑤

√𝑎𝜈
 is the 

suction/injection parameter and 𝛾 =
𝑐

𝑎
 is the velocity 

ratio parameter. 

C. Physical Quantity of Interest 

The important physical quantities of interest in this 
problem are the skin friction coefficient, 𝐶𝑓  and the 

local Nusselt number, 𝑁𝑢𝑥 which are defined as 
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where the wall shear stress 𝜏𝑤 and the heat flux 𝑞𝑤 are 
given by 
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Using (7) and (13), Eq. (12) becomes 
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where 𝑅𝑒𝑥 = 𝜇𝑒(𝑥)
𝑥

𝜈
 is the Reynolds number.  

 

III. RESULTS AND DISCUSSION 

The system of nonlinear ordinary differential 
equations (9) and (10) subject to the boundary 
conditions (11) have been solved numerically using the 
MATLAB boundary value problem solver bp4vc [15]. 

The relative error tolerance was fixed to 10−5 
throughout the numerical computation. The boundary 

layer thickness is set to 𝜂 = 12 to ensure the profiles 
generated satisfy the boundary conditions (11) 
asymptotically. In order to verify the accuracy of the 
present method, a comparison with a previous 
literature is made. The comparison, as shown in Table 
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I, is observed to be in a good agreement, thus we are 
confident that our method is accurate. 

Table 1. Comparison of numerical values of skin friction 

coefficient 𝑓′′(0)  and local nusselt number −𝜃′(0)  for different 

values of 𝑃𝑟 when  𝜆 = 1, 𝑠 = 𝐻𝑎 = 𝛿 = 𝛾 = 0. 

 [14] Present 

𝑃𝑟 𝑓′′(0) −𝜃′(0) 𝑓′′(0) −𝜃′(0) 

1 1.67550 0.8708 1.67544 0.8708 

10 1.49282 1.9448 1.49284 1.9446 

20 1.44840 2.4579 1.44848 2.4576 

40 1.41010 3.1017 1.41006 3.1011 

60 1.39030 3.5524 1.39027 3.5514 

80 1.37740 3.9108 1.37739 3.9095 

100 1.36800 4.2133 1.36803 4.2116 

Figs. 1 and 2 illustrate the velocity profiles 𝑓′(𝜂) for 
various values of velocity ratio parameter 𝛾  for the 
cases of injection 𝑠 = −2  and suction 𝑠 = 2, 
respectively. Both cases of assisting (𝜆 > 0)  and 
opposing (𝜆 < 0)  flows are considered when these 
figures are plotted. It is observed that the boundary 
layer thickness is thinner for assisting flow compared 
to the opposing flow. It can also be seen that the 
boundary layer thickness is smaller for the case of 
suction, as illustrated in Fig. 2. These phenomena is 
caused by the effect of suction itself, where it sucks 
the slow moving fluid molecules to the plate, thus 
making the fluid moves closer and closer to the 
surface, hence thinning the boundary layer thickness. 

 

 

Fig. 1. Velocity profiles 𝑓′(𝜂)  for various values of 𝛾  when 

𝑠 = −2. 

 

Fig. 2. Velocity profiles 𝑓′(𝜂) for for various values of 𝛾  when 

𝑠 = 2. 

 

Furthermore, the temperature profiles 𝜃(𝜂)  for 
various values of 𝛾 when 𝑠 = −2 and 𝑠 = 2 while other 
parameters are remained constant are displayed in 
Figs. 3 and 4. From both figures, it is observed that the 
boundary layer thickness decreases with the increase 
of 𝛾 and 𝑠. This shows that the heat transfer process 
between the fluid and the surface is more effective 
when suction is applied to the flow, because more fluid 
is trapped adjacent to the plate. The profiles plotted in 
Figs. 1-4 satisfy the far field boundary conditions (11) 
asymptotically, thus supporting the numerical results 
obtained in this study. 

 

 

Fig. 3. Temperature profiles 𝜃(𝜂) for various values of 𝛾  when 

𝑠 = −2. 
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Fig. 4. Temperature profiles 𝜃(𝜂) for for various values of 𝛾 when 

𝑠 = 2. 

 

IV. CONCLUSION 

In this paper, the problem of magnetohydrodynamic 
mixed convection stagnation point flow along a vertical 
stretching permeable surface with heat source or sink 
is considered. The governing nonlinear boundary layer 
equations in the form of partial differential equations 
are transformed into the system of nonlinear ordinary 
differential equation using similarity transformation, 
which then solved numerically using the bvp4c function 
in MATLAB software. We found that the boundary 
layer thickness decrease with the increase of velocity 
ratio parameter and when suction is applied to the 
surface. 

ACKNOWLEDGMENT 

This work was supported by research grant (GP-
IPM/2018/9619000) from Universiti Putra Malaysia, 
Malaysia. 

REFERENCES 

[1] C. Y. Wang, “Similarity stagnation point 
solutions of the Navier–Stokes equations – 
review and extension,” Eur. J. Mech. - 
B/Fluids, vol. 27, no. 6, pp. 678–683, Nov. 
2008. 

[2] K. Hiemenz, “Die Grenzschicht an einem in 
den gleighformingen Flussigkeitsstrom 
eingetauchten geraden Kreiszylinder,” Dinglers 
J., vol. 326, pp. 321–324, 1911. 

[3] K. K. Tam, “A Note on the Existence of a 
Solution of the Falkner-Skan Equation,” Can. 
Math. Bull., vol. 13, no. 1, pp. 125–127, Mar. 
1970. 

[4] A. H. Craven and L. A. Peletier, “On the 
uniqueness of solutions of the Falkner-Skan 
equation,” Mathematika, vol. 19, no. 1, pp. 
129–133, Jun. 1972. 

[5] N. Ramachandran, T. S. Chen, and B. F. 
Armaly, “Mixed Convection in Stagnation 
Flows Adjacent to Vertical Surfaces,” J. Heat 

Transfer, vol. 110, no. 2, p. 373, May 1988. 

[6] A. Ishak, R. Nazar, and I. Pop, “Mixed 
convection boundary layers in the stagnation-
point flow toward a stretching vertical sheet,” 
Meccanica, vol. 41, no. 5, pp. 509–518, Dec. 
2006. 

[7] A. Ishak, R. Nazar, N. M. Arifin, and I. Pop, 
“Dual solutions in mixed convection flow near a 
stagnation point on a vertical porous plate,” Int. 
J. Therm. Sci., vol. 47, no. 4, pp. 417–422, 
Apr. 2008. 

[8] N. F. M. Noor, S. Abbasbandy, and I. Hashim, 
“Heat and mass transfer of thermophoretic 
MHD flow over an inclined radiate isothermal 
permeable surface in the presence of heat 
source/sink,” Int. J. Heat Mass Transf., vol. 55, 
no. 7–8, pp. 2122–2128, Mar. 2012. 

[9] M. Shafique, “Numerical Solution of the 
Axisymmetric Stagnation Flow of Micropolar 
Fluid Towards a Shrinking Sheet by SOR 
Iterative Procedure,” J. Multidiscip. Eng. Sci. 
Technol., vol. 2, no. 2, pp. 173–179, 2015. 

[10] A. Mburu, J. Kwanza, and T. Onyango, 
“Magnetohydrodynamic Fluid Flow Between 
Two Parallel Infinite Plates Subjected To An 
Inclined Magnetic Field Under Pressure 
Gradient,” J. Multidiscip. Eng. Sci. Technol., 
vol. 3, no. 11, pp. 5910–5914, 2016. 

[11] Z.-H. Liu, M.-J. Ni, and N.-M. Zhang, 
“Numerical study of MHD mixed convection 
under volumetric heat source in vertical square 
duct with wall effects,” Theor. Appl. Mech. 
Lett., vol. 9, no. 3, pp. 152–160, May 2019. 

[12] A. T. Akinshilo, “Mixed convective heat transfer 
analysis of MHD fluid flowing through an 
electrically conducting and non-conducting 
walls of a vertical micro-channel considering 
radiation effect,” Appl. Therm. Eng., vol. 156, 
pp. 506–513, Jun. 2019. 

[13] J. V. Ramana Reddy, K. Anantha Kumar, V. 
Sugunamma, and N. Sandeep, “Effect of cross 
diffusion on MHD non-Newtonian fluids flow 
past a stretching sheet with non-uniform heat 
source/sink: A comparative study,” Alexandria 
Eng. J., vol. 57, no. 3, pp. 1829–1838, Sep. 
2018. 

[14] P. R. Sharma, S. Sinha, R. S. Yadav, and A. 
N. Filippov, “MHD mixed convective stagnation 
point flow along a vertical stretching sheet with 
heat source/sink,” Int. J. Heat Mass Transf., 
vol. 117, pp. 780–786, Feb. 2018. 

[15] J. Kierzenka and L. F. Shampine, “A BVP 
Solver that Controls Residual and Error,” J. 
Numer. Anal. Ind. Appl. Math., vol. 3, no. 1–2, 
pp. 27–41, 2008. 

 

http://www.jmest.org/

