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Abstract— Previous numerical methods for 
solving definite integrals based on Haar wavelets 
was introduced. In this research we extend the 
previous works by approximate the solution of 
improper integral based on Haar wavelets 
functions. Error analysis of the approximation by 
Haar wavelets are given. Numerical examples are 
conducted to show the accuracy of the method. 
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I.  INTRODUCTION  

Many engineering application deal to evaluate 
improper integral which the integral is unbounded 
domain (limits of integration is infinite) or the function 
has an infinite discontinuity. One of the most important 
application is the probability density function that are 
studies in Probability Theory.  There are two types of 
improper integrals, first case 
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integral convergent. 
The second case is the integrand has singularity or 
infinite discontinuity at some points in the range of 
integrations. 
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c is the discontinuous in ( , )a b  and if both 

integral convergent. 
 
In both of this case the normal procedure which is 
finding the antiderivative and find its limits. But if we 
couldn’t find the antiderivative then, numerical 
methods are used to find the approximate solutions. 
Approximate an improper integral by numerical 
methods are even more challenging. First, we can’t 
even approximate an improper integral with infinite 
domain, because we don’t know at what point or 
interval to calculate the integral. Therefore, we must 
change to finite domain before applying numerical 
methods. 
 
Many researches have been done in terms of 
quadrature methods see [6-8]. Recently a new 
approach in finding definite integral and improper 
integral of the second case has been develop by 
using wavelets functions [1-5]. In this result we will 
consider the improper integral of the first and second 
case by using Haar wavelets in approximate the 

integrals.  
     

II. HAAR WAVELETS  

The formula for the Haar wavelets (HW) can be 

represented as follows: 
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0,1,2,..., 0,1,..., 2 1.jj k    All functions 

{ ( )}, 1,2,3,...nh t n   are denote on subintervals of 

[ , )a b  and are produce from the function 
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 by operations of dilation and 

translation. The integer j  indicates the level dilation 

of the wavelet and k  is the translation parameter. 

The HW functions form the orthonormal functions to 

each on [ , )a b  
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Any function
2( ) ( )f t L in the interval[ , )a b may be 

expanded as: 
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but in practice, only the first 2 1M   term of the sum 
is considered 
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where C and ( )t are matrices given by

0 1 2 1[ , ,..., ]T

MC c c c  and 0 1 2 1( ) [ , ..., ] .T

Mt h h h  

2 jM  is the of maximum level of dilation for HW 
functions. 

 

III. NUMERICAL INTEGRATION BY HW 

Consider the integral 
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2( ) ( )f t L then the integral can be 

approximate as  
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The integral only involved one coefficient due to the 
properties of HW function. Therefore, the integral can 

be evaluated by only finding one coefficient 0c . To 

calculate the HW coefficient 0c , consider collocation 

points 
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The solution of the system (1) for 0c  has a form as 

follows: 
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Proof see [4] 
 

In this paper the same formula and notation are used 

in [4] to derive the numerical integration for single 

integrals with constant limit as  
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IV. ERROR ANALYSIS IN HOLDER CLASSES [0,1]sH  

Set of all continuous functions on [0,1], that satisfies 
the inequality as bellow: 
 

 ( ) ( ) , , [0,1]
s

f t f y c t y t y   „  

are defined as Holder classes [0,1]sH  of order 

0 1s  . 

The Holder classes are nested between [0,1]C and 

1[0,1]C  such that: 

 
1[0,1] [0,1] [0,1],0 1sC H C s    . 

Theorem 1: Let ( ) [0,1],0 1,sf t H s   then 
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Prof: see [4] 
The error analysis of the approximation by HW is 
worked out, to show the convergence of the method, 

therefore the error bound will approach 0  if the value 

of M  is increase. 
 

V. NUMERICAL EXAMPLE  

In this section we consider three problems of an 
improper integrals and we wish to show the accuracy 
of HW in terms of absolute error. The numerical 
results for Haar wavelets with the different level of 
dilation  
( j  is the dilation for Haar wavelets) to validate the 

error estimation.  
The improper integrals problem with the exact solution 
are given in Table 1.  
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TABLE I.   

Example Problem Exact 

solution (ES) 
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VI. RESULTS AND DISCUSSION  

 
In Tables 1-3 approximation HW in terms of absolute 
error is obtained. For example, 1 we must consider an 
upper limit to approximate the problem by HW. Let U 
be the upper limit and  is the error for the numerical 

solution.    
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            (3) 

 
In equation (3) we could evaluate the upper limit for 

the integration by fixed the value of  and 2 jM  . 

Here we could also use the divide and conquer 
method in guessing the upper limit of the integral. For 
the Problem 1 let the upper limit as U. If the error is 
small, then we have increased the upper limit 

1U U U  .  Now check whether error estimation is 

smaller than the previous error. If the error is smaller, 
we need to increase U. Vice versa, the error is not 
decreasing or similar as the previous then we need to 

reduce the upper limit as 2
2

U
U  . In example 1 the 

sufficient upper limit for example is 4.5 if we fixed the 
left side of equation (3) as 1.00000E-10. The absolute 
error for the example 1 is given in table 2. 
 
In example 2 the improper integral will also cause a 
problem in numerical methods; this is due to which the 
function and first derivative of the function is 
undefined at the endpoint. The functions is 
discontinuous and not a smooth function even so the 
antiderivative of function can be evaluate easily.  

Therefore, need to increase the number of dilations j

(see table 3) in order to perform a better 
approximation. If the function is not defined at the 
endpoints of the domain of integration, hence 

methods such Trapezoidal and Simpson's methods 
are failed to evaluate the improper integrals. 
 
In the Example 3 the function is an oscillatory and the 
upper limit of the integral are performed using the 
same technique as in example 1. We will consider the 
upper limit of integral as 150, because the error 
estimation are almost zero.   
 
Table 2 

Upper limits 

Integral 
Haar Absolute 

Errors 

3 4j   1.93080E-05 

3 6j   1.95605E-05 

3 8j   1.95765E-05 

4.5 4j   1.00000E-10 

4.5 6j   1.00000E-10 

Absolute errors of Example 1 

 

Table 3 
 

Haar Absolute Errors 

8j   7.56121E-02 

14j   9.45151E-03 

22j   5.83413E-04 

Absolute errors of Example 2 

Table 4 

Upper limits 

Integral 
Haar Absolute 

Errors 

145 5j   5.66454E-03 

145 7j   2.05633E-03 

145 9j   1.95566E-03 

145 11j   1.94959E-03 

150 5j   1.58019E-04 

150 7j   8.8434 E-05 

150 9j   8.4983E-05 

150 11j   8.4771E-05 

Absolute errors of Example 3 

VII. CONCLUSSION  

In these results, the HW is presented to solve the 
improper integrals. The error analysis for the 
approximate solution of the functions belong in the 
Holder classes based on HW are given. Its cleat that, 
the accuracy of HW in approximating the improper 
integrals are better if increase the number of dilations 

j .  Numerical results were obtained by Maple 2015 

software. 
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