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Abstract—The stagnation point flow of carbon
nanotube (CNT) over an exponentially shrinking
sheet in the presence of suction/injection effects
is investigated. Two kinds of CNT are used as
nanoparticles i.e. single wall carbon nanotube and
multi wall carbon nanotube. The partial differential
equations are reduced to a set of nonlinear
ordinary differential equations using a similarity
transformation and it is solved numerically using
the function bvp4c from Matlab for different
values of the governing parameters. Numerical
results for the skin friction coefficient and local
Nusselt number as well as velocity and

t time

T temperature

T, constant

u,v velocity components along the x- and y-—

directions, respectively
stretching/shrinking velocity

velocity of inviscid flow
X, Y cartesian coordinates along the surface and normal
to it, respectively

Greek symbols

temperature profiles are obtained and illustrated “ ;Zt:?zlrgéiu\imﬁ{ne fraction
graphically. It is found that the similarity ¢ ) P )
equations have two solutions, first and second 0 dimensionless temperature
solutions, in a certain range of shrinking 4 unknown eigenvalues
parameters. The suction parameter delays the £ shrinking parameter
boundary layer separation, meanwhile injection v kinematic viscosity
accelerates it. Results also show that single wall L dynamic viscosity
carbon nanotube provides higher skin friction and . .
) o, fluid density
heat transfer compared to multi wall carbon . )
nanotube. In order to determine the stability of the pC,  heat capacity of the fluid
solutions, stability analysis is performed. Hence, it T dimensionless time variable
is found that the first solution is stable and the 7, surface shear stress
second solution is unstable. v stream function
Keywords—carbon nanotube; dual solutions; n similarity variable
exponentially  shrinking;  stability analysis;
suction/injection. Subscripts
NOMENCLATURE w cond_ltlon at tljej surface of the plate
0 ambient condition
a,b constant CNT  carbon nanotubes
C, skin friction coefficient f fluid
C, specific heat at constant temperature nf nanofluid
f dimensionless stream function
. l. INTRODUCTION
k thermal conductivity Carb b first introduced in 1991 b
L characteristic length of a sheet _ Carbon nanotube was first introduced in y
ligima [1] and it is classified into two kinds of carbon
Nu, local Nusselt number .
nanotubes such as single wall carbon nanotube
Pr Prandtl number (SWCNT) and multi wall carbon nanotube (MWCNT).
Qy surface heat flux The thermal conductivity of carbon nanotubes is found
Re, local Reynolds number to improve significantly compared to pure fluids and
S suction/injection therefore there is an increasing interest in the
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applications of single wall and multi wall carbon
nanotube in industry, technologies and medical fields
[2,3,4]. Meanwhile, important work on boundary layer
flow of carbon nanotube has been reported by Khan
et al. [5] using a Xue’'s model [6]. Hayat et al. [7]
conducted similar research on carbon nanotube over
stretching cylinder using homotopy analysis method.
The effect of slip on boundary layer flow of moving
surface along with stability analysis was discussed by
Anuar et al. [8]. Recently, Anuar et al. [9] investigated
stagnation point flow over an exponentially
stretching/shrinking  sheet  with  homogeneous-
heterogeneous reaction effect. Several other authors
have investigated the boundary layer flow of carbon
nanotube in their research [10,11,12].

Nowadays, the investigation of boundary layer flow
and heat transfer over a stretching/shrinking sheet
has gain a lot of interest due to its outstanding
significance in manufacturing and engineering
processes. The characteristics of heat and mass
transfer on boundary layer flow due to an
exponentially continuous stretching sheet have been
examined numerically by Magyari and Keller [13].
Afterwards, Elbashbeshy [14] studied the heat transfer
phenomena over an exponentially stretching
continuous surface with the effect of suction. The
problem of exponentially shrinking sheet was made by
Bhattacharyya [15]. A year later, Bhattacharyya and
Vajravelu [16] studied similar research near the
stagnation region. They obtained dual solutions as
well as unique solution for certain values of stretching
and shrinking parameter. Some very important
investigations on boundary layer flow over an
exponentially stretching/shrinking sheet can also be
found in the articles [17,18,19].

Majority of the researchers obtained more than one
solution for a certain parameter in their studies. It
seems that the idea to identify the stability of the
solutions obtained has been proposed by Merkin [20].
This analysis later was continued by Weidman et al.
[21], Merrill et al. [22], Harris et al. [23], Ishak [24],
Dzulkifli et al. [25], Bakar et al. [26] and many more.
They concluded that the first solution is stable solution
meanwhile the second solution is unstable solution.

Motivated by the above works, we have attempted
here to extend the paper by Bhattacharyya and
Vajravelu [16] to the case where the plate is
permeable and considered in carbon nanotubes,
together with stability analysis [9]. Two kinds of
carbon nanotubes are considered such as single wall
carbon nanotube (SWCNT) and multi wall carbon
nanotube (MWCNT) with water as the base fluid.

Il. MATHEMATICAL FORMULATION

We consider the steady two-dimensional boundary
layer flow near the stagnation point on a semi-infinite
permeable exponentially shrinking surface in carbon
nanotubes, where x and y are Cartesian coordinate
measured along the shrinking surface and normal to it.

A schematic representation of physical model and
coordinate system are shown in Figure 1. Moreover,

the flow is confined at y > 0. Single wall (SWCNT) and
multi wall (MWCNT) carbon nanotubes are treated as
nanoparticle with water as the based fluid. It is
assumed that the shrinking velocity U, (x)=ae*" ,

ambient fluid velocity U, (x)=be”" and surface
temperature T, (x)=T, +T,e*’* vary exponentially,
where ab and T, are constants, T, is the

temperature far away from the shrinking sheet and L
is the reference length. Under the boundary layer
approximation, the governing boundary layer
equations are written as [16,9]

w U
=

1 1 tr s 2t

v v v v v v v

4
v v v

v Stagnation point

Fig. 1. Physical model for shrinking sheet

CLINCL) (1)
oX oy
2
ua—u+va—u=Uw v, +ﬂa—f, )
x oy A py oy
2
TELIVELIMRCIL 3)
OX oy oy
with the boundary conditions
u=U,(x), v=v,(x), T=T,(x) aty=0,
4

u—-U_(x), ToT, as y - o,

where u and v are the velocity components in the x
and y direction, respectively. It should be mention that
vw(x):—(vfb/ZL)]/2 e’’'s , where s>0 represent
suction, s <0 for injection and s=0 for impermeable
surface. Additionally, u,,p, and «, is the viscosity,

density and thermal diffusivity of nanofluid which are
defined as [27,6]
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a. = knf U0 = Hi
nf = v My = 5
('DCD>nf (l_¢)25
P =(1=9) pi +PPcnr
(pCp)nf =(1_¢)(pcp)f +(p(pcp)CNT' (5)
1-p+2¢ Kear In Ko *K,
AL kCNT _kf 2kf
k, 1-p+20 Kq In Kenr +Kq
kCNT TRy 2kf

where ¢ is the nanoparticle volume fraction, , is the

viscosity of the base fluid, (poC,) s the effective heat
are

CNT

the effective heat capacities of the base fluid and

carbon nanotubes, respectively, k  is the thermal

capacity of a nanoparticle, (oC,) and (£C,)

nf

conductivity of nanofluid, k, and k., are the thermal

conductivities of base fluid and carbon nanotubes,
respectively, p, and p, are the density of the base

fluid and carbon nanotubes, respectively.

We introduced now the following appropriate
similarity transformation:

y2
b x y x
n= y[—} e,y =(2v,Lb) Lf ()e,

2v, L
T-T
0(n)=—=,
(77) TW_Too

(6)
where 7 is the similarity variable, v, is the kinematic
viscosity and y is the stream function which defined

as u=0y/oy and v=-0y/ox where identically
satisfies equation (1).

Inserting equation (6) into equations (2) — (4), yields
the following nonlinear ordinary differential equations

1
(1_(/7)25 (1_(0+¢’pcm /pf )
1 knf /kf

Prlipro(eC, ), /(C,), ]

and the transformed boundary conditions are
f(0)=s, f'(0)=¢, 6(0)=1,
f'(n)>1 0(n)—>0 as n— oo

f"y ff —2f7+2=0, (7)

0"+ 10— £'0=0,8)

©)

Here, prime denotes differentiation with respect to 7,
Pr=v, /e, is the Prandtl number and &=a/b is the
shrinking sheet.

The quantities of physical interest are the local skin
fricion C, and local Nusselt number Nu, that are
defined as

C,=—2_ Nu

pr\f/,

2Lq,

TR 4o

where 7, is the shear stress and q,, is the heat flux at
the surface that given by

aou oT
Tw = Hpt (Ej v 4y = _knf [Ej '
y=0 y=0

Substituting equation (11) into equation (10) and using
variable (6), we obtain

(0 K
) N, Re =290,
(1-9) K

where Re, =2La/v, is the local Reynolds number.

(11)

C,ReV’ =

(12)

I1l.  FLow STABILITY

The obtained results show the existence of dual
solutions, therefore it is important to find the physical
reliability of these solutions. In this respect, we need to
consider the problem in unsteady case. The new
variable r that is associated with the initial value
problem are introduced [20,21]. So, equations (2) — (4)
are rewrite as follows:

2
WMy Moy, Yo e O (13)
ot ox oy dx  py Oy
2
ﬂ+uﬂ+vﬂ:o¢nf g (14)
ot OX oy oy
subject to boundary conditions
u=U,(x), v=v(x), T=T,(x) at y=0,
w(X) () (x) at'y (15)

u—->U_(x), T->T, as y —» o,

where t represents time. As identified by variable (6),
we introduced the new dimensionless variable for the
unsteady problem

V2
b x y2 X

77=y£2‘/ L] e,y =(2v,Lb)" f(n,7)e"*,
f

(16)
T-T bt
0 ) — 0 ) - X/ZL'
(o) =3 oL
thus equations (13) — (15) can be written as
1 ot _(of Y
25 .3 S| A, +2
1-9)" (1-@+@pes /o) O \0n an
2 2 2 2
LA B K A
on on ondr 0t 0n onor
1 ko [ v, o0
Prii_ on® 0
|10 0(sCy )y (0€,), |70
g0 (ot a0 & a0) a0,
on onodr oron) Or
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subject to the boundary conditions

£(0,7)=s, %(o,f)zg, 6(0,7)=1,

(19)

sf—n(n,r)—u, 0(n.t)>0 as n— o

To identify the stability solution f(7)=f,(7) and

8(n7)=6,(n) fulfiling the boundary-value problem, we
introduced the following term (see [21]):

f(nr)="1,(n)+e"F(n1),
0(n,7)=06,(n)+e " "H(n7),

where y is an unknown eigenvalue, F(») and H ()

(20)

are small relative to f,(7) and 6, (#). Using equation
(20) into equations (17) — (19), followed by setting
r=0 and hence substituting F=F () and

H =H,(n), the linearized problem is given by

25 : Fom + fo Fo" + fo” Fo
(1_(ﬂ) (1_(p+¢)pCNT/IOf) (21)
—(41‘0' —y)FO' -0,
i knf /kf H " + f H '
Pr |:1_¢+¢(pCP)CNT/(pCP)f:| (22)

+F 6 -F'0, —H, f, +yH, =0,
along with boundary conditions

F,(0)=0, F/(0)=0, H,(0)=0, 23
F, (7)—>0, H,(7) >0, as n— .

To find the possible eigenvalues, we relax
F'(0)>0 as n—>x (see [23]). Therefore, the

(o]

system of equations (21) — (23) along with the new
boundary condition F,"(0) =1 need to be solved.

IV. RESULTS AND DISCUSSION

The transformed system of uncoupled nonlinear
ordinary differential equations (7) and (8) with the
boundary conditions (9) was solved numerically using
the bvp4c solver for various parameter values such as
suction/injection and carbon nanotubes in Matlab
software. The impacts of the evolving parameters on
the dimensionless velocity, temperature, skin friction
coefficient and local Nusselt number are analyzed and
numerically  investigated. @ The  thermophysical
properties of the base fluid (water) and the
nanoparticles are taken from Table I. The range of
nanoparticle volume fraction ¢ are taken from 0 to 0.2

and Prandtl number is 6.2 (Pr=6.2). Figures 2 and 3
show the variation of reduced skin friction f”(0) and

heat transfer —9’(0) with shrinking parameter ¢ for

various value of suction/injection. It is observed that
the value of |¢,| increase as s increases. Hence, we

can conclude that introducing suction (s>0) is to

increase the range of solution and consequently delay
the boundary layer separation, while injection (s <0)

accelerates the boundary layer separation. The
suction effect is seen to increase the skin friction and
heat transfer rate at the surface, while the reverse
pattern happens for the effect of injection.

Figures 4 — 7 represent the variation of reduced

skin friction f”(0) and heat transfer —6'(0) for

different carbon nanotube with the existence of
suction (s=0.3)and injection (s=-0.3). It is shown

that single wall carbon nanotube (SWCNT) offers a
higher skin friction and heat transfer rate compared to
multi wall carbon nanotube (MWCNT) for both suction
and injection case. Furthermore, for the suction case,
the range of &, where solution exists is increased for
SWCNT and it decreased for MWCNT; whereas for
the case of injection, the range of solution exist is
entirely opposite for SWCNT and MWCNT. It is worth
noting that Figures 2 — 7 show the region of unique
solution exists for £>-1 and the solution is non-
unique for & <e<-1 whereby no solution exists

beyond this critical point, i.e. there is boundary layer
separation when ¢ <, .

Figures 8 and 9 demonstrate the variation of skin
friction coefficient C, Re?? and local Nusselt number

Nu, Re;¥? with nanoparticle volume fraction ¢ for

different suction/injection parameter s and carbon
nanotubes. It is observed that suction/injection
parameter and carbon nanotubes grow monotonically
as nanoparticle volume fraction increases. It is further
evidenced from these figures that suction surface

(s =0.3) offers higher skin friction coefficient and local

Nusselt number compared to injection surface
(s=-0.3) and impermeable surface (s=0) . In

addition, skin friction coefficient and local Nusselt
number is found to be highest for SWCNT compared
to MWCNT.

The velocity f’(r) and temperature 6(7) profile

for several values of suction/injection parameter s are
plotted in Figures 10 and 11. It is noted that the
thickness of the boundary layer for second solution is
greater than the first solution. These profiles support
the existence of dual nature of solutions as shown in
Figures 2 — 7. It is also observed that the value of the
fluid velocity increases with increasing suction for the
first solution and the velocity decreases with
increasing suction in the second solution. Meanwhile,
in the temperature profile, the reverse behaviors are
noted for both solutions

In order to perform stability analysis, the system of
linearized problems (21) and (22) with the boundary
conditions (23) have been applied into bvp4c solver in
Matlab software. The stability of the solutions is tested
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by finding a smallest eigenvalue y . If the obtained

2.5 T T T
smallest eigenvalues are positive, the solution is
stable, meanwhile if the smallest eigenvalues are 2t
negative, it is unstable solution. Table Il represents SWONT, MWONT
the smallest eigenvalues for selected values of 18y

suction/injection  parameter s and  shrinking

parameter ¢ . The first solutions are seen to have > € = 1626143

positive smallest eigenvalue while the second o5 | | b L ]
solutions have negative smallest eigenvalue. We can Y

therefore conclude that the first solution is stable while of \\ 1
the second solution is unstable. On the other hand, it S . T g salution.
is clearly seen from Table Il that as the value of 05L L TREET ‘ ‘ A
shrinking parameter approaches to its critical value ¢, S

, the eigenvalue y will approaching zero (7 - 0)' Fig. 4. Variation of f”(0) with ¢ for different carbon nanotubes when

s=0.3
TABLEI. THERMOPHYSICAL PROPERTIES OF CNTS [5]
Physical Base fluid Nanoparticle 2 T T
properties (water) SWCNT MWCNT
L
3
p(kg/m*) 997 2600 1600 SWONT, MWONT
o )
C,(J/kgK) 4179 425 796
1t 1
k(W/mK) 0.613 6600 3000 S
>
T ol ]
€. = —1.626143
3 E 3 B
¢ = = — 1619574 p=01
25 ! ! j ar 'l‘\ First solution |
S Second solution
ol 5 I . . I I I I I
16 <14 12 1 08 06 04 02 0
€
15y s=-0.3,0,03
T Fig. 5. Variation of —0'(0) with & for different carbon nanotubes when
S 1t s=0.3
= €. = —1.626143
osl e, = —1.487068 ]
Lo e= 1367492 o=01 . . . . , . .
\ 7
. NN water-SWONT SWCNT, MWCNT
\\\ \\\\\,/:: First solution 15F
S~o _ Tt oo Second solution
05 ! ~m——T L . . . E
16 14 12 1 08 06 -04 02 0
€ 1k
Fig. 2. Variation of f”(0) with & for different value of suction o b e _ _1.367492
o=—1
0.5 1 ™ e, = —1.372375 1
\
2 ‘ - ‘ : ; ‘ ; ‘ \
\\
1L €c = —1.626143 or N First solution
. = —1.487068 DL —— Second solution
s =-0.3,0,03 1.4 1.2 1 0.8 i 0.6 0.4 0.2 0
1t 1 . o . .
e Fig. 6. Variation of f"(0) with & for different carbon nanotubes when
> £, = —1.367492
2 . 1 s=-03
N
\\
a3t | \ S p=01 ,
" \\ Sl water-SWCNT
| \
4 \t \\ First solution |
| I Second solution
5 il L L L L L L L
-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0
€
Fig. 3. Variation of —6'(0) with & for different value of suction
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T T
0.5
SWCNT, MWCNT
ol 1
0.5 1
s 1
= > e, = —1.367492
T st ‘ 1
> e = —1.372375
2F 1
A\
N
251\ 1
\\\\
3t \\\\\ First solution
\\\\\\ ————— Second solution
350 . B . . . L 1
-1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0

Fig. 7. Variation of —6'(0) with & for different carbon nanotubes when

©=02
e=-1.35
water-SWCNT

First solution
Second solution

L

6 7

Fig. 10. Velocity profile for different values of suction

s=-03
4.5 T T T T T T
3.6 First solution
. —. I ' e e e e Second solution -
SWCNT
34F _—e— MWCNT 1 =02 ]
e=-135

water-SWCNT

s=-03,0,03

0 0.05 0.1 0.15 0.2 n

Fig. 11. Temperature profile for different values of suction
Fig. 8. Variation of C, Re!? with ¢ for different carbon nanotubes and

suction
TABLE Il SMALLEST EIGENVALUES OF y FOR DIFFERENT VALUES
OF S AND & WHEN ¢ =0.1 (WATER-SWCNT)
S £ First solution Second solution
-1.36749 0.0055 -0.0055
o -0.3 -1.367 0.1110 -0.1107
gé -1.36 0.4341 -0.4307
; -1.48706 0.0147 -0.0147
0 -1.487 0.0413 -0.0413
-1.48 0.4202 -0.4168
05 . s ‘ -1.62614 0.0073 -0.0073
0 0.05 0.1 0.15 0.2
) 0.3 -1.626 0.0595 -0.0595
Fig. 9. Variation of Nu, Re;¥? with ¢ for different carbon nanotubes -1.62 0.3919 -0.3889

and suction

V. CONCLUSIONS

The problem of the stagnation point flow over
an exponentially shrinking sheet in carbon nanotubes
with suction effect has been studied in this paper. The
governing ordinary differential equations were solved
numerically using the bvp4c solver from Matlab. For
several values of the governing parameters, the
numerical results obtained for the velocity and
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temperature profiles as well as the skin friction
coefficient and local Nusselt number are shown
graphically. It was found that dual solutions exist for a
certain range of shrinking parameter. It was also
shown that suction delays the boundary layer
separation, while injection accelerates it. The highest
values of the skin friction coefficient and the local
Nusselt number were obtained for the single wall
carbon nanotube compared to multi wall carbon
nanotube. Additionally, the skin friction coefficients and
local Nusselt number are found to increase for suction
parameter and to decrease for injection parameter. A
stability analysis was carried out to determine the
stability of the dual solutions obtained, and it was
concluded that the first solution was stable and
physically feasible, while the second solution was
unstable.
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