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Abstract— Fourier and Hankel transformations
are used to solve the advection-diffusion equation
in two-dimensional to get normalized cross-wind
integrated concentration of pollutants at the
surface of the earth with constant and variable
eddy diffusivity respectively. The pollutants are
assumed to be totally reflected on the ground. The
results of predicted model were compared with
measuring observed data from Copenhagen,
Denmark in unstable condition and the Research
Reactor at Enshas, Egypt in neutral condition.
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l. INTRODUCTION

Air pollutants are transported, dispersed or
deposited by meteorological and topographical
conditions. The atmospheric advection-diffusion
equation had long been used to describe the transport
of pollutant in a turbulent atmosphere was studied by
[1]. An analytical solution was fundamental importance
which was described with physical phenomena was
studied by [2]. References [3-5], used analytical
solution to examine the accuracy and performance of
the numerical solutions. Reference [6], studied the
performance of a unified formal analytical solution for
the simulation of atmospheric diffusion problems under
stable conditions.

Reference [7], studied simple fractional differential
equation models for the steady state spatial
distribution of concentration of a non-reactive pollutant
in Planetary Boundary Layer (PBL). They found that
fractional derivatives models perform better than the
traditional Gaussian model.

Reference [8], investigated mathematical model for
dispersion of air pollutants in moderated winds taking
the diffusion in vertical height direction and advection
along the mean wind considering the eddy diffusivity
and wind speed was assumed constant. Reference [9],
studied the Influence of Eddy Diffusivity Variation on
the Atmospheric Diffusion Equation.

Reference [10], investigated an analytical
dispersion Model for sources in the atmospheric
surface layer with dry deposition to the ground
Surface. Also studying the variation of eddy diffusivity
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on the behavior of advection-diffusion equation was
studied by [11].

Fourier and Hankel transformations are used to
solve the advection-diffusion equation in two-
dimensional to get normalized cross-wind integrated
concentration of pollutants at the surface of the earth
with constant and variable Eddy diffusivity respectively.
The pollutants are assumed to be totally reflected on
the ground. The results of predicted model were
compared with measuring observed data of Sulfur
Hexa-fluoride SF6 from Copenhagen, Denmark in
unstable conditions and the Research Reactor at
Enshas, Egypt in neutral conditions.

1. MATHEMATICAL TREATMENTS

The advection diffusion equation can be written as
follows:

aC,(x,z) 0 9Cy(x,2)
Yok _E(kz 0z ) &

where C,(x,z) is the crosswind integrated
concentration of pollutants, u is the downwind velocity
inm/s and k, is vertical eddy diffusivity that is taken
as a function in downwind distance "x".

Equation (1) is solved under the boundary
conditions as follows:

The null flux condition of contaminants on the
ground surface and the top at the vertical height are
used:

aCy—o tz=0,h(2
5y = atz =0,h (2a)

where "h" is the height of the planetary boundary
layer (PBL). In addition, the mass continuity of the
source with emission rate "Q" at the height of the
source "h".

uC,(0,z) = Q6(z — hy) (2b)
A. Constant Eddy Diffusivity

By using Fourier transform, one can find that

[oe]

Cy(x, &) = J-e‘izf(]y(x,z)dz 3)
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From (1) one can get,

ac, k, [ _ . 9%C
Py Kz [ -ize T oy
0x u fe 0z2 dz (5)

Using integration by parts twice and the boundary
conditions one find

ac,

J/___ 20
S =280 (6

The solution of (6) is easy to get

— & x
Cy(x,8) = Ae"wh K% (7)
using the boundary condition (2b) then

A= %e‘ihsf (8)

Substituting from (8) into (7) we get

Cy(x,8) = —exp

—ihgé — ikaza!x] ©)

Assuming the vertical eddy diffusivity as follows [8]:

0.1602
ky = ——x (10)

Then, we can rewrite (8) in the form:

0. 80sz

G0 = e [—ihsf - ] (a

Consider the inverse Fourier transformation as
follows:

[oe]

6D = [ e G pdE (12

— 00

Then, (11) will be
2 h. — 2
QVm o | s = 2) (13)
v0.080,,x 0.3202x?
B. Variable Eddy Diffusivity
Assuming the vertical eddy diffusivity as follows:
k, = az (14)
Then (1) can be written as
9*c, aC, wuaC,
rr + 0z a d0x
Changing the independent variable z to ¢ by the
1
substitution ¢ = z2 then, (15) will be
9%C, N ac, _4u £ aﬁ
&2 FI dx
Equation (16) can be further simplified to:

Cy(x,z) =

62

=0 (16)

62Cy 19C, 4uac,
982 TTor @ ox

Equation (17) can be solved for C(x,¢) by using
Hankel transform which is defined as

Holf (@)} = F(s) = f £ (52)z dz
0

where the Bessel differential operator is defined as

dzf(z) 1df(z) ,m\2
Bnf (2) = t-——=(7) f@

which has the Hankel transform given by

Hplbnf(2)} = _Szf(s)
Applying the Hankel transform to (17)

II{{AC—— 3} 18
0)80Cy 9 (18)
we get

C'?' 4u GC
a ox ( %)
Equation (19) has the solution,
—_— _ _i 2
Cy(x,s) —Aexp[ 2 %S ] (20)

using the boundary condition (2b) then
L L
Cy(x,s) = ﬂjo (ShS exp [—Exs ] 21
Now assuming the inverse Hankel Transformation

Ho T (6,5} = €, (x,8)
= [ G suGDsds 22)
0

Then we will have

c, (x,€) = exp( u(h5+§2)) Iy <2u5h ) (23)

ax

1
By using the substitution é = z2

hg + 2u./ hg
%exp (_u( p— Z)> IO< uax Z) (24)

And finally the concentration can be written as
Clx,y,2z) =

2
Q _ u(hg+z) 2uy/hsz\ T3452
V2moyax exp ( ax ) lo ( ax ) e "V (25)

I1. RESULTS AND DISCUSSION

Cy(x,z) =

The used data was obtained from experiments
carried out under unstable condition at the Northern
part of Copenhagen, Denmark [12-13]. Table | shows
that the meteorology, predicated and observed
crosswind-integrated normalized concentration at
different downwind distances. Also we used data from
Research Reactor at Enshas, Egypt in neutral
condition where assume (g, = 0.32x°7%) of standard
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deviation in crosswind are taken from [14]. The
Comparison between the predicated and observed
concentration at different downwind distance, wind
speed in neutral condition in Table II.

TABLE |. COMPARISON BETWEEN THE PREDICATED
AND OBSERVED CROSSWIND- INTEGRATED NORMALIZED
CONCENTRATION AT DIFFERENT DOWNWIND DISTANCE,
WIND SPEED, MIXING HEIGHT AND CONVECTIVE VERTICAL
VELOCITY FOR THE DIFFERENT RUNS.

Predicated Crosswind Normalized Concentration (10™s/m” )
[=>]
1

> C,/Q(10™* sm?) ° 7
S = Dista| 5 | ° ]
Z| pate |8 hmy| " Ysg | nce S |8E 4 . * 1
5 » (ms™) [(ms™) & |=8 K .
x 0 (m | 2 |82 S, ]
o O |a 3 2] . s ' ]
1]20-9-78| A |[1980| 0.83 | 2.1 | 1900 | 6.48 | 6.28 ] ’.’,'/' ]
1|20-9-78 | A|1980| 0.83 | 2.1 | 3700 | 2.31 | 3.24 :
2 [26-9-78] C [1920 | 1.07 | 4.9 [2100 | 5.38 [ 4.39 T T T
g 1296_19(;7788 g iigg g’)g; 33 1588 ggg ;é; Observed Crosswind Normalized Concentration (10*s/m”)
3 |19-10-78 B 111201 0.68 | 2.4 13700 6.22 | 3.95 Fig. 2. Proposed concentration with constant k, vs
— . 2. .
3 [19-10-78| B | 1120 | 0.68 | 2.4 | 5400 | 4.30 | 2.71 observed concentration
519-11-78 | C | 820 | 0.71 | 3.1 | 2100 | 6.72 | 6.59
519-11-78| C | 820 | 0.71 | 3.1 |4200| 5.84 | 3.33 TABLE Il. SHows THE COMPARISON BETWEEN THE
5 (9-11-78 | C | 820 | 0.71 | 3.1 | 6100 4.97 | 2.30 PREDICATED AND OBSERVED CONCENTRATION AT
6 130-4-78 | C 113001 1.33 | 7.2 | 2000 | 3.96 | 3.71 DIFFERENT DOWNWIND DISTANCE IN NEUTRAL CONDITION.
6 |30-4-78 | C | 1300 | 1.33 | 7.2 | 4200 | 2.22 |1.78
6 |30-4-78 | C | 1300 | 1.33 | 7.2 | 5900 | 1.83 |1.27 Predicted | Predicted
7 |27-6-78 | B | 1850 | 0.87 | 4.1 | 2000 | 6.70 | 5.66 . Observed I I_
7 [27-6-78 | B | 1850 | 0.87 | 4.1 | 4100 | 3.25 | 2.79 é Distance c C(constant | C(variable
7 |27-6-78 | B | 1850 | 0.87 | 4.1 | 5300 | 2.23 | 2.16 M | Bym3) kz) kz)
8 6-7-78 | D] 810 | 0.72 | 4.2 [1900 | 4.16 | 7.10 (Ba/m3) | (Ba/m3)
8| 6-7-78 | D | 810 | 0.72 | 4.2 | 3600 | 2.02 | 3.82
8| 6-7-78 |D| 810 | 0.72 | 4.2 | 5300 1.52 | 2.61 1 100 41 295 3.69
9 19-7-78 | C | 2090 | 0.98 | 5.1 | 2100 | 4.58 | 4.78
9 [19-7-78 | C | 2090 | 0.98 | 5.1 | 4200 | 3.11 | 2.42 2 110 3.8 2.85 3.62
9 (19-7-78 | C | 2090 | 0.98 | 5.1 | 6000 | 2.59 | 1.69 3 120 38 574 352
4 130 3.7 2.62 3.39
12 —T T - T T 1T T T T T T T
] T ] 5 140 3.4 2.50 3.25
-
£ 10+ 1 6 150 3.2 2.39 3.10
2 9 1
e . r 7 160 3.1 2.28 2.96
S 84 g
£ 7] \ . ] 8 170 3.0 2.18 2.81
£ 6l i & \ ]
8 8 \ ‘E\ 9 180 2.9 2.09 2.68
T 54 g E
T ] /° A - ] 10| 190 2.7 2.00 2.55
5
23\ \ \y \/ﬁ\g .y \\. . 11 | 200 2.4 1.92 2.42
$o] B e ¢ \f g \e ]
g ] \a \V ] 12 300 1.4 1.34 1.50
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Fig. 1. Observed and proposed crosswind integrated
concentration ( 10~*m/s* ) with constant k, vs
downwind distance (m)
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Fig. 3. Observed and proposed concentration at
constant and variable k, in neutral condition via
downwind distance (m)
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Fig. 4. Observed and proposed concentration at
constant and variable k, downwind distance (m)

From the two figures we can see that most of the
predicted data are one to one with the observed
concentrations.

V. MODEL EVALUATION STATISTICS RESULTS

To evaluate the model accuracy we used the
following statistical technique that characterizes the
agreement between the predicted and observed
concentrations. These measures are discussed by [14]
defined as:

=
[05(C, + )]

(Cp — CO)Z

Fraction Bias (FB) =

Normalized Mean Square Error (NMSE) =

~
@]
o
@)
o
N

Correlation Coefficient (COR)
Nim
=LZ(C" o) x (Coi = Co)
Ny, - pt P (O-po-o

Factor of Two (FAC2) = 0.5

where o, and o, are the standard deviations of
predicted (Cp=Ces/Q) and observed (C;=Cg,s/Q)
concentration respectively. The over-bar indicates the
average value. The perfect model must have the
following performances: NMSE = FB = 0 and COR=
FAC2 =1.0.

TABLE Ill. SHOWS STATISTICAL EVALUATION OF THE
PRESENT MODELS

Model NMSE | FB COR | FAC2

Model with
constant k, 0.12 | -0.11 | 0.76 | 1.11
(Copenhagen)
Model with
constant k, 0.11 0.27 | 0.99 | 0.76
(Enshas)
Model with
variable k, 0.01 0.04 | 1.00 | 0.96
(Enshas)

V. CONCLUSION

We used Fourier and Hankel transformations are
used to solve the advection-diffusion equation in two-
dimensional to get normalized cross-wind integrated
concentration of pollutants at the surface of the earth
with constant and variable Eddy diffusivity respectively.
The pollutants are assumed to be totally reflected on
the ground. The results of predicted model were
compared with measuring observed data from
Copenhagen, Denmark unstable condition and the
Research Reactor at Enshas, Egypt in neutral
condition.

One finds that the present predicted model using
Fourier method with constant vertical eddy diffusivity
has good agreement with observed data on Research
Reactor at Enshas and Copenhagen in Denmark. Also,
the present predicted model with variable vertical eddy
diffusivity has good agreement with observed data
than another predicted with constant vertical eddy
diffusivity on Copenhagen.

From the statistical analysis, one finds that the
analytical model is within factor of 2 (FAC2) with the
observed data. The NMSR and FB are near to zero
with Variable k, in Enshas Than Constant k, in
Copenhagen and Enshas. Also, the COR and FAC2
are near to one.

REFERENCES

The template will number citations consecutively
within brackets [1]. The sentence punctuation follows
the bracket [2]. Refer simply to the reference number,
as in [3]—do not use “Ref. [3]” or “reference [3]” except
at the beginning of a sentence: “Reference [3] was the
first.”

Number footnotes separately in superscripts. Place
the actual footnote at the bottom of the column in
which it was cited. Do not put footnotes in the
reference list. Use letters for table footnotes.

WWWw.jmest.org

JMESTN42352963

10152


http://www.jmest.org/

Journal of Multidisciplinary Engineering Science and Technology (JMEST)

ISSN: 2458-9403
Vol. 6 Issue 6, June - 2019

Unless there are six authors or more give all
authors’ names; do not use “et al.”. Papers that have
not been published, even if they have been submitted
for publication, should be cited as “unpublished” [4].
Papers that have been accepted for publication should
be cited as “in press” [5]. Capitalize only the first word
in a paper title, except for proper nouns and element
symbols.

For papers published in translation journals, please
give the English citation first, followed by the original
foreign-language citation [6].

[1] J.H. Seinfeld, "Atmospheric Chemistry and
Physics of Air Pollution”, Wiley, New York, Ch13 ,pp
564-569, 1986.

[2] F. Pasquill, and F.B. Smith, “Atmospheric
diffusion”. John Wiley and Sons, 437 pp, 1983.

[3] E. Runca, F. Sardei, “Numerical treatment of
time dependent advection and diffusion of air
pollutants”. Atmospheric Environment, v9, p. 69-80,
1975.

[4] M.K. Liu, J.H. Seinfeld, “On the validity of grid
and trajectory models of urban air pollution”.
Atmospheric Environment, v. 9, p. 555-574, 1975.

[5] E. Runca, “A practical numerical algorithm to
compute steady state ground level concentration by a
K-model”. Atmospheric Environment, v. 16, p. 753-
759, 1982.

[6] L.C.G. Pimentel, J.S. Pérez Guerrero, A.G.
Ulke, F.P. Duda, and Filho P.F.L. Heilbron,”
Assessment of the unified analytical solution of the
steady-state atmospheric diffusion equation for stable
conditions”. Proceeding of the Royal Society, Proc R.
Soc. A 470: 20140021, 2014.

[7] Goulart, A.G.O., Laso, M.J., Suarez, J.M.S.,
and Moreira, D.M., 2017. "Fractional derivative
models for atmospheric dispersion of pollutants
".arXiv: 1702.06345v1 [Physics . ao-ph].

[8] K.S.M. Essa and M.S. El-Otaify,
"Mathematical model for hermitized atmospheric
dispersion in low winds with eddy diffusivities as linear
functions of downwind distance". Meteorol Atmos
Phys, DOI 10.1007/s00703-006-0208-5, 2007.

[9] A.A. Marrouf, Khaled S. M. Essa, Maha S. El-
Otaify, Adel S. Mohamed, Galal Ismail, “The Influence
of Eddy Diffusivity Variation on the Atmospheric
Diffusion Equation”. Open Journal of Air Pollution, 4,
109-118, 2015.

[10] P. Kumar, and M. Sharan, ” An Analytical
Dispersion Model for Sources in the Atmospheric
Surface Layer with Dry Deposition to the Ground
Surface”. Aerosol and Air Quality Research, 16:
1284-1293, 2016.

[11] K.S.M. Essa, Aziz N. Mina, Hany S. Hamdy,
Fawzia Mubarak, and Ayman A. Khalifa,” Studying the
Variation of Eddy Diffusivity on the Behavior of
Advection-Diffusion Equation”. NRIAG Journal of
Astronomy and Geophysics, 7, 10-14, 2018.

[12] S.E Gryning, E. Lyck, "Atmospheric
dispersion from elevated sources in an urban
area:comparison between tracer experiments and
model calculations”, J. Clim. Appl. Meteorol. 23, 651—
660, 1984.

[13] S.E. Gryning, A.A.M. Holtslag, J.S. Irwin, and
B. Sivertsen, "Applied dispersion modeling based on
meteorological scaling parameters"”, Atmos. Environ.
21 (1),79-89, 1987.

[14] S.R. Hanna, "Confidence Limit for Air Quality
Models As Estimated by Bootstrap and Jackknife
Resembling Methods", Atom. Environ. 23, 1385-1395,
1989.

www.jmest.org

JMESTN42352963

10153


http://www.jmest.org/

