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Abstract— We study mixed fractional derivative in
Marchaud form of function of two variables in
Hoélder spaces of different orders in each
variables. We consider Holder spaces defined
both by first order differences in each variable and
also by the mixed second order difference, the
main interest being in the evaluation of the latter
for the mixed fractional derivative in the cases
Holder class defined by usual Hélder condition.
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. INTRODUCTION (Heading 1)

The classical result of G.Hardi and
D.Littlewood (1928, see [1, 83]) is known that the

fractional integral (1% f (x)=T"*(a)t*** f (x), 0<a <1
maps isomorphically the space H{([0,1]) of Hélder
order 4 < (0, 1) functions with a condition f(0)=0on a

similar space of a higher order 1+« provided that
A+a<1 . Further, this result was generalized in
various directions: a space with a power weight,
generalized Holder spaces, spaces of the Nikolsky
type, etc. A detailed review of these and some other
similar results can be found in [1].

In the multidimensional case, the statement
about the properties of a map in Holder spaces for a
mixed fractional Riemann — Liouville integral was
studied in [2] - [7].
Mixed fractional derivatives form Marchaud

a,p = (p(X' y)
(Da+,c+¢kx’ y) rA-ao)r@-p)(x-a)*(y- C)ﬂ '

+ ap Iv PN -0t i s .
Fl-a)l(1-) 7 (x —t)F (y— 1) , , ,
1)

were not studied in the Holder space. This paper is
devoted to the study of the properties of a map in
Holder spaces, defined by the usual Holder condition
for functions of two variables.

Consider the operator (1) in a rectangle
Q={(x,y):0<x<b, 0<y<d}.

For a continuous function ¢(x,y) on R®> we
introduce the notation

[X’h qo](x, ¥) = p(x+h,y) - p(x,y),
((’A’Z wj(x, ¥) = p(X,y+7) - p(X,y),

[A (/a](x, V)= p0cH N,y 1)~ p(x+h,y) —

— (X, y+n)+o(X,Y),
so that
p(x+hy+7) :(Z'lm «p](x, y)+[2°h coj(x, )+
@)
{Aq wj(x, )+ ().

Everywhere in the sequel by C,C,,C, etc we

denote positive constants which may different values
in different occurences and even in the same line.

Definition 1.Let 4,y (0,1] . We say thatpe H*7(Q), if

|¢’(le yl)_ (P(XZv yzl B C1|X1 - Xz|/1 + C2|y1 - y2|y (3)
for all(x,, y,), (x,,y,)eQ . Condition (3) is equivalent to
the couple of the separate conditions

[Xh (,)j(x, y)1 e, (A (DJ(X, y)( <cll @

uniform with respect to another variable.
Note that

(/)(X, y) eH" =

‘[A goj(x, y)( <C =" <Crmin{h, |} . where

0<[0]]. (5)
By H{7(Q) we define a subspace of functions

f eH{7(Q), vanishing at the boundaries x=0 and
y=00f Q.
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A one —dimensional statements
The following statements are known [1]. We
use the schemes of the proofs to make the
presentation easier for two-dimensional case.

Lemma 1. If f(x)e H**([0,b])and0< 4, 0<a+A<1,
then
f(x)-f(0
o= < e anll, <, ..
where C doesn’t depend from f(x).
Proof. Let h>0; x,x+he[0,b] .
difference

We consider the

LT - oy

la(x+h)-g(x) < | oy
Since f eH**, we have

|f(x+h)-f(x]<Ch™, |f(x)-
Using these inqualities we obtain

lg(x+h)-g(x)<C, c , (x+h)y -

h/h-a
X
U R PUN T
For G; we have .

G, = Clhi(Lj <Ch*.
X+h

Let's estimate G,, here we shall consider two cases:
x<h and x>h. In the first case, we use inequality

f(0f <Cx*.

X _G,+G,

|O'l” —05’| £|0'1—02|”, (01 iaz) and obtain
x*h*
(x+h)

In second case, using (1+t)* —1<at, t >0 we have
X

2—(1+hj ~-J<Chx**<Ch*,
(x+hy [ x

which completes the proof.
The Marchaud fractional differentiation operator has a
form:

o2 )= 1

where O<a <1.
Theorem 1. If f(x)e H*“([0,b]), 0<a+4<1, that

G,<C, <Ch*.

A+a

G,=C

j. flx dt .(6)

a _ f(O)
e e AL ™
where  w(x)eH*([0,b]) and y(0)=0 , thus
W, <Cltl ..

Proof. We present (6) as

x“(x+hy*

(5.1 = 2

L fX)-f0), « if(x)—f(t)dt

Here y,(x)e H*([0, b]) by Lemme 1. It is enough to

show w,(x)e H*([0, b]).
Let h>0; x,x+h €[0,b]. Let’s consider the difference

) L ) A 10

o (x+h-t) > (x+h-t)*

+Jx.[f(x)— f(t){(x+h1—t)l+“ _(x—lt — }dt =+, + .

Since f e H**“([0,b]), then we have for I,

[ <ch[(t+h)"dt<ch’.
0
Let’s estimate I,. We have

x+h

1| <C [(x+h—t)*dt=C,h*

For I3,
/1% A 1 /1
I,|]<Ch*|t —|dt <C;h
| 3| _[ (1 ) t1+a
Finally, it remains to note that ,(0)=0, since
lw,(x) < Cjt“dt :
0
Main result.
Lemma 2. Let f(x,y) e H*(Q),

a<A<l,p<y<l. Then for the mixed fractional
differential operator (1) the representation

(D2, £ x,y) 1Oy + 3;“’1//1(X)+ X “wy(y)+w(x.y)

~a)r(L-p)
: (8)
and
([ <CxX, w, (N <Coy"™, 9)
(%, y)| < Cx7y =07 (10)
where

200 = [1(60)~ 100]}+ [ (x0)~ F L)oot

[f0.y)-f07)

t(0,0)+5] —
alyﬂ (Xx,y f J(0,0) +

a (it dt
+—ﬂ‘(‘;[Axt,y f\J(t,O)( _t)1+a +

w,(y)=y”[f(0y)- dr,

y
“Ti-a) xTa-a) T0-a) (tf” L[5 f)m SYL -
I} Xa 0 T)l
receive equality (7), where JX.JX 11 dtd
f(X)—f(O) X ¢ —f('[) +apf [Axtyr j e
- = dt x=t)"(y-7)
v () =y (x)+y,(x) XTl-a) F(l—a)-([ (x—t) °?
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b (x+h,y)-w(x y) < Z|<D|_ { +

Proof. Representation (8) itself is easily obtained by

means of (2). Since f eH"*"(Q), inequalities (9) are A(x+h)y
obvious. Estimate (10) is obtained by means of (5), B 1 x
ie. X 1 B 1 ah dt
(x,y) oy, yaof_ dt L de TV Gy e Ty £(><+h—t)““+
w(xy)<CI Xy +ay | o X | g + xih y
l: !(X—t)l " 2 (y—2) 7 +% J‘(x+h—t)i’1""dt+—hﬂﬂa J.(y—r)(l’g)”l’ﬂdr+
X y tﬂl ldtd y X (X+h) 0
,BO‘J. I - )1 10 T:l a ¢ 1 1
’ — | (x-t - dt
o0 (- ﬂ! {(x+h ) (x— t*“} !
It is easy to receive w
\ Loge b g + " |(x+h) 7 —x HW*
(X y)<CX y |: I 1gz+'[§1(19 +_[ j 51—(1—9)y :|< X y( (1571ﬁdd
0 0 0 +aﬁh‘%j J‘ y—z') t r+
< (:3X0)~ y(l‘”)’ 00 (X +h _t)lm
x+h y ( (1-0)r-1-p
y—7) dtdr
Theorem 2. Let f(x,y)e H{7(Q) e<A<l f<y<1l. +aﬂ.[ .([ (x+h—t)
Then the operator D%/, continuously maps H{7(Q) LY (xot)
: e ' = h—t)™ —(x—t) " “fitd 7 |,
into HS ™7 ﬂ(Q) +a,3£ ,([(y_r)hﬁ—il-aiy [(X+ ) (X ) }j T
Proof. Since f(x,y)e H"(Q), by (8) we have where
€0(Xv Y): (Dgﬁn f XX, Y): '//(X: y)- ji(y - r)(lfg)yflfﬂdz' <.

Let h>0; x,x+h €[0,b]. We consider the difference 0
11 Using estimations G;, G, of the proof of Lemma 1 and
10 (Ah:v fj(0,0) estimations Iy, I, I3 of the proof of the Theorem 1, it is

p(x+hy)-pxy)=D @, =>——~>— easily possible to receive an estimation
= y#(x+h)* -
= |1//(x+h,y)—y/(x, y)SCh “.
(Ax,y f)(o,o) Rearranging symmetrically representation (11), we
N . { 1 _L} can similarly obtain that
y (x+h)" x* lw(x, y+n)-w(x y)<Cn”.
11 11
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