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Abstract—This paper mainly research a fractal
interpolation function on the plural domain.By
using function vertical scaling factors ,a method
of construction for the iterated function
systems(IFS) on the plural domain is proposed.

Then it can be proved that the invariant set of the
(IFS) is the interpolation surfaces which passes
through interpolation nodes. And it can be
proofed that the invariant is the graph of fractal
interpolation function. And by using matlab
software draw the projection of fractal
interpolation surfaces .we get two figures of
fractal interpolation functions ,it can be seen from
the nature of the complex variable function that
both the real part and the imaginary part function
are fractal interpolation functions.
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I.  INTRODUCTION

Fractal interpolation[1-2] is a new method
to fit data,which provides a new tool for data
fitting,function  approximation,and computer
applications.such as fitting coastline,material
fracture profile, electrocardiogram and other
irregular objects.Document[3-4] proposed that
the establishment of fractal interpolation
surfaces on rectangular regions which made a
foundation.Reference [5-6] refereed to the
reflection transformation in the iterated function
system, and gave the construction method of
the fractal interpolation function of arbitrary
interpolation nodes.

The previous research on fractal
interpolation theories were on the real number
domain, this paper mainly discusses the
construction method of fractal interpolation
surface for the given interpolation node and
constant vertical scale factor in the plural
domain.Firstly, an iterative function system with
function vertical scaling factor is constructed on
the complex field, and then it is proved that
there exists an invariant set, and the invariant
set is an image of a fractal interpolation
function. Finally, using matlab to map, in order
to analyze the fractal interpolation surface in
the future. .
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Il. ITERATED FUNCTION SYSTEM AND ITS INVARIANT
SET

In this section ,we construct IFS on the basis of
a data on plural rectangular grids.Define E is
rectangular grids of plural domainC , And the Uniform
plots on E < C are satisfied with follows conditions:

2 =%X,+1Y, a=1..mpB=01..,n
And rectangular area
E={x+iy|x <X<Xm ¥, <Y<y}

Define mappings L,,(z): E—>E,, cE to be

contraction homeomorphism satisfying the following
conditions:

Ls(2)=K,z-z+r1,,-2+h g )

where 0 < kaﬂ <1/2,0< My < 1/4 The L. (2)
maps the end points of E to the end points of Eaﬁ ;
i.e

Laﬂ (211) = Zaﬂ’ Laﬁ (Zln) = Za,ﬁ+l'
Laﬁ (Zml) =Zyap Laﬂ (Zmn) =Z,upn

Define mappings F,;(z,W):ExC — C as follows:

Faﬂ(Z’W) = Saﬁ(z)'w+¢aﬂ (Z) (2)

Where0<HSaﬂ(Z)H<land ¢,;(2) are continuous

functions defined on C .

Then we get an mappings I',;(z, W) as follows:

Ls(2)=K,;-2+1,,-Z+h,,

B %
Lp(z,W) _{Faﬂ(LW) =S,4(2) - W+9,,(2) o
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Where
haﬁ =Zyp— 41" (uaﬂ +Vaﬁ) -7 (uaﬁ _Vaﬂ)

raﬁ = Uaﬂ _Vaﬁ

raﬁ = Uaﬁ +Vaﬁ

U = l Za+1,ﬂ + Za+l,ﬂ - Za,ﬂ - Za,ﬂ

aff

2 Lyt znl — I~ z11
v = 1 Z,putZypu—L2optZ,p
af — A - _
2 Zint 4y =2+ 2,

Then we get Iterated function systems as follows:

{ExD>CAT,,(z,W), a=1.,m-LB=L1.,n-L1] @)

Theoreml: |If 0<HSaﬂ(Z)H<1 there exists a

distance p on the plural domain C such that the
iterated function system (4) is hyperbolic,Therefore,

there exists a unique non-empty set A ,such as

U:lzl nﬂ:lraﬂ(A) = A.

Proof: S,,(2) , ¢,(2) are Lipschitz functions
defined on C ,for any z,weC ,there are positive
numbers L;, j =1,2,3 ;such that

‘Saﬂ(zl)wl - Saﬂ(zz)wl‘ < L1|21 - Z2| )
‘Saﬁ(zz)wl - Saﬂ(ZZ)WZ‘ < L2|W1 'W2|
‘¢aﬂ(zl)w_¢aﬂ(22)vv‘ < L3|Zl - Zz| .

P((Zl’W1)a (ZZ’WZ))=|21 _22| +5|W1 _W2| It is

obvious that p is a distance on the space c?.
For any (z,,W,),(z,,W,) e ExC,

P(Faﬂ(Zv W), Faﬂ(ZZ ! WZ))

Where

e=(1-K)/2(L+L,), @=k+e-(L+L)
thenar =(1+k)/2<1.0<k <1.

We have

PlT, (2 W), T, (2, W)

<max{@, L, (2, - 2,| + e, - w,)

=max{a, L, }p((z,,W,),(z,,W,))

It is obvious that max{&, L2}<l , thenT' is a
contraction mappings on p .

According to the iterative function system in the
complete metric space is compressed,we get a
hyperbolic iterative function systemI”, therefore there
exists a unique non-empty invariant set A which
satisfied

2:1 nﬂ:lraﬁ(A) =A

I1l. PLURAL FRACTAL ITERATED SURFACES
Define mappings ExC —>C 55 follows:
Faﬂ (Zl W) = Saﬂ (Z) W+ ¢aﬂ (Z)

Syp(2) =2, -(z-2)-(z-b)-(z-c)-(z-d)
0,5(2)=a,,(2°—7*)+b,z+C 7 +d,,
Where

F (2, W) =W,

Faﬂ (Zln ) Wln) =W, s

Fa/z(zmlv Wml) =Wy p
Faﬁ(zmn’ Wmn) = Wa+1,ﬂ+1

And a,,b,,C,;,d,, areall constants.

o

()

Where
a=x., b=x,, c=ly,, d=iy,

According to the condition,we have

= ‘ Laﬁ(zl) - Laﬂ(zz)‘ +& "Faﬁ(zli W1) - Faﬁ(zz ' Wz)‘ a. - W1 p01 = Wapia) = Wosg g = Wip)
<k-|z-z,| i 4(b—a)(d —c)
- 172 b _[—(a+c)-wa+1y/,+l+(d +8) W, 5 +(C+b)-w, o, —(b+d)-w,,]
+e-] Saﬁ (z)w, — Szxﬂ (Z)w, | +| Dop (z,) P (z,)1] @ (b—a)(d -c)
=k-|2,-2,[+ & [ Sp ()W, = S, (2, )W, | P Gl EVERAC —a)(-bwm,)p(; (C;b) W, +(b-d)-w,,]
—a)(d-c
045 (21) = 05 (2) [ +1 S5 (2)Wy = S s (2)W, ] [eaw,, ., —da-w,, ,—bcw, ., +bd-w,,]
<k-|z,- 7, + &-[(L + L)z, - 2, + L|w - w ] “ (b-a)(d—c)
:[k+5'(|—1+|-3)]'|21'22|+5' L2|W1'W2|
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Then we get the special mappings I',;(z,w) which
satisfied the following condition

ra/i’(zll’ W11) = (Zaﬁ” Waﬂ)

Faﬂ(zln ) Wln) = (Za,ﬂ+l’ Wa,ﬂ+1)

Faﬂ(zml’ Wml) = (Za+1,ﬂ’Wa+1,ﬂ)

1—‘ozﬁ(znn’ Wnn) = (Za+1,ﬂ+1’ Wa+l,ﬁ+1)

(6)

Theorem 2: while|1,,,| <16/[(b—a)*(c—d)°],
there exists a continuous function f on E
which interpolates the data set,i.e.

f(z,5)=W,,a=1..,n;=1..,mand
the graph G of f:

G =Graph(f)={(z, f (2))|z€ E}

is the invariant set of iterative function system (4),if

and only if f satisfies the equations

f(Laﬂ(z)) = Faﬂ(z, f(2)),zeE, a=12.n;=12...n
Proof:
Let C(E) are the set of continuous functions on

E, forany f eC(E),

||f||w=maxﬂf(z)|:ZEE}

then (C(E); |- |w)constitutes a complete metric space,
LetC,(E) ={f e C(E)| f(z,)) = Wy;;

f (Zln) = Wln; f (Zml) = Wml; f (Zrm) = Wmn}
it is obviously a closed subspace of C(E) ,Therefore
(C,(E):I- 1., )is also a complete metric space

Define a mapping T on the space C,(E):
Tf (2) = F,,(L,(2), T (L,(2)))

wherezeE ,,a=1..m-1=1...n-1

aff !
Because L;B(Z), S.s(2),0,4(2), f are all
continuous functions on Eaﬂ , itis easy to verify that
Fos(Lap (@), T (Ls(2))
is continuous functions on E_; .

Now there exists two situations:
(1) ze Eaﬁ N Ea+l,ﬁ @ze Eaﬂ N Ea,ﬁ'+l

Proof of the first case here, other cases are equally
plausible, While ze E_,NE,,, ,

7= Xa+1+iy1y€[yﬁ!yﬂ+l] .

Loy (Xor +iy) =X, +iY,Y €[y, y,]

Fop(Lop (e +1Y), (Lo (Xeg +iY)))

=F,,(x, +iY, f(x, +1Y))=F_,(b+iY, f (b +iY))
=a,,[(x, +iY)? = (x, —iY)?1+b,,(x, +iY)
+C,5(x, —1Y)+d,,

_ d 'Wa+1,ﬁ _ C'Wa+1,/i+1
d-c d-c

Because of

L;il,ﬂ(xoﬁl + Iy) = X1 + IY 1Y € [yl’ yn]

The same reason ,we have

Fa+1,ﬂ (L(_zl-i-l,ﬁ (Xa+l + Iy)’ f (L;l-i-l,ﬁ (Xa+l + Iy)))
=Fa (0 +iY, F(x +iY))=F,, ,(a+iY, f(a+iY))

_ d Woiip _ C- Wi pn
d-c d-c
Then we get
Fop (L (Kt 1), T (L (X +1Y)))
= Fa+l,ﬁ (L;l+l,ﬁ (Xyuq +iy), f (L;l+1,ﬂ (X +1Y)))
The same can be proved whileze E_, NE, ,.,,

Fop(Lap @), T (L @) =F, 5.0 (L 50 (), T (L, 5,(2)))

Therefore we get Tf is also a continuous functions on

E ~ZyeBy (TH)(z) = Ra(zi, W) =wiy |

The same reason

(Tf )(Zln) = Wln’(Tf )(Zmn) = Wmn’(Tf )(Zml) = Wml ,

Tf € C,(E),

T is the mapping from C,(E) into C,(E).
Forany f,, f, e C,(E),

[Tf.(2) = Tf,(2)],

=[F., (L (@), F.(L(2)) = F., (L (2), £,(L,(2))|

o DGR A(SACH ERZI (A CI))

=S.5(2)- £,(L(2) — 2., (L (2))

<[[Sup @] | f1(Las (@) = (L (2)]

< S| f(LL (@) - (L, @),

Where S = max,,, sup|S,,(2)| <1,z € E,, , therefore

T is a contraction operator.
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According to the Banach fixed point theorem,there The projection map of real interpolation nodes
exists a function f € C;(E), suchthat Tf = f ,i.e.

Fs (L (2), f (L (2) = T (2),
zeE ,cEa=12,.,m-13=12..,n-1
Let G =Graph(f)= {(Z, f(2)|ze E} be the graph

of the function f .
We have

r;t:l r;:ll—‘ozﬂ(c;)
=Un, U, (L, (). F (2 f @) [ 2 < E}
n n - - Fig2: Real int lati d
—UnL U (@ P (UL @), F(LL @) 2 €E ) 'g2: Real interpolation nodes
— 2—1 }71 {(z, f(2)) | 7e Eaﬂ} Using the above formula to obtain:
_G B B iaﬂ =[1/32+i/32,1/32+i/32;1/32+i/32,1/32+i/32;

2+1/32 2+1/32
It is said that G is the unique invariant set of 1/3 +I/3 '1/3 +I/3 ] _
¢0,(2)=-2/12-2+5i/12-7+2i/3

iterated function system(4)

Because < C, (E), 02(2) = ~Y12-(2" =)+ (5/12+3i/4) -2
F(2) =Wy, F(200) =Wy, f (Z0) = Woy, F(2) =Wy, +(EH/1241/4)- 243
it can be deserved with the condition(5),that 0, (2) =1/12- (z° _22) -3i/4-z+1/3-i/4)- Z+3i -3
f (Zaﬁ) = Faﬁ(l—;lﬁ(zaﬁ)a f (I—;lﬂ(zaﬁ))) = Faﬂ(zll’ f (211)) =W,z 3
Therefore ,the function f interpolates the data ©,(2) =(-1/12+5i/12) -z + (5/12—-i/12) - 2+ 8/3-8i/3
set A ,and the graph of f is the invariant set of iterated
function system(4). 0y, (2) =-112- (z° _Ez) +(1/2+i/12) -z

+(~5/6+7i/12)-2+4/3-5i/3
IV. EXAMPLE

. =2 .

The points set on E x D = C xC as follows: 9s,(2) = (1/12-i/24)-(z° -2 )+ (-3/4-i/3) -
(1+2i,1+i) (2+2i,1+2i) (3+2i,2+i) (4+2i,1+i) +(]/12+ |)E+14/3+16|/3
(1+3i,2+) (2+3i,2+2i) (3+3i,3+3i) (4+3i,2+i)
(1+4i,1+2i) (2+4i,1+i) (3+4i,2+2i) (4+4i,2+2i)

The imaginary and real map of interpolation nodes

Then we get the real and imaginary of fractal
interpolation surfaces as Fig 3 and Fig 4.

as Fig 1 and Fig 2.

The projection map of imag interpolation nodes

Fig 3: Real fractal interpolation surfaces

Fig 1: Imaginary interpolation nodes
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Fig 4: Imaginary fractal interpolation surfaces

V. CONCLUSION

In this paper, the fractal interpolation surface is
constructed on the complex domain, and the feasibility
of the theory is proved by examples. The fractal
interpolation theory is extended to the complex domain,
which enriches the fractal theory.
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