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Abstract—This paper is concerned with the study
of the numerical approximation of the following
initial- boundary value problem:

ut(x,t)—yuxx(x,t)zf(u(x,t)) X in(O,l), tin(O,T),
u(0,t)=0, u(Lt)=0, tin[0,T],
u(x,0)=u0(x), X in [0,1].

Where f(S) is a positive, increasing, convex function
f(0) >0,

for  nonnegative value of S

+oo (s
I ——<+4m,and ¥y is a positive diffusion
0 f(s)

parameter. We find some conditions under which the
solution of semi-discrete form of the above problem
blows up in a finite time and estimate its semi-discrete
blow up time. We also prove the convergence of the
semidiscrete form blow-up time to the real one when the
mesh size tends to zero. Finally, we give some numerical
results to illustrate our analysis.
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1. INTRODUCTION

Consider the following initial boundary value problem:

(1) () (o) o) o). o

u(0,t)=0, u(L,t)=0, tin [O,T],

u(x,0) = uO(x), xin [0,1:|.
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Let QO be a bounded domain in [J N with smooth

boundary OC2. Consider the following initial-boundary
value problem for a nonlinear equation with a nonlinear

boundary condition of the form

Which models the temperature distribution of a large

number of physical phenomena from physics, chemistry

and biology. The initial data Uy(X) is a continious and
increasing function in I:O,l:l , f(s) is a positive, increasing,

convex function for nonnegative values of s, f(0) >0,

+o0 (s
j ——<+4om,and y is a positive diffusion
0 f(s)

parameter. Here (0, T) us Here (0, T) is the maximal time

interval of existence of the solution u. The time T may be
finite or infinite. When T is in_nite, we say that the solution
u exists globally. When T is finite, then the solution u

develops a singularity in a finite time, namely,

lim Il u(, b, =+,

Where I u(:,tll =maxg_, 4 lu(x,t)|.

In this case, we say that the solution u blows up in a
finite time and the time T is called the blow-up time of
the solutionU .

The theoretical study of the phenomenon of blow-up
has been the subject of investigations of many
authors (see [3], [9], [12], [15], [17], [22] and the

references cited therein).
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In particular, in [12], the authors have shown that if y

tends to zero, the above problem has been studied
and existence and uniqueness of a classical solution
has been proved. Under some assumptions, it is also
shown that the classical solution blows up in a finite

time and its blow-up time has been estimed.

In this paper, we are investing in the numerical study of the

1
above problem. Let | be a positive integer, where h = T is

the mesh parameter and define the grid X; =ih, 0<i<lI

. =X+ = X. - X- i
or XI+1 XI h and Aty XI+1 XI approximate the

solution u of (1)-(3) by the solution

U ()= U 1)Uy ®),..U; ) of the following

semi discrete equations

%Ui(t)—yc?zui(t):f(Ui(t)), 1<i<l te@), @
Uy)=0, U, ()20 te(@T), )
Ui(0)=, 20, 1<i<l, (6)
Where

g2 L<i<i-l,
52Ui(t):Ui+1(t)—2Ui(t)+Ui_1(t) .

h2 ’

Here (O,Tbh) is the maximal time interval on which

IIUh llo < +o0 with IIUh ll.o = max TU; () 1

0<i<l

When Tbh is finite we say that the solution U h (t) exists

globally if not, we say that the solution Uh (t) of (4)-(6)

blows up on a finite time and the time Tbh is called the

blow-up time of the SolutionU h (t).

In this paper we are interesting in the numerical study of the

above problem. Firstly, we show that the solution of a

semi-discrete form of (1)-(3) blows up in a finite time when

y is small enough in addition, we prove that the semi

discrete blow-up time tends to the real one as $\gamma$
goes to zero. In the case where the blow-up occurs, we
show that the semi discrete blow-up time converges to the
real one when the mesh size goes to zero.

Our work was motived by the paper in [1],[2],[9],[15].[19].
In [1] the authors have considered the problem (1)-(3) in

the case where the parameter » equals one. They have

prove that the solution of the semi discrete scheme (4)-(6)
blows up in finite time and its semi discrete blow-up time
converges to real one when the mesh size goes to zero in
the case where the initial data, is symetric an large enough.

Let us notice that in the case where » =1 we have shown

for our problem that the semi discrete solution exists
globally, and is bounded from above by one (see theorem,

below...). In [19] , the author has shown that the solution of
a discrete form of the Ug(X,t) =Uyy (X, 1)+ u2(X,t)

with dirichlet boundary conditions and large initial data
blows up in a finite time converges to the real one when the
mesh size goes to zero. In [2], semi discrete and discrete
schemes have been used to study phenomenon of extinction
(we say that a solution extincts in finite time if it reaches
the values zero in a finite time). Our paper is written in the
following manner. In the next section, we give some results
about the discrete maximum principle, we give some results
which will be used later, in the third section, under some
assumptions, we show for small diffusion, the solution of
(4)-(6) blows-up time converges to one when the parameter
$\gamma$ tends to zeros we also show that for large
diffusion the solution of (4)-(6) exist globally and is
bounded from above, in the fourth section, we prove that
the case where blow-up occurs, the semi discerete blow up
time convergences to the real one when the mesh size goes
to zero. Finally, in the last section, we give some numerical

results to illustrate our analysis.

2- Properties of semi discrete problem
In this section, we give some lemmas which will be used

later, we prove some results about the semi discrete
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maximum principle and reveal certains properties

concerning the operator 52.

Lemma 2.1
Let ay c%qo,m1.0 "y and tet v, @ <l 1,0

such that
:tVi(T)_752Vi(t)+ai(t)Vi(t)20, 1<i<l-1 te(0T) (7)

Vo®)20, Vv, ()20, te(0T) ®)
Vi(0)20, 0<i<| 9)

then we have V; (t) >0, 0<i<I, te(0,T).
Proof:

Let T0 <T and letm= minOsisI 0<t<T v, (t). Since for i €0,..., I, v, (t)

is continuous function, there exist tge[0,Tp] such that m=Vi (to)
for ige0,...,I. If ig=0 or ig=I,we have m>0.

For igel,...,I-Lit is not hard to see that

Sy <t0)=h|lnovi0“°)‘f0(‘““)go (1)
52Vi0 (t0)=Vi0 +1(t0)—2Vi2 2(to)+Vio —1(to)ZO )

Define the vector Zh(t):e’uvh (t) where
A is large enough that 3, (tg)—-A>0. A straighforward computer reveals that

dZjp(to) 2

i P ziO (t0)+(aiO (to)—A)ZiO (tg)20 (12)

We observe from (10)-(11) that
dz; (t

dt

2
<0and delt a®Z; (t,)=0.
ip' 0
Using (12) we arrive at
(aiO (to) - i)ZiO (to) >0, which implies that
Z: (ty)=0.
|O 0

Therefore V, (t,) =m >0 and we have the desired result.

0
Another form of the maximum principle for semi discrete

equation is the following comparison lemma.

Lemma 2.2

Let v, (1), U () eC.TLR'™) andg CORXR R)
suchthat forte(0,T):

AG du; (t

%—7 A () + (Vi (0),1) < d't()- 52U, (1) +
gU; .Y 1<i<l-1 (13)
Vo)< Uy (). V, < U, @) (14)
Vi(0)<U;(0), L<i<l, (15)

then we have
Vi(t)<Ui(t) 0<i<l, te(0,T).

Proof:

Define the vector Zh t) = Uh (3] —Vh (t).

Let ty be the first t >0 such that

Zi(t)>0forte (O,tO), i=0,..,I

but Zio (to) =0 for certain condition because of (14).

If iel, ..., 1 -1 we observe that
dz: (t.) Z: (t))—2Z: (th—k)
|0 0 _ lim |0 0 'O 0 <o,
dt k—0 k
Z. L (ta)—2Z. (ta)+Z. (t,)
i~+1%Y0 I\ 0 i~—1\0
527, (tg)=—2 02 0 >0,
0 h

which implies that
dZiO (to) ,
ot —yo ZiO (to)"‘g(uio (to)’to)

—g(V; (to),to) < 0. But this inequality
0

contradicts (13). The lemma below is a
discrete version of the Green’s formula.

Lemma 2.3
Let V, (t)and U, (t) two vectors such that U, (t)=0,

U, (1)=0, V,(t)=0, V, (t)=0. Then we have

Iiruiszvi - 'Z_l:hviazui.
i=1 i=1
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Proof:
A routine calculation yields

-1

o1l 5 ViU -U VY, +VUg -Ugy

h
and the result follows using the assumptions of the lemma.ll

The lemma below give us a property of the operator & 2.

Lemma 2.4
Let U, (t) be the solution of (4)-(6). Then we have

U (t)>0, 1<i<Il-1 te(0,T)).

Proof:

From lemma2.1, U, (t) >0, for te(0,T)).
Assume that there exist a time t, € (0, T,) such that
U, (t,) =0 foracertain i, 1., 1-1,

we observe that
dUiO (to) =lim Uio (tO) _Uio (to - k) <0
dt k—0
5U. (1) = U a(t) -2V i°2(t°) MUSIOR .
’ h
We deduce that
du. (t
%-752%0 (t,) <O0.

But this contradicts (4) and we have the desired result.
The following lemma reveals property of the
semidiscrete solution.

Lemma 2.5
Let U, e R'™ such that U, >0 then we have

5% fU,)> f'U,)sV,, 1<i<I-Ll.

Proof:

Apply Taylor's expension to obtain
2

! (U _U) n

521 (U;) =t (Ui)52Ui(t)+'+1—2' t(@)
2h
2
U -U))" _
+%f (ﬂl), 1<i< I,
2h

where b, is an intermediate value between
U; and U;_ , and 7; is the one between U;_, and U;.
Use the fact Uh >0 to complete the rest of the proof[]
The lemme below shows that if Uh (t) is the

solution of the semidiscrete problem, then

%Ui (t) is positive when i is between 1 and | —1.

Lemma 2.6
Let U, (t) be the solution of (4)-(6). Then we have

iUi(t)>o, 1<i<1-1.
dt

Proof:

Setting Wi (t)=%ui(t), 1<i< I -1, itisnot hard to see that

S ()= 703040+ £ U O ), (16)
Wy(®)=0W, (1)=0, teOT") 17)
W(0)20, 1<i<i-1, (18)

Let ty be the first t>0 such that W. (t)=0
o 0

for a certain i0 el,..., |1 -1
without loss of generality, we may suppose that io

is the smallest iO which ensure the equality, we get

dW; (t,) W: (ty)—W: (ty —k)
i 0 i 0 I 0
0 — lim 0 0 <0
dt k—0 k
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Wi 11(to) =2 (o) +Wi0—1(t0)

>0,
h2

2
oW (t,)=
'OO

which guarantees that

Mo SAN: (ty)- T (U; (t,)W 0

[ ; — . . < 0.
dt e |0( 0) ( IO( 0)) IO(tO)

Therefore, we have a contradiction because of (16).

The following lemma shows that the solution

Uh (t) of the semidiscrete problem is symetric and

st (Ui (t))is positive when i is between

0 and [%]—1. [IE] is the integer part of the number %

Lemma 2.7

Since U{Y >0 for t <0, Tj,
we observe that 5+Ud YO

Let ty be the first t>0 such that 5+U; ¥0>

for tp, ty but 5*0% ¥, =

for a certain /0 which is between
0 and [é]-1. As seen yet, i >0
without loss of the generality,

we assume that i0 is the smallest integer which

guarantees the quality. Setting,

Let U, be the solution of (4)-(6). Then we have for t € (0,T,") dZ,’( fé Z/( fé - Z/‘( fo -k
U_t=U,@), 1<i<l, —— = lim 0 0 <0,
| . at k—0 k
5Y(U, ()20, 0<i<[-]-1, forte(0,T,")
2 ) 2y 02 €l H2) 11
0 h
Proof: /
if 1£/0 S[E]—Z
Introduce the vector |//7 defined as follows
I/;)z‘:(,(/).t for 0</</. /
, ! , , and we know that if iy =[—]-1,
I/t is not hard to see that V/; ¥ /s a solution of 2
10). , Now define the vector 522/ gté :52(! /) f —52(U/ ] 1‘0):
Z, such that Z{¥ = @,(). V, t [l 5] [51-
/t /s not hard fo see that vy % p2- U)o +V)y Q)-U, &h+
» 51+ [5] 511 [5]
2 =BT g ¢ 2, 2 (8 -0k )
1<i</-1, 19) 51 [51- ,
Zgro= (@t =, e0) h
zp) =, Q1)
Using the fact that the discrete solution is symetric,
Where &} is ant  ermediate value between we have either U[ 1 +gt)=U [ﬂf_?r
UpY and( ¥, t It follows from /@mma 2 2
u t)=U (t),in both cases we find that
that Vi{¥ 0/, ¢ [;H) ([);1
Now let us prove that the second part of lemma.
Z[ /]_ 2( 1)
5= h
2
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the above inequality imply that Theorem 3.1
d 2

AU R AT
which is contradict becauseof(19) [

Let Uh be the solution of (4) - (6) and sup pose that

e . _ 2(1-cos(rh))
Lemma 2.8 V< o with "= h2 '
h
Let Uh be the solution of (4) - (6). Then we have for t in(O,Tbh) Then the solution U h blow - up ina finite time Tbh

1 141, .
Let Up and Uy inC([O.T1R™) which is estimated as follows Tbh < €
5T (U)ST (V)2 0and & (U;)8 (V) 20 €-a,7
2, 2 2 Proof:

U Since (O,Tbh) be the maximal time interval on which

Ui i

+ory_ Vi Yi :
where 6 (U;)=——"—— and 6 (U;)= L L
h IIUh(t) ll,, is finite, our aim is to show that

Proof: Tbh is finite and satisfies the above inequality.

A straightfoward computation yields .
g L Y Introduce the vector w(t) defined as follows

2
W25 UM = Upqvizz Uy + Uy Vg -

U U V) VU U

1-1 h
w(t) = _Zl tan(7) Sin(iﬂh)Ui t)
1=
UlVign V) vU¥2 UV + U, ) - V) Taking the derivative of w and t and usin g (4),

Vg UV HU; Vig) VU Ui

with f (U; (1)) =e
Which implies that we find that

52( uv =" v; )5+(V,-)(+ y U5V, +V/52 U,

. , 1-1 h -1 h U.(t
U sin g the assumption of the lemma. W=y .Zl tan(ﬂz)sin(i;rh)ézui ('[) n -zl tan (7;) sin(i;rh)e I( )
1= 1=

We obtien the desired result.
Due to lemma2.3 and the fact that 52 sin(izh) = -y, sin(izh),
3- Blow-up in the semi discrete problem we obtain

In the section, we choose f(U)=e" and U,(0) =0, . -1 zh Us (t)
W (t) = - yw(t) + X tan(—)sin(izh)e '
under some assumptions with respect to the parameter =1 2

and the initial data, we show that the solution U, of (4)- 1
. . - zh .
(6) blow-up in a finite time and estimate its blow-up time. A routine computation reveals that igltan (7) sin(izh) =1.

Our first result on blow-up is the following the theorem. Therefore, applying Jensen’s inequality, we arrive at

w(t)

W (t) = —yaw(t)+ e which implies that

w(t)

w®)>e"Wa- e, )
e

WWWw.jmest.org
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Theorem3.2

Let U, be the solution of (4)-(6).

h

h

Thenwe have T, >1

Proof:

Let i0 be such that Ui =1 Uh(t) ll,, we observe that

0
) UiO +1(t) -2U iO (t) +Ui0_1(t)
oU; (t)= 5 <0
0 h
du; O U (t)
whicih implies that d? <e 0|
-Ui (t)

that is to say e 0 dUi dt. Integrating this
0

inequality over (O,TS), we get TQ >1

Remark 3.1

Theorem 3.1 and 3.2 show that, the solution of the semi
discrete as a function of y and the initial data blows up in
a finite time Tbh bounded from above and below. If the
parameter of the diffusion y and the initial data goes to

zero we see that Tbh goes to one. It is not hard to see that

one is also the blow-up time for the solution of the
following differential equation

A@)=e*®, 2(0)=0,
Thus from 3.1 and 3.2, we prove a well-known result for
the continuous problem (see[12]).

The following result shows that the solution of the semi
discrete problem exists globally for y sufficiently large.

Theorem 3.3

If y zg then the solution Uy (t) of (4)-(6)

exist globally and we have.
0<U;(t)<4ih(1-ih), t>0, 0<i<I.

Proof:

Introduce the vector ¢, defined by
¢, =4ih(1-ih), 0<i< 1.

We have (p[,](t) <1. It is not hard to see that.
2

[A]
%‘752%:872829[2]29%' 1<i<i-1

Setting Z, (t)=¢,-U, (1), we find.

%_7522i —e50z.>0, 1<i< -1,

Z,(t)=0, Z,(t)=0.

From lemma 2.1, we deduce that

Z.(1)>0 for te(0,T)) that is to say

0<U,(t) <4ih(l-ih), t>0,0<i<I,te(0,T)),

this implies that T, =+ oo and the proof is completel]

Remark 3.2

The above theorem shows that for large diffusion, the
solution of the semi discrete problem is bounded from
above by one. We have seen that for large diffusion, the
solution of the semi discret problem exists globally and is
bounded from above. The following theorem reveals that in
this case it approaches its stationary solution as t goes to
infinity.

Theorem 3.3

Assume that the solution Uh (t) of (4)-(6) exists globally and is bounded
then Uh(t) goes to Vi, (t) as t approaches infinity

where Vi (t) is the stationary solution of (4)-(6).
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Proof:

Introduce  the  vector W, (t) such  that

W, (t) = ZGU J
defined by

) here G, is the discrete Green function

Lina—jh) if o<i<j<l
G =12

]

%jh(l—ih) if 0<j<i<l

Taking the derivative of W, (t) with respect to t and using

(4), a straightforward computation reveals that

d 1-1

aWKt):ZG” (752U ) +e '()) which implies
=l

dWi(t)
dt

that

=, (t)+zG e,

From lemma 2.6 U (t) is strictly increasing. On the other

hand, the last term on the right hand side of the above

prove the convergence of our scheme by the following

theorem.
Theorem 4.1
cos(@)
Suppose that y < —22 then the solution of (4)-(6)
Y
blows-up in a finite time
TQ which satisfies the following estimate
2

T s—izln -2

m cos(”—)

Proof: Introduce the vector W, (t) such that

Since (O,TQ) is the maximal time interval on which

Il Uh (t) l, is finite, our aim is to show

that Tl;‘ is finite and satisfies the above inequality.

Introduce the vector Jh (t) defined as follows

dy; U; () :
equality is bounded. Hence, we may conclude that Ji (t) C (t)e , O=isI.
dw, (t) - _ Where C. (0= ' h'sin(izh) with a, —2(1°S@) )
———= goes to zero as t approaches infinity. Setting | h
A direct calculation yields
U U. (t

NImU; (1) =V,. 30 =-4"-Ci®e (), o<i<l.

d;®) o ( ) 2

PR 122 y54d; — 54U (1) -
We derive the following equality V, = ZGijeV' which dt i) = 4 i)
= dc; (1) Ui (1) u (t) ( ) Ui (1)
——e 1 —Ci(e +782(Cy(e 1),
implies that
yoN +e" =0, 1<i<I-1
V,=0, V,=0, and the proof is complete. [
4-Convergence of the blow-up time
In this section, under some conditions, we show that the
solution of the semi discrete problem blows-up time goes to
the real one when the mesh size tends to zero. Firstly, let us
Www.jmest.org
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We observe that Ch(t) IS symetric and 8+Ci

is positive for 0<i< [%]-1.

It follows from lemmas 2.5,2.7 and 2.8 that
2~ Yivo~ Vi, U2

) (Cle I)che |5 Ui‘l'e I§ Cl

Use this inequality and the fact that

dc.

—L4§4C.=0 to obtain

dt '

dJ: d du; U. du;

I 2 i 2 i i 2
—=90°); >—(—-p0°U;)-Ce ' (—-y5°U;).
it 'dt(dt 106 (dt Sl
Taking in to account(4), we arrive at
E—Vé‘ JIZCIe \]I, 1S|S|—1,t€(0,Tb )

Obviously, Jo(t):O, Jl(t):O and Jh(0)20,

which applying lemmaz2.1,
we get Jh (t) > 0, which implies that
du, — :

“hedi <<l

—— 1 >sin(izh)e
” (izh)

2

It is not hard to see that oy <7n“ and

bl
sin( > )2cos(7). We deduce that

du 2, U
d—tk > cos(%h)e_” te "k which implies that

U _ 2
e I‘dUk 2cos(%h)e Ty, (22)

where k:[%]. Intergrating the above inequality

over (O,TQ),

. zh 1—87/ b

we arrive at cos(—)—2

_yr2T7h 2
e Tb Zl_Lh’

which implies that e
T
cos(7)

zh
cos(7) mz
—=5—,then1—————

2
T cos(ﬂzh)

2
the L ma-——27_,
b 2 zh

yr cos(T)

This implies that TQ is finite and we have

since y < >0, hence

the desired result[]

Remark 4.1

Integrating the inequality (22) over (t0 ,TQ ), and using the fact that
I Uy ® I, =U K (t) ,we get.

h_, -1
Tb —ty < 5 In(1-

“ cos(ﬂ—)
2

2 2 —J,_ (t)I
T
yZ/4 67 tOe h(o) oo).

h, 1
Since cos(%) > 5 , we deduce that

2
ol 22t —IU, (t)l
Tbh—tog—zln(l—Zyﬂze?/ 0 Unliglhe

124

) forte (O,Tbh.

The proof of the above theorem allows us to establish the
estimation of Remark 4.1 which is crucial to prove the
convergence of the semi discrete blow-up time.
Unfortunately, the result of Theorem 4.1 is not optimal to
determine the semi discrete blow-up solutions because of
the restriction on the parameter of diffusion $\gamma$.
Theorem 3.1 is more acceptable to have semidiscrete blow-

up solutions. In order to prove the convergence of the
semidiscrete blow-up time, we need to show that the

semidiscrete scheme converges, and state the result on the
convergence of the scheme by the following.
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Theorem 4.2

Assume that (1)-(3) has the solution u e C4'1([0,1]><[0,I]).

Then, for h sufficiently small, the problem (4)-(6)

has a unique solution U, (t) e cLo.11,R"Y such that,

A (e
MaX ot IIUh(t) Uy lo=0 (h") as h—0.
Proof:
Sinceu e C4’1, there exist two positive constant K

and M such that %s K, IU < K,eK*t <M. (23)
The problem(4) — (6) has for each h, a unique solution
U, e Cl([O,Tg],RHl).
Let t(h) the greatest value of t>0 such that
Uy, () —up, () lp<1,  for te(0,t(h)). (24)
Since the value of the term on the left hand side
of the above inequality is null when t is equal
to zero, we deduce that t(h)>0 such for h sufficiently small.
Let t*(h):min (t(h), T). By the triangle inequality,
we obtain
IIUh(t) o <U (x,t) lp + IIUh(t) —uh(t) lly,
for te (0,t% (h)

which implies that

IIUh(t) l,<1+K, forte (O,té(h)). (25)

Let e = Uh (t)—uh (x,t) be the error of discretization.

Using Taylor's expansion, we have,

2

d h ®

aei (t)—j/zel (t) :EUXXXX(Xi’t)+e ! ei (t),
1<i<1-1Lte(0,t3 ().

Where éi is an intermediate value between

Ui (t) and u(xi 1.

Using (23) and (25), we arrive at

%ei (t) — 7526 () < M | g (t) | +Kh?,

1<i<1-1 te,t2(M)y

Let Zh the vector defined by

L e(M +1t

Z;

(UE ~up (0) I, +KN?),

o<i<lI te(t(M),
A direct calculation yields

d 2 2

1<i<1-1te(0,t"(h)),

ZO > €q, ZI >e|, Z;(0)>e;(0), O<ic<l.
It follows from lemme2.2 that Z; >e, ()

for te (O,t*(h), 0 <i < I. By the same way,
we also prove that Zi >-e; (t) for te (O,t*(h)),
0 <i <, which implies that
U, () —up, (@) o< eM D!
+Kh?), te(0,t%(h)),

Let us show that t*(h):T. Suppose that T>t(h).
From (24), we obtain

U —up (0) I,

(M+D)t

1=lU, (1) —up, (©) o< e ||uﬁ—uh(0) Ny,

+Kh?), te(0,t2(h)).

Since the term on the right hande side of

the above inequality goes to zero as h tends to zero,
we deduce that 1 <0, which is impossible.

Consequently t*(h)=T, and we obtain the desired result/]

Now,we are in a position to prove our main
theorem of the section.

Theorem 4.3

Suppose that the problem(1)-(3) has a solution u which
blows-up in a finite time Ty such that

ue C4’1([O,l]><[0,l]). Under the assumption
of the theorem4.1, the problem (4)-(6)

has a solution Uy, (t) which blow-up in a finite time TQ

and the following relation holds  lim Th-1
h—»0 Db b
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Proof:

There exists a positive constant N such that

21
el
—12In(1-2;/772e7/ b y)<Q, for yin [N,+ ).
2
Y24
Since u blows up at the time Tbthen there exists a time T1

suchthat |T, |

Tb].

T +T,
Letting T, = 1 b

,We see that u is bounded on the interval [0,T2].

It follows from theorem 4.2
that the problem (4) - (6) has a solutionU h (t) which obeys

sup < N. Applying the triangle inequality,
tE[O,Tz]
we get U )], Huh H -HUh(t) uh(t)H00

which leads to HUh (t)H <N

fort & [0, Ty ]. From theorem 3.1, U, (t) blow up at the time Tbh .

We deduce from (26) and Re mark 4.1 that

h h nn
|Tb 'Tb |<|Tb 'T2 |+|T2'Tb |SE+E=7],

and we have the desired result. ]

5- Numerical Experiments.

In this section, we give some computational experiments to

U i(n+1) U i(n)

Aty
1<i<|

1 1
(n+ ) _ I(n+ ) _ 0

ui0=¢|=o, 0<i<l.

U _(n1+1) _ou(MD) Ly (D) )
=y Ik I [ P ,
h2

Au(y
Where n >0, Aty —h% N ™ and
* . h2 n n-1
Atp=min{— Atn}, t =3 At
2 J:O

The explicit scheme may be written as follows:

(n) 2U (n) U(n) U_(n)

Ui(n+1):Ui(n)+Atré}(y i+] 2 1ol ),
h
Ui(n+1>=ui(n>+mt2%ui(n) 28t (), 7Atnu(n)
vt 2 i 2
h h h
. ulm
+Athe T,
U(n+1) VAtn uM 1- 27Atn U(n) J/Atn U(n)
2 it 2 .2 i
h h h
u

+Atr§}e o
(n) _ (n) _
U0 =0, U, =0,

(D) At )y (o 2t ) (n)
Fori=1, U; _h—z(u2 Y+ 1 ~7 Uj

A'[?.1 n
+7h2n (U(g ))
. ulm

+Atde 1 or U(()n):Othen
) (28 ) () AR ()
Fori=1 Up "~ =|1 2 U7 +—=-Us ")+

confirm the theory developed in the previous section, we U(n)
do 1

consider the following explicit scheme Atne '
U-(n+1) —U-(n) U( ) 2u( ) (n) U_(n)

| ; L, i+1 "1+e' C1<i<l]

Aty h2

ulW =0, UM -0

O ' | 1
ud=4 =0, osisl,
And the following implicit scheme
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() A () 28 ) ()
For i=2, U2 _h—z(u1 )+ l_hT U2 +

a . ul)
yﬁtzn uiM)+atle 2,

For i=3, Uénﬂ) =7/if(U§n))+[ thnJ ul

un)

7Até n 5
20 i)+ atde

h2

3 5
Fori=1 -1, UMD 78 (M) 42786 |, (n)
14 =72 Y 2 Vi-

a U( )
+@(U(n))+mne -1 or U(n) 0 then
h

Fori=1-1, UMD AR () () [ 2@5] o™

u(n)
+At e "1

Lead us to the linear system below

U(n+1) AU() (F(n))_ where Aisal x| tridiagonal
i

matrix defined as follows

_ 2pAtd N

. Atd N
with a0:1—27 5 boz 5 i=1..,1-2,
h h
a
cozyAtZ” =111,
h
(n) . ulm _ _
( ) th g7 and A a three-diagonal matrix
verifying thefollowing properties:
At
Aj=1-20
' h
]/Atn .
and ﬁ—ll '%|+1’ 2<i<l| -2
so that A .
APz ZA

It follows that Ur(] ) exists for n > 0. In addition,
since Ur(10) IS non negative,

Ur(]n) is also non negative for n > 0.

1 o o
h2 h2
IALH 1 2)Ats At o
h2 h h2
A= o} .0
J/Atrén
h2
o o Ath , 2yAth
h2 h2
implies that
ag by O - O
Co 3o b0 (0]
A=l 0 -~ IR
Po
(0] (0] ¢ 3g
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According to the implicit scheme, it may be written in the following form

(n+1) (n+1) | (n+)) (n)
- U; +U; U
U|(n+1) U(n)+Atn(}/ i+1 . i-1 sel )
h
At -2yt At
oo B 0. P 3
h h h
u(®
+Atpe , or
20 (n4]) Aty (D) Aty (n4d)
1+7)Ui —7U._
h2 h2 i+l h2 -1
ul
:Ui(n)+Atne b or
Aty (n+) 2)At, (n+1) }’Atn (n+1)
UM T (L —— U
h2 i-1 h2 [ h i+1
ulm
:Ui(n)+Atne' , with
(n41) (n+1)
Up 7=0 U 7=0
Mty (n+)) 2yt o (n+1) Aty (n+])
Fori=1, —h—ZU0 +(1+ h—z)u1 h2 —-Us
u(m
U s atge L
(n+1)
or U0 =0
then
For i=1, (1 2D 1Ay 04D
h h
um
U s atge L
- Aty (n+1) 2ty (n+]) At (n+1)
Fori=2, - h2 U (+hT)U2 _hT
u)
Ugn)mtne 2
. Aty (n+1) 2yAty (n+l) Aty (n+1) _
Fori=3, _hTUZ +( +h—2)U3 h2 U
uln
U§”)+Atne 8

Fori=l-1 /Ay (M, (+27ﬂ)u(”+1)_mj (n+) _
b2 =2 2 I 2 |
h h h
u()
Ul(rl)1+Atne -1 orU(n+1)=o then
P YAty (n+1) 2/, ()
FOI’I—I—l —h—z [—2 (+ h2 )Ul—l =
u()
n _
Ul(_)1+Atne -
lead us to the linear system below BU(n+1) =E,

where B is a IxI tridiagonal matrix defined as follows

1+2% —% 0 0
ICRIPY .
h h h
B= 0 ' '
AR
h
0 0 —% 1+2%
implies that
G, & by O
B=0 . .~ .
: S o X

with a, = 1+27/ﬁt Oz—yﬁ:”,

AL,
Cp=— 2 )
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and B a three-diagonal matrix verifying the following properties:
_ YAty _

2<i<12 sothat (B); ; 22|(B)ij|. It follows that Uﬁn) exists for n > 0.
1 I]_J ),

(B)ii:(1+27m”j>o, 0<i<land (B)q;=1=0=(B); 4120,

) 1
First case: =—
7 10

Table 1: Numerical blow-up times, numbers of iterations,

CPU times (seconds) and orders of the approximations

In addition, since UEO) iS nonnegative, Ug]) is also nonnegative for n > 0.obtained with the explicit Euler method.

We need the following definition.
Definition 5.1

The discrete solution Uﬁn) of the explicit or of the implicit

scheme blows up in a finite time if _lim 11U o=+
n—+oo h
. too +00
and the series ZOAtn converges. The quantity ZOAtn
n= n=

is called the numerical blow-up time of the solution Uﬁn).

In the following tables, in rows, we present the numerical
blow-up times, the numbers of iterations n, the CPU times
and the orders of the approximations corresponding to
meshes of 16, 32, 64, and 128.

n-1
We take for the numerical blow-up time t, =2Atj
j=0

which is computed at the first time when

At, =T,

n

..~ T.|<107® . The order s of the method is
computed from
. |Og((T4h _TZh) / (T2h _Th)) |
log(2)
Numerical experiments

For f(UM)=e"", U@ =¢ =0, Here, we take

[ th n temps CPU | S
16 |1.235838 8442 — —
32 [1.234929 | 32669 — —
64 |1.234708 | 125123 1 2.04

128 | 1.234655 | 483657 8 2.04
256 | 1.234642 | 1851864 72 2.04
512 | 1.234639 | 7083689 483 2.03

Table 2: Numerical blow-up times, numbers of iterations,
CPU times (seconds) and orders of the approximations
obtained with the first implicit Euler method

I t" n temps CPU | S
16 |1.238175 8460 1 -
32 | 1.235513 | 32595 1 -
64 |1.234854 | 125248 2 2.02

128 | 1.234691 | 480080 11 2.01
256 | 1.234651 | 1835541 83 2.01
512 | 1.234641 | 6999689 625 2.00

Second case: y = 1
50

Table 3: Numerical blow-up times, numbers of iterations,

. h? h? . CPU times (seconds) and orders of the approximations
At, =min{——,——=—} for the explicit scheme and _ _ o
4N dUn- obtained with the explicit Euler method.
2
At = ——— for the implicit scheme
n é'U( )
h "
WwWw.jmest.org
JMESTN42352527 8719



Journal of Multidisciplinary Engineering Science and Technology (JMEST)
ISSN: 2458-9403
Vol. 5 Issue 10, October - 2018

I t" n temps CPU | S
16 |1.004838 | 8082 - =
32 |1.003633 | 30920 - -
64 |1.003636 | 118139 1 1.99

128 | 1.003627 | 450231 2.00
256 | 1.003621 | 1711544 69 2.00
512 | 1.003820 | 6490830 446 2.00

Table 4: Numerical blow-up times, numbers of iterations,

CPU times (seconds) and orders of the approximations

obtained with the first implicit Euler method

I t" n temps CPU | S
16 |1.006768 | 8012 - -
32 |1.004548 | 30643 - -
64 | 1.004003 | 116966 1 2.00
128 | 1.003865 | 445465 10 2.00
256 |1.003830 | 1692245 75 2.00
512 {1.003822 | 6410389 573 2.00

Third case: y = 1

Table 5: Numerical blow-up times, numbers of iterations,

CPU times (seconds) and orders of the approximations

100

obtained with the explicit Euler method.

Table 6: Numerical blow-up times, numbers of iterations,

CPU times (seconds) and orders of the approximations

obtained with the first implicit Euler method

I t" n tempsCPU | S
16 |1.002217 | 7988 1 -
32 |1.000613 | 30528 1 -
64 |1.000216 | 116434 2 2.02
128 |1.000117 | 443029 11 2.01
256 | 1.000093 | 1681313 75 2.00
512 | 1.000086 | 6362082 563 2.00
Fourth case: y=——
1000

Table 7: Numerical blow-up times, numbers of iterations,

CPU times (seconds) and orders of the approximations

obtained with the explicit Euler method.

I t" n tempsCPU | S
16 |1.001653 8064 - -
32 [1.000413 | 30836 1 -
64 |1.000103 | 117662 1 2.00

128 | 1.000026 | 447926 8 2.00
256 | 1.000006 | 1700844 59 2.00
512 | 1.000002 | 6439966 437 2.00

Table 8: Numerical blow-up times, numbers of iterations,

CPU times (seconds) and orders of the approximations

obtained with the first implicit Euler method

I t" n temps CPU | S I t" n temps CPU | S

16 |1.001804 | 8066 - - 16 |1.001954 | 7986 - -

32 |1.000499 | 30843 - - 32 11.000488 | 30522 - -
64 |1.000179 | 117686 1 2.01 64 |1.000122 | 116404 1 2.00
128 | 1.000103 | 448045 2.00 128 | 1.000031 | 442898 10 2.00
256 | 1.000091 | 1701423 59 2.00 256 | 1.000008 | 1680734 74 2.00
512 | 1.000086 | 6442522 444 2.00 512 | 1.000002 | 6359526 557 2.00
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Remark 5.1

In the case where the initial data is null, @, = 0, and the
reaction term increases as a function of

f (u) =e" it is not hard to see that the blow-up time of
the solution goes to one (Tables 1-8) when the value of y

decays to zero as we have shown in Remark 3.1.

In the following, we also give some plots to illustrate our
analysis. In Figures 1 to 4, we can appreciate that the
discrete solution blows up globally. Let us notice that,
theoretically, we know that the continuous solution blows
up globally under the assumptions given in the introduction

of the present paper.
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Figurel :

Evolution of the discrete solution, source

u
fu)=e ", y=1/10, ¢; = 0, =16 (implicitscheme)
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Figure 2:

Evolution of the discrete solution, source

u
fu)=e ", y=1/10, ¢; = 0, =16 (explicite scheme)
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