Journal of Multidisciplinary Engineering Science and Technology (JMEST)

ISSN: 2458-9403
Vol. 5 Issue 10, October - 2018

Analysis of the SIR epidemic model with time
delay and nonlinear incidence rate

Lijuan Wang
Faculty of Science, Jiangsu University
Zhenjiang, Jiangsu 212013, China
E-mail address: 1939310142@qqg.com

Abstract—This paper is concerned with an SIR
epidemic model with time delay and two different
general nonlinear incidence rates. Existence and
uniqgueness of the global positive solution,
extinction and persistence in mean of the
epidemic are established. Furthermore, We obtain
the threshold between persistence in the mean
and extinction of the stochastic system by
applying the It'o formula and comparison
theorem. Compare with the corresponding
deterministic system, The threshold of white noise
interference is smaller than the basic reproduction
number of deterministic system. Finally,
numerical simulations shows that time delay has
an important impact on the extinction and
persistence of the epidemic.
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I. INTRODUCTION

Infectious disease is an important way to carry out
theoretical quantitative research on infectious diseases
because of its infectiousness, which seriously
endangers people’s health and life, causing
immeasurable loss to human survival and national
economy. Therefore, the study of infectious diseases
has always been one of the objects of concern in the
community, the control of infectious diseases has
become an important topic in epidemiology. Many
scholars have established the corresponding
mathematical models by using the methodology of
infectious diseases. One of the important mathematical
models is the partition model, which is according to the
disease status of the individual classification. Based on
different  transmission methods, Kermack and
McKendrick are introduced into SIS and SIR model [1-
3]. Since then, a number of other relevant models have
been proposed to reveal the process of disease
diffusion and to provide some relevant control
strategies[4,5].

The incidence of diseases plays an important role
in the infectious disease model[6-8,12,13].More and
more scholars have studied nonlinear incidence which
it can more accurately reveal the transmission
mechanism of infectious diseases, the nonlinear

incidence rates £15(0L® d 20RO pave peen
a1+ (t) ay+S(t)

adopted in[7,12],respectively. On the other hand, time
delay plays an important role in the spread of
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infectious diseases, which can be used to describe the
changes of individuals in infectious diseases in
different periods. Therefore, many models of infectious
diseases by using differential equation of nonlinear
incidence rate and time delay of the two, so it can
make the model better reflect the propagation of
diseases, more realistic, so as to prevent and control
diseases and provide targeted measures [9-11].

However, in the natural environment, the infectious
disease model is always more or less affected by
environmental noise [6,14-18]. Therefore, we consider
the interference of environmental noise to the
infectious disease model in this paper, and establish a
stochastic model to predict the system dynamic
behavior.

In this paper, we propose a new stochastic
differential equation model with time delay and two
different nonlinear rates, and prove the existence and
uniqueness of the global solution, extinction and
persistence in mean.

Il. MODEL
ANALYSIS

ESTABLISHMENT AND  THEORETICAL

In this paper, We propose a stochastic SIR model
with two different nonlinear incidence rates and time
delay. We assume that the contact rates in the model
are disturbed and the interference can be described as
white noise: B; = B; + 8;B(t)(i = 1,2). Where B(t) =
(B4 (), B,(1)) is the standard Brownian defined in a
complete probability space and §;(i = 1,2) is noise
intensity. Thus, we establish SIR model in stochastic
differential equations:
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_ BRSO (t)  BAk)S(E)](D)
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+yili(t — 1)e ™ 4y, L (t — 12)e"2)dt
_6(k)S(OL(t) 8x{k)S(D) I (t)

Uy + I (t) po +S(t)
dI(t) = (M —(d+a + yl)ll(t)> dt

dB,(t) — dB,(t)

py + 1;(t)
{ 81 (k)S(O)1(t) (€]
py + 1,(0) 4B, (0)

dl,(t) = (w —(d+a,+ yz)Iz(t)> dt

pz +S(t)
8,(k)S(£) 1, (¢)
ta +S(8)
dR(t) = (y111() + y21,(t) — dR(t) — y1 1 (t — 71)e™ ™
—L,(t — 15)e"%%2)dt

Where A is the total input population size, S(t)
stands for the number of the individual susceptible to
the disease, I,(t) and I,(t) represents the total
population of infectives infected with virus A, and A4, at
timet ,respectively. R(t) denotes the people who is
immune to diseases. d is the natural death rate of
population, (k) is the average degree. a; and «a, are
the death rate due to diseases, y; and y, are the
immunization rate of I, and I,, B; and B, are the
contact rates, respectively. 7;(i = 1,2) is the length of

: : : B1S(O)11(t) B2S(H)Ix(t)

immuni riod. represents th
unity period (D S () epresents the

different types saturated incidence rates, where u;

and u, are the half-saturation constants.

dB,(t)

Throughout this paper, we let (O, F,P) be a
complete probability space with a filtration {F;};so
satisfying the usual conditions which are increasing
and right continuous while F, contains all P — null
sets. In addition, B;(t)(i =1,2) is the standard
Brownian motions defined on the complete probability
space and R} = {x e R"|x; > 0,1 <i <n}.

A. Existence and uniqueness of the global
positive solution

Theorem 1. For any initial solution S(0), I;(0), I,(0),
there exists a unigue positive solution (S(t), I, (t), I,(t))
of system (1) ont = 0, and the solution will remain in
R3 with probability one for all t > 0.

Proof First we set inf@ = oo (@ is an empty set). Since
the coefficients of system (1) satisfy the local Lipschitz
conditions, then for any initial
value ( S(0),1,(0),1,(0)) € R}, there exists a unique
solution on t € [0,7,) , Where t, is the explosion time.
In order to show the solution is global,we only need to
prove t, = co almost surely(a.s.).To this end, let k, > 1
be enough large so that S(t),[;(t) and I,(t) all lie
within the interval [1/k,, k,]. For every integer k > k,
,we define the stopping time

T, = inf{t € [0,7,)|S(t) € (1/k,k) or I;(t) & (1/k ,k),i
=12}

Clearly, 7, is increasing as k- oo . let 7, =
limy,_, 7y ,Whence 7., <7, a.s. If t,, = 0 a.s. is true,
then 7, = coa.s. and (S(t),1,(t),I,(t)) € R} a.s. for all
t = 0. If not, there exists a pair of constants T = 0 and
e € (0,1) such that

P(t, <T) > ¢
Define
S
V(e L, L) = (S —a—aln E) + (U, —1-1Inl)

t

+ (I, —1—Inl,) +y,e %% f I,(s)ds

t-14
+yeee |
t

where a is a positive constant.

t
I,(s)ds

-7y

By applying the It"o formula we can get
a
282

1 ) 1 1 )
+a @)+ (1- E) dly + 5 (@)

(dS)? + (1 —11) dl,

1

dv(s, Iy, 1,) = (1 - %) ds +

+yihe @ —y I (t — 7,)e "4

+y2le” %2 — L (t — 15)e "%

8:(k)S(I; — 1)
1+ 14

dB,(t)

= LV(S,Il,Iz)dt+
6,(k)S(l, — 1
N 2k)S(; — 1)

pa +S
_ 6k} (S — )Ly

bt
5,0 = D

pa +S

dBy(t)

dBy(t)
dB, (1)

Where

Br(k)S () (t)
p + 1 (2)

+ ¥ (t —1)e ™

LV(S 1, 1) = (1 - g) (A —ds(t) — —
 BARISOLO)
pz + S(t)
+¥2l,(t — Ty)e" 4%
g( 5212 (k)? 6§1§<k>2)
2\ + 1?2 (up +5)?

1\ [ B {k)S(O)(T)
+(1‘E)< b + 100

-(d+a + Y1)I1(t)>

.\ ( 1) (ﬁz(k)S(t)Iz(t)

1——
L pz +S(t)

—(d+a; +y2)1(0)

1(51252(k)2 S%(k)? )
2\(uy +1)% ° (up +5)2

+yilie @ —y L (¢ — 7)™
+y2le74%2 —y, L (t — 1,)e 4"
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Then we obtain

51(k)5(11 - 1)
av(s, 1, L) < Kdt + ——=
vz U+

52<k)5(12 B 1)

by +S
_ 8:(k)(S — a)];

u o+
B 8,(k)(S — DI,

by +S

dB, (t)
dB,(t)
dB,(t)
dB,(t)
Integrating both sides from 0 to 7, AT and taking
expectations yields

EV(S, I, 1) < V(S(0),1,(0), ,(0)) + KT

K is a constant. We set Q, ={ 1, < T} for any
positive k > k, ,then P(Q;) = ¢, and there is at least
one of (S(ty, v), I, (1, v), I,(ty,v)) equals k or 1/k for
every v € Q. Thus, V(S(ty,v), I (ty, v), I, (T, v)) iS nO
less than either min{k — 1 — Ink,1/k — 1 + Ink}.

Therefore, we get

STk, v), [ (Tk, ), L (Ths V)
>k —1—-Ink]A[1/k — 1+ Ink]

Then, we obtain
V(8(0),1,(0),1,(0)) + KT

> E[lo, V(S(ti, 1), I (T, v), I (T4, 1))
> e[k — 1 — Ink] A [1/k — 1 + Ink]

Where I, is the indicator function of Q,, then let
k — oo, we can get

0 > V(S(0),1,(0),1,(0)) = o

Which is a contradiction. Hence, we get 7, =
c0.The proof is completed.

B. Extinction

Lemma 1 Let (5(¢t),I;(t), I,(t),R(t)) be a solution of
system (1) and (S(¢),1;(t), I,(t), R(t)) € R ,then

t §15(1) t §,5(7)
- lopprn,@*B1® - JopzrsB2(®
lim;_, o - =0, lim;, ;¢ . =0,
t
i 51S(1)dB4 (1)
11mt_,+c,(,I°171 =0, a.s.

t

Proof The proof is similar to that in Chang etal.[19]
and hence is omitted.

For the sake of simplicity, we define (x(t)) =
1 pt .
;fo x(s)ds . In addition
t t
d(h+yle““1j Il(s)ds+y2e“”2j 12(s)ds>
[ -1

= A - dS - (d + al)ll + yl(l - Tl)e_dT111 + (d + az)lz
+y.(1 - Tz)e_dT212
Therefore, we can get

A—(d+a, +y,(1—1,)e™ %)

(s(0) = -

()

et 0ot o ) e @

Where h = S(t) + I, (t) + L,(0);

S+ L(@®) + L(©) + R(D)
t

t _ t
e, 1(8)ds .\ yae 4% ft_rz I,(s)ds

t t
S(0) +1,(0) + 1,(0) + R(0)
t
yie 4" f_oT1 L(s)ds y,e ™ f_OTZ L(s)ds
t t

o(t)

V1e_d11
+

Let

s PaAk)  8TAMK)?
V7 api(dtai+y:)  2d2pZ(d+ag+y)’

. B2A(k)
27 (dup + A+ ar + 1)
82A%(k)?
- 2(dp, + A)*(d + ay +v14)
Where R;(i=12) is the
stochastic system (1).

Theorem 2 Let (5(t),[;(t), I,(t), R(t)) be the solution
of system(1) with initial value(5(0), 1,(0), 1,(0), R(0)) €
R%. Then

thresholds of the

V2B;
lim I if 8 > ———,i=12.
(a)t_{rlqoo L(t)<01f6l>2(d+ui+yi) i
. . * 2uifi -
(b) lim I(t) = 0if R} <land &; > ﬁ =1,2.

Furthermore, tliT (S)) = g.a.s.

Proof (a) Using It"o formula to system (1), we get

dints (¢) = PHS® 8ES* Ok
DR VENAG) 2(uy + Il(t))z
81(k)S(t)
—(d + (Zl + yl)dt + mdBl(t) (3)
< (\/EB1 —(d+a + ))dt+MdB ®)
=28, 1th PENAC .

Integrating from 0 to t and dividing by t on both
sides, then

Inl, (t) 2B, M;(t) Inl(0)
< —(d
T (d+a,+y)+ . + ;
Where M, (t) = ft 850 ;g (t). By Lemma 1, we
! 0 py+ny () PN ;

know that lim,_, , ¢, MO _ o as.

Since §; >&,taking the limit superior of

2(d+p1+v1)

both sides yields
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V2B,
26,

lim sup <0,a.s.

t—+o

Inl, (t)
t

S—[(d+a1+yl)—

Similarly, we obtain

_(Bafl)S@®)  63SP(0)(k)?
dinl,(t) = <M2 5O 2+ S(t))z) dt
8,(k)S(t)
—(d + a, + ]/Z)dt + mde(t) (4)

Integrating from 0 to ¢ and dividing by t on both
sides, then we can get

Inl,(t) V2B, M,(t) Inl,(0)
— < —=_(d - -
t = 26, (d+a+y2)+ ¢
ot 8,5(D)
Where M,(t) = |, —u2+S(t)dBZ(t) , and
1imt_,+ooMzT(t) =0 a.s.
; V2B, ; . :
Since §, > —————then taking the limit superior of
) 2(d+uz+y2)
both sides leads to
. Inl,(¢) V2B,
tl_l)grnoosup : <—-|d+a,+y,)— 20, <0,a.s.
Theorem 2 shows that when §; > VB
2(d+ui+yi)

the two infectious diseases of system (1) die out
almost surely, that is to say, the large white noise
stochastic disturbance can cause the two epidemics to
go to extinct.

This completes the proof.

Proof (b) For both sides of (3),integrating from 0 to t
and dividing by t yields

Inl, (t)
t
pi(k)A 512A2(k)2 M, (t) Inl,(0)
< — _
<=d d+a, +v,) 20210 . + .
B1A(k)
=d+a; +
( ! h)(dlﬁ(d +a;+v1)
57 A% (k)? D+ M, (t)  Inl;(0)
2d2u?(d + a; +y1) ) t t

Since R; <1land &, > /% then taking the

superior limit leads to

lim (S(t))
t—+o0
A dta+y,(1-1)e 2
=3~ 7 t1—1>£—noo(12 )
(d+a; +y,(1—1)e %)

- Jim (1,(©) = lim (t)

i =4
Then tETm(S(t)) =-.as.

C. Persistence in mean

Theorem 3 Let (S(t),1,(t),1,(t)) be a solution of
system (1) and(S(t), I, (t), I,(t)) € R3,

a)i >1,R, <1 an < [———=then ;IS
(@ if R;>1,R; <1 and &, 232%‘:“‘)th L

persistence in mean and I, go to extinct. Furthermore,
Jim inf(1; ()
- du(d+a; +y)(Ri — 1) as
B .Bl(d +a+y.(1- e_drl)) +dd+a+y)

(B)if R;>1,R; <1 and §; < /% then I, is
persistence in mean and I; goes extinct. Furthermore,
du, + A)(d + a, + R; -1
lim inf(L,(t)) = (du, )( 2 +V2)(R; )
toeo Bo(d + az + 7y, (1 — e~d72))

,a.s.

(©)if Ry >1,R; > 1,then I, and I, are persistent in
mean. Furthermore,
t“‘P inf(l,(t) + I,(t))

[u:(d +a; +y) (R — 1)
max
+(d+a, +y,)(R; —1)] > 0,a.s.

Where
_ B2d )
P = max{(k (B, + ey
(d+a, +y.(1—e¥)(d+ ay +71)

d
Bod )d +a; +y,(1—e9%)
() (ﬁl +;12d+A d
Proof (a) By Theorem 2,we can get 0 < I,(t) < (0 <
&g < 1),then
A—(d+a, +y,(1 —1,)e 4%
(@) = ( 2 ]{’12( 73) )8

(d+a; +y,(1—1y)e™ )

=

(I, ()

An application of It"o formula yields

d(uqInl, (t) + 1,(t))
= [B(k)S() —pi(d+ a; +y) —(d + ay +y) (1)

. Inl,(t) . 262 2
Jlim_sup i <@d+a;+y)R -1 <0 _M]dt + 8,(k)S(t)dB, (t)
hich imoli 2(,“1 + Il(t))
Which implies > [B{(k)S(t) — uy(d + ay +v1) — (d + &y + )1, (t)
: _ 52A%(k)?
Jlim 1,(6) = 0 ®) _12”—22)]dt + 8,(k)S(t)dB, (t)
. 1
Similarly, we also can get Integrating from 0 tot and diving by t on both sides
tliﬂn L(t) = 0 (6) leads to
Inl;(t) — Inl; (0 L(t)—1,(0
Observing (2), (5) and (6),we obtain pa Il )t nh(0) + 10 ‘ 10
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= Bi(k)S(t) — py(d + g +v1) — (d + ay + y )L (1))
57A%(k)*  Ny(t)(k)
C 2u,d? t
(A= (d+a;, +y,(1 —1)e"%72))e
dus(d + ay +v1)

= u(d+a; +y)l

. 5242(k)? )
A )_2H1d2(d+“1+}’1)_ ]
o L) Fd+a 4]

d(d+ a; +y,(1 — e—d71))

) - /fl(k) o6+ N1<t><k>

Let € » 0, the above mequality can be written as
follows

(1)
> @+ o+ (R - D - g + O
 iwOnh(®) = nL(0) L) —L(0)
t t
i+ a + (R - 1) - g ¢ O
_ mnh® 5040, o<1
N i+ a+ (R = 1) = g ¢ O
3 yl(lnll(t)t— Inl,(0)) Il(t) 11(0) L =1
Where h; = pudi(atartr(i-e7n)) +(d+a +v0),

d
N, (D)=[; 6,5()dB, (7).

wm(d+a; +y1)

A (R;—1),a.s.

tl_i)r+nminf(11(t)) >
(b) Similarly, we have

A - (d + 0.’2 + yz(l - Tz)e_drz)

2 42(1,)\2
ﬁz(k)A 85 A%(k) [t a )+ N, (£){k)
duz +A A
2(k2 +7)
ﬂz(k)‘P(t) ﬁz(k)A(d +a; +y,(1- Tl)e_drl)
du, + A du, + A
BoAk)(d + ay +y,(1 — Tz)e_drz)
- e (L)
Lete — 0, then
(L ()
1 N, (t){k
> [+ @+ (R — 1)+ 2
BAk)p(t)  Inl,(t) — Inl,(0)
B du, + A B t
1 . Ny (6)k)  Balk)o(t)
h_z[(d+a2+)/2)(Rz—1)+ " - du, + A
_ l"’i(o), 0<L(t) <1
>
T2 . Ny ()k)  Balk)o(t)
ol b ) (R = 1)+ =2 -
3 Inl,(t) ; lnIZ(O), L) = 1
Where
h2 _ Bz(k)(d+a2d+u];2i;—rz)e 2)’
t
N,(t) = f 6,5(t)dB, (7).
0
Therefore,
tljr}lwinf(lz(t)) > (d-i'(;’l72+]/z)(R; —1),a.s.

(c) Define V(¢) = uinly (8) + 1(8) + Inkz (1)
dv(t)

S52A%(k)?

2 | Bull)S(®) = (u + h(D)(d + ay +71) - T(d)] ‘

k)S(t) 62S2(t)(k)?
()= : (L)) o.0S(B,(e) + (S _ 8% )<A i
(d+a; +y;(1—1,)e"4™) H2 g 2(#2 +H)
- €
d 8,(k)S(t)
By It"o formula, we get —(d +az +y;)]dt + 1+ S(t) dB, (1)
Make integral from 0 to t and divide the two sides
2¢2 2
pat+g 2 (uz + 3) V() V()
t t
S,(k)S(t
(d+ay + e + 2850 g oy 52 A% (k)?
Ha +SCE) 2 ilk)S® = (1 + HO)A +a +72) ==
Make integral from 0 to t and divide the two sides !
by t yields M (£)(k) LN (k) Bilk)p(t) B lk)p(t)
Inl,(t) — Inl,(0) t t d duz + 4
t
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+ﬁz<k>(51(4t)) Cdta,+7y)
M2t
85 A%(k)? 0,(k)S(t) 4B, (6)
2

C2(duy + A2y +S()

- ﬁ1A<k)+ PoASk)  87A% k) 83A%(k)?
- d du, + A 2u,d? 2(du, + A)?

—(d+a;+ydu —([d+az +v2) +M
k
+% - hmax[(ll (t» + (12 (t))]
_Bulk)e(®)  Bylk)e(t)
d du, + A
The inequality can be rewritten as
(L) + (L))
1 BiAk) | B Alk)  6PA%k)*  63A%(k)?
Tt 4 At A | 2 A 2du + AP
No(t)(k)  (Bilk)  Balk) V() V(0)
T ‘( a +du2+A)(p(t)_ = T
v - @t g ) + O

Taking the inferior limit of both sides yields
thin inf(l (t) + L,(t))

1
Zh [ur(d +a; +y)(R; — 1)

max

+(d+a,+y,)(R;—1)] >0,a.s.
This completes the proof of Theorem 3.
I1l. NUMERICAL SIMULATION

In this section, we discuss the density changes of
I,(t), I,(t) and R(t) are in different immune time in the
homogeneous network through numerical simulation.
In order to carry out the simulation model better, we
construct a homogeneous network with a population
number of 9 x 10°.

Choose the parameters in system (1) as
follows: A=1,u, =09,u, =0.9,d =025, =
0.58, ﬂz = 0.78, aq

=01,a, =0.1,y, = 0.1,y, = 0.15,8, = §, = 0.

Fig. 1. The density of I, (t) under different 7,

Figure 1 shows the changes of I, (t) under different
7;. From the figure we can see that the smaller of z,
the shorter the time for I, (t) to reach its peak, and the
smaller of t;, the greater the peak of I,(t). After I,(t)
reaches its peak, it decreases gradually and finally
tends to a stable state.

Figure 2 discusses the density of I,(t) under
different 7,. By observing, we can find that the larger
the 1,, the slower of I,(t), the smaller the peak. then
the gradual stability after the peak of I,(t). From this
we can conclude that I,(t) is negatively correlated
with , before reaching the peak.

3

25
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0 10 20 30 40 50 60 70 80 80 100

0.8
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0 10 20 30 40 50 60 70 80 80 100

Fig. 3. The density of R(t)under different 7, and 7,
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Figure 3 describes the changes of R(t) with
different 7, and 7,. From the graph, we can see: with
the increase of t; and 7,, R(t) also increases, and then
reaches the peak value. At last, it tends to be stable. In
addition, we find that when R(t) reaches the stable
state, the larger of 7, and 7,, the greater of R(¢) in the
stable state.

IV. CONCLUSION

In this paper, firstly, we propose a new stochastic
differential equation model with time delay and two
different nonlinear rates, then we complete the
theoretical proof and numerical simulation. Finally, we
draw the following conclusions:.

1) under the great noise interference, the two
diseases of System (1)eventually tend to become
extinct.

2) Before reaching the peak, the individual density
of the two diseases was negatively correlated with the
length of the immune period. After reaching the peak,
the density of I;(t) gradually descends and tends to
be stable, and the density of I,(t) gradually tends to
be stable after reaching the peak. So in order to better
control the disease, we should appropriately increase
the length of the immune period.

3) The density of the immune individual is
proportional to the immune time, which shows that the
appropriate increase of the immune time can
effectively control the disease.
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