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I.  INTRODUCTION 

Nowadays, dielectric structures (coatings) are used 
in high-speed telecommunications systems with the 
help of which it is possible to improve their various 
characteristics: to reduce the effective scattering area 
(ESA) [1-3], to increase the frequency and angular 
selectivity of filtering devices, and to improve the 
quality of the matching. 

 In determining the diffraction field, the main 
difficulty is to determine the tangential component of 
the field at the diffraction object. This field is 
determined on the basis of physical considerations or 
from the solution of integral equations [4,5]. In the first 
case, due to the errors in physical representations, the 
accuracy of determining the field in the far zone, and, 
consequently, in the ESA, can be quite low. When 
using integral equations, it is impossible, as a rule, to 
obtain analytical solutions. Therefore, the results 
obtained by numerical methods are mostly private and 
do not allow to analyze the scattered field completely. 

When solving diffraction problems, when the 
wavelength is much smaller than the dimensions of the 
reflecting body, acceptable results are obtained by 
determining of the tangential component of the field in 
the approximation of the theory of plane-layered media 
[4-6]. However, in this case, when the number of 
layers of the dielectric structure is more than one, the 
problem of the field determining becomes too 
cumbersome. 

 The aim of the article is to determine the chain 
model of dielectric structures in the approximation of 
the theory of planar media with an arbitrary number of 
layers. 

 The solution of this problem is based on the 
transformation of Maxwell's equations into a system of 
telegraph equations of long lines and the use of the 
four-terminal network theory to determine the various 
electrical characteristics of a dielectric structure. 

II. SURFACE RESISTANCE OF LAMINATED COATING 

Suppose that a plane homogeneous wave is 

incident at an angle 𝜑0 to the interface between two 
media (Fig. 1). 

Electromagnetic field, varying in time according to 

the harmonic law exp(𝑗𝜔𝑡) , is described by the 
Maxwell equations [7]: 

 

𝑟𝑜𝑡 �⃗⃗� = 𝑗𝜔𝜀�⃗�  

𝑟𝑜𝑡 �⃗� = −𝑗𝜔𝜇�⃗⃗�  
(1) 

 

For TE waves (𝐸𝑦 = 𝐸𝑧 = 0), propagating along the 

axis 𝑦, we have: 

 

𝐸𝑥 = 𝑈(𝑧)𝑒−𝑗𝛽𝑦 

𝐻𝑦 = 𝑉(𝑧)𝑒−𝑗𝛽𝑦 

𝐻𝑧 = 𝐹(𝑧)𝑒−𝑗𝛽𝑦 

(2) 

 

 
Fig. 1. Passage of a wave through an irregular 

medium. 

 

Functions 𝑈(𝑧), 𝑉(𝑧), 𝐹(𝑧) , as seen from (1), (2), 
are connected by telegraph equations: 

 

−
𝑑𝑈

𝑑𝑧
= 𝑗𝜔𝜇𝑉 

−
𝑑𝑉

𝑑𝑧
= (𝑗𝜔𝜇 +

𝛽2

𝑗𝜔𝜇
)𝑈 

(3) 

𝛽𝑈 + 𝜔𝜇𝐹 = 0 (4) 
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These equations can be compared to a distributed 
circuit in the form of a transmission line [8] with a wave 
resistance: 

 

𝑍�̂�𝑇𝐸 =
𝜔𝜇

√𝑘2 + 𝛽2
= √

𝜇

𝜀
√1 −

𝛽2

𝑘2

−1

, 𝑘 = 𝜔√𝜀𝜇 (5) 

 
and delay time: 
 

𝜏𝛽 =
1

𝜔
∫ √𝑘2 − 𝛽2𝑑𝑧

𝑍

0

 (6) 

 
When considering a TM wave (𝐻𝑦 = 𝐻𝑧 = 0) In this 

case, in all relations for TE waves it is necessary to 

make a substitution 𝜀  for (−𝜇) ,  𝜇  for (−𝜀)  and field 
components 𝐸(𝐻) replace, respectively, with 𝐻(𝐸). In 
this case, replace the functions with 𝑈(𝑧), 𝑉(𝑧), 𝐹(𝑧), is 
provided by the equations: 

 

−
𝑑𝑈

𝑑𝑧
= 𝑗𝜔𝜀𝑉 

𝑑𝑉

𝑑𝑧
= (𝑗𝜔𝜇 +

𝛽2

𝑗𝜔𝜀
)𝑈 

(7) 

𝛽𝑈 − 𝜔𝜇𝐹 = 0 (8) 
 
Equations (7) correspond to a line with a wave 

impedance: 
 

𝑍�̂�𝑇𝑀 =
1

𝜔𝜀√𝑘2 − 𝛽2
= √

𝜇

𝜀
√1 −

𝛽2

𝑘2

−1

 (9) 

 
The delay time in this case is determined exactly as 

for TE waves by formula (6). The constant propagation 

𝛽 is determined by Snell's law [7]: 

 

𝛽 = 𝑘0 sin𝜑0 = 𝑘(𝑧) sin𝜑(𝑧) = 𝑐𝑜𝑛𝑠𝑡 (10) 

 

To determine the surface resistance of an irregular 
layer, we represent this layer in the form of a set of 
homogeneous (regular) layers with a constant wave 
resistance, as shown in Fig. 2, where  𝑍1, 𝑍2, … , 𝑍𝑀  - 
surface resistances on the side of the corresponding 
layer, 𝑍𝑖- surface resistance of the boundary medium. 
In the general case, absolute dielectric and magnetic 
permeability’s 𝜀𝑖, 𝜇𝑖 are complex quantities. 

Since each layer can be represented as a 
homogeneous segment of the transmission line, it is 
possible to use the four-terminal network theory [9] to 
determine the surface resistance of a layered 
structure, according to which the surface resistance 
can be calculated from the recurrence formula: 

 

𝑍𝑖 = 𝑍𝑖11 −
𝑍𝑖12

2

𝑍𝑖22 + 𝑍𝑖+2
, 

𝑖 = 1,2,3, … ,𝑀 

(11) 

 

 

Fig. 2. Layered medium 
 

where 𝑍𝑖 - Surface resistance of layer with number 

𝑖 = 𝑀,𝑀 − 1,… ,2,1. 
Under the surface impedance when the TE wave 

fall, according to Equation (3), we perceive the input 
resistance of the transmission line [8]: 

 

𝑍𝑇𝐸 =
𝑈

𝑉
=

𝐸𝑥

𝐻𝑦
  

 
When considering the TM wave, according to 

equation (7), the input resistance of the transmission 
line (surface resistance) is: 

 

𝑍𝑇𝑀 = −
𝑉

𝑈
= −

𝐸𝑦

𝐻𝑥
  

 
The elements of the matrix of a homogeneous 

layer resistance are determined by the known 
expression for regular long lines [8]: 

 
𝑍𝑖11 = 𝑍𝑖22 = −𝑗𝑍𝛽𝑖𝑇𝐸,𝑇𝑀 ctg𝜔𝑡𝛽𝑖 (12) 

𝑍𝑖12 = −𝑗𝑍𝛽𝑖𝑇𝐸,𝑇𝑀

1

sin𝜔𝑡𝛽𝑖
 (13) 

 
Wave resistance and delay times of individual 

layers are calculated according to formulas (5), (6), 
(9), (10): 

 

𝑍𝛽𝑖𝑇𝐸 = √
𝜇𝑖

𝜀𝑖
√1 −

𝜀0𝜇0

𝜀𝑖𝜇𝑖
sin2 𝜑0

−1

 (14) 

𝑍�̂�𝑖𝑇𝑀 = √
𝜇𝑖

𝜀𝑖
√1 −

𝜀0𝜇0

𝜀𝑖𝜇𝑖
sin2 𝜑0

−1

 (15) 
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𝑡𝛽𝑖 = 𝑙𝑖√𝜇𝑖𝜀𝑖√1 −
𝜀0𝜇0

𝜀𝑖𝜇𝑖
sin2 𝜑0

−1

 (16) 

 
where 𝑙𝑖  - layer thickness with number 𝑖  (Fig. 2). In 

expression (11) at 𝑖 = 𝑀  the value 𝑍𝑀+1 = 𝑍𝑖 
describes the surface resistance of the boundary 

medium, and at  𝑖 = 1  function 𝑍1  is equal to the 
surface resistance of the irregular layer. Obviously, 

that at 𝑀 → ∞  function 𝑍1  tends to the surface 
resistance of the smoothly irregular layer from the 
foregoing it follows that it is necessary to determine 
the surface resistance starting from the layer with the 

number 𝑀. Further there is the layer with a number 

𝑀 − 1 etc. 

From the foregoing, it follows that plane-layered 
media can be calculated using the theory of four-poles 
[9]. In this medium, shown in Fig. 2. Corresponds to 
the cascade connection of the 𝑛 four-terminal network 
in Fig.3 

Resistance 𝑍𝑖 and 𝑍𝑖 are from equations: 

 

𝑍𝑖 =
√

𝜇0

𝜀0

cos𝜑0
 

𝑍𝑖 = √
𝜇𝑖

𝜀𝑖
√1 −

𝜀0𝜇0

𝜀𝑖𝜇𝑖
sin2 𝜑0

−1

 

(17) 

 
For TE waves and expressions: 
 

𝑍𝑖 = √
𝜇0

𝜀0
cos𝜑0 

𝑍𝑖 = √
𝜇𝑖

𝜀𝑖
√1 −

𝜀0𝜇0

𝜀𝑖𝜇𝑖
sin2 𝜑0

−1

 

(18) 

 

For TE waves and expressions. Elements of the 
resistance matrix of individual four-ports are 
determined according to formulas (12) - (14). 

 

Fig. 3. Chain model of a layered dielectric structure 
 

III. CONCLUSIONS 

The main result of the research is the obtaining of 
analytical expressions for the composite four-terminal 
networks that determine the parameters of individual 
layers of a multilayer dielectric structure. The 
developed chain model can be used in the 
approximation of physical optics in determining the 

frequency-angular characteristics of dielectric 
structures. 

The proposed chain model can serve as the basis 
for the knowledge base in the creation of information 
technology of the production process supporting and 
irregular structures diagnosing. 

The advantage of the obtained results is the 
possibility of the methods of a well-developed classical 
chain theory using [8-11] for the solution of purely 
electrodynamic problems and the theory of long lines 
[8]. This circumstance makes it possible to solve the 
problem of the distributed parameters of the plates 
layers determining as a synthesis problem. In cases 
where the limitations of physical optics are not met, the 
solutions obtained by the theory of circuits can be used 
as a first approximation for solving integral equations 
of electrodynamics [5]. 
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