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Abstract—This paper reports the study of the 

effects of washer on the strength of bolt-nut 
connections. We developed a complete theoretical 
calculation procedure, modifying the classical 
Maduschka’s approach, to determine the load 
distribution and then we proposed an assembly of 
different results, available in bibliography, to 
evaluate the stress state at the first thread. FE 
models, properly developed, showed a good 
agreement with theoretical results. In this way, it 
was also possible to study how the maximum load 
and stress reduce by enlarging the internal 
diameter of the washer, so enhancing the strength 
and fatigue life by means of a simple and not 
expensive modification. The improving effect is 
more effective on the largest size of threaded 
connection among those examined. 

Keywords— Screw thread; Load distribution; 
Stress evaluation; Washer 

Nomenclature 
2      Angle of the thread (°) 
Dm*=2rL        Medium diameter of the bolt and nut (mm) 
Dmn = 2rmn    Medium diameter of nut (mm) 
Dw = 2rw       Washer diameter; i internal, e external  
De = 2rext      External diameter of the nut (mm) 
Dint = 2rroot    Diameter of root of thread (mm) 
l         Pitch of the threads (mm) 
n         Number of threads engaged 

                Flexibility of thread (mm/N); T thread, WN   
                    Nut + Washer  

E,G, Young, Shear modulus (MPa) and Poisson 
coefficient 

f         Friction factor 
F         Axial force (N) 

Fo          Radial load on the first thread, = F ·tg 
Fi         Force in the ith-thread (N) 
qi         Axial load on  the ith-thread (N/mm)                 

i  Distribution coeff. of the ith-thread  Fi/(F/n) 
u         Radial displacement (mm) 
w        Axial displacement (mm) 

zr   Strain components according to z, r                       
(cylindrical reference system) 

A* Equivalent bolt cross section (mm²) 

=Dm*2/4 
 A Equivalent nut cross section (mm²)  

=De
2-Dm*2)/4 

H Radial length of the thread (mm) 
HN Total height of the nut (mm) 

I. INTRODUCTION 

All industrial applications commonly use threaded 
joints as, for example, in petroleum, transport, mining, 
automotive, offshore industry and in manufacturing 
process and more recently in dental implants. The 
structural behavior of threaded joints is a classic topic in 
mechanical design. The oldest scientific papers 
[1][2][3][4] date from the first half of 20th century; they 
focused correctly the main problems: the not uniform 
load distribution on the engaged threads, the stress 
concentration at the root of the threads and under the 
head of the screw. As reported in [5], failures in screws 
can be divided: 15% at the fillet under the head, 20% at 
the first thread and 65% at the first engaged thread. The 
industrial applications use different types of threaded 
connections as bolt-nut, threaded piping connection, tie 
rod connection, shear loaded bolted joint; they are 
loaded differently and exhibit various problems 
regarding the structural behavior. This paper refers to 
the case of bolt and nut equipped by washer.The first 
problem to solve is the calculation of load distribution 
along the engaged threads. In their interesting historical 
review on this problem, Strizhak and Penkov [6] affirm 
that probably the first scientifically well-stated method is 
due Joukovsky, that treated the problem as a discrete, 
statically indeterminate case and concluded that the 
load distribution follows a decreasing geometrical 
progression. The Joukovsky solution, originally 
published in 1902, did not get a general notoriety 
because the original work was only in Russian.  More 
known is the paper by Den Hartog [2] where he stated 
that the mating pitches vary, due to the tension of bolt 
and compression of nut and so this produces a not 
uniform load distribution along the threads. In 1936 
Maduschka [7] developed another discrete method 
where the threads are regarded as independent circular 
collars and the contact condition between them requires 
that the pitch variation due to the external load is equal 
in bolt and nut. Using the theory of equation in finite 
differences, Maduschka obtained a closed form 
solution. All the methods above cited base on a discrete 
model of the threaded joint but the real features of the 
joint are, on the contrary, continuous. The first analytical 
continuous solution is due to I.A. Birger. In his paper, 
dated 1944 [8], the axial load is distributed according to 
hyperbolic cosine. Few years later, Sopwith [9] 
introduced a differential equation that takes into account 
the continuous variation of the contact condition and 
consequently the strain field. In the same paper, he 
examined the methods for improving the strength of the 
threads trough the optimization of the shape. 
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After these classical papers, some modification were 
proposed by other researchers as Miller et al. [10], 
Kenny e Patterson [11], Zhao [12], to take into account 
various specific effects. Another numerical contribution 
is due, more recently, to Mohiuddin et al. [13] that 
applied the method of the potential-displacement to the 
determination of the load distribution. Wang and 
Marshek [14] devoted their attention to the problem of 
elastic-plastic behavior of the threads. Many 
researchers focused their attention to an experimental 
confirmation of the various theoretical methods. For 
example Brutti and D’eramo [15], using the classical 
photoelastic results obtained by Hetenyi [4], showed 
that both the methods of Maduschka and Sopwith give 
reliable results. Sopwith's theory for the thread load 
distribution was validated by several studies; among 
them, Kenny and Patterson [16] used frozen stress 
photoelastic method in full-scale models of 30 mm ISO 
nuts and bolts, obtaining good agreement with theory. 
D’Eramo and Cappa [17] too obtained a good 
agreement between theoretical and experimental 
results by strain gauges measures.  

Then, in the last decades, the numerical 
investigation by FE models allowed to study how the 
actual screw features, neglected in the simplified 
schemes of theoretical approach, affect the structural 
behaviour. The bibliography on this particular topic is 
very large and its exam is beyond the scope of this 
study. Anyway, it is important to cite, as examples of 
these types of investigation, Chen and Shih [18] and Su 
[19], which applied not-linear FE models to study the 
problem of contact between threads. As mentioned 
above the structural behavior of the dental implant 
abutment is treated by several researchers (see, for 
example [20], [21], [22] and [23]). To complete this 
overview about the calculation methods of load 
distribution is possible to refer to the interesting and 
exhaustive review papers due to Kenny and Patterson 
[24] and to Mackerle [25]. 

To improve the strength of threaded connections, 
many researchers studied how modifying bolt and nut 
shape can level the load distribution and reduce the 
stress concentration at the root of the most loaded 
thread. Regarding the load distribution, Kenny and 
Patterson [26] studied how it depends on the external 
shape of the nut and on the nut thread shape [27]. 
Fetullazade et al. [28] investigated how machining 
conditions influence the real strength due to residual 
stresses and strains hardening. Dragoni in several 
papers [29][30][31][32] studied how the stress 
distribution modifies due to the geometry and 
compliance  of nut, thread shape and thread pitch. In 
addition, Fukuoka [33] examined the method for 
lowering the stress concentration by means of 
modification of nut shape. Govindu et al. [34] evaluated 
the classical methods to reduce the stress 
concentration factor with groove or modifying the shape 
of the nut. In particular, the modification of the shape of 
the threads can improve the strength of the connection 
as shown in the papers [35], [36], [37] and [38]. Due to 
the helix angle, the threads are inclined and, therefore, 
a bending moment arises: Wentzel and Huang [39] 
investigated this problem. 

In the last decades, experimental, theoretical and 
numerical investigations treated the fatigue strength 
evaluation. We can distinguish three main issues. The 
first regards measuring experimentally the fatigue 
strength from a general point of view [40], [41], taking 
into account the effect of thread modification  and 
examining  particular loading conditions and different 
methods to evaluate the fatigue life [42][43][44][45].  

The second issue is to apply the Fracture Mechanics 
to the strength of threaded connection through the 
calculation of SIF [49], [50], [51], [52] and [53] or through 
the calculation of the collapse number of cycles [54], 
[55], [56] and [57], evaluating the crack growth. The 
third topic regards the theoretical and numerical 
evaluation of fatigue life by means of local approach 
[43][45] or using the available damage models for 
fatigue assessing . 

In this paper, we investigated how load distribution 
and maximum stress change inserting a washer under 
the nut and enlarging the internal diameter. Majzoobi et 
al. [48] studied the importance of the washer on the 
strength of a bolt-nut connection, but they used a curved 
spring washer finding that it increases the fatigue life, 
providing that the springs allow applying correctly the 
tightening torque in order to produce the required 
pretension in the bolt. On the contrary, in this study, we 
used a steel washer with a modification of the internal 
diameter.  

To perform the investigation, we modified the 
theoretical approach of Maduschka to take into account 
the effects of the washer and then we developed a 
method to calculate the state of stress at the root of the 
thread. To check the accuracy of the methods proposed 
we used a FE model for ISO M27, comparing the results 
with the corresponding ones obtained theoretically.   

II.  WASHER MODIFICATION  

The load distribution is strongly depending on the 
flexibility of threads. As shown in the introduction of this 
paper, several researchers proposed different 
modifications of thread and nut to obtain a more regular 
load distribution (Fig.1 and Fig.2).  

In this paper, the same effect is obtained by 
modifying the internal diameter of the washer as shown 
Fig. 3. 

In fact, the washer introduces the following effects: 

- Due to the axial flexibility, all the connections 
translate along the axis but this does not modify the load 
distribution because it is equivalent to a rigid vertical 
displacement. 

Due to the eccentricity of the load on the thread, the 
upper surface of the washer rotates and this alters the 
flexibility of the thread (see Appendix for the calculation 
of this effect).   

- If rwi≠rroot there is, from the root of the thread up 
to rwi a flexibility due to the shear deformation of the nut 
considered as a thick plate (see Appendix for the 
calculation). 

http://www.jmest.org/
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Fig. 1 Load condition of a thread 

 
Fig. 2 Geometrical features of the thread, 

of the nut and of the washer 

The effect of variation of the flexibility of the nut 
increases with rwi but the choice of its best value must 
take into account the maximum contact stress on the 
reduced washer area.  

For the analyses of this paper, the Tab. 3 shows the 
values used, referring to the dimensions of the 
connection bolt+nut+washer, reported in Tab. 1 and 
Tab. 2. 

III. THEORETICAL APPROACH  

A. Load distribution in screw thread 

The method of Maduschka [7] represents the thread   
as   annular   collars   with the same properties  

 
Fig. 3 Washer modification 

Tab. 1 Dimension of the bolts and nuts examined 

D (mm) 

 

D (mm) 

p (mm) Dn (mm) Dm 
(mm)  

H (mm) 

12 1.75 9.85 10.86 1.52 

27 3.00 23.32 25.05 2.60 

56 5.50 49.25 52.43 4.76 

D (mm) R (mm) r (mm) HN(mm)  s (mm) 

12 0.25 0.19 12 19 

27 0.44 0.32 27 41 

56 0.79 0.59 56 85 

Tab. 2 Washer dimensions of the bolts and nuts examined 

Screw Diameter 
(mm) 

Dext 
(mm) 

Dint 
(mm) 

t 
(mm) 

12 24 13 2.5 

27 50 28 4 

56 85 58 9 

Tab. 3 Internal radius of the washer for original  
and modified configurations 

 

along the engaged threads. The Fig. 1 shows the load 
condition due an external axial force F. 

For the ith thread, the load for unit area is 

m

i
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i
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To determine the distribution coefficient is necessary 
that the pitch variation is equal for bolt and nut, that is: 

(1)                                                   *

ii ll 

 Where the terms of the equation express the 

Case Original rwi 
(mm) 

Mod.1 rwi 
(mm) 

Mod.1 rwi 
(mm) 

M12 6.5 7.3 8.0 

M27 14.0 16.0 17.5 

M56 29.0 32.3 35.0 



Dm 

L1 L1 

Fi 
Fi/cos

 

Fitan
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variation of the pitch between the ith thread and the 
(i+1)th. 

In the following equations, the variables with star 
refer to the bolt and the others regards the nut. The pitch 
variation depends on three effects: 

- The axial deformation is l*zi for the bolt and lzi 
for the nut.  

- The axial displacement due the elasticity of the 
thread qih*i for the bolt and qihi for the nut; 
where qi=qi+1-qi and h* and h are the flexibility 
for the bolt and nut (see Appendix for 
calculation).  

- The axial displacement due the radial 
deformation of the bolt and of the thread where 

tg·u*i for the bolt and tg·ui for the nut, 

where ui=ui+1-ui. 
In his original paper, Maduschka solved the problem 

of the compliance of the threads using the following 
simplification: 

Thh *

 
In this paper, we calculated the flexibility by means 

of a strain energy based approach and then we added 
the effects on flexibility of the washer, as the Appendix 
shows. 

Finally, we can write the equation 

ii
hqtgulhqtgul iiiziiiz   ,
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Then manipulating the last equation, we obtain: 
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Using (2) and all the other equations written above, we 
obtain: 

  
(3)                      
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Using the same assumption of Maduschka [7] we 
have: 


i

ki

1

  

Transforming (3), we obtain: 

(4)                           413211 nGGGG iii     
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The (4) is a finite difference equation of the 2th order 
not homogenous with constant coefficients. The general 
integral of (4) is 

c

ii

i BCBC  
21 21   

Where B1 and B2 are the solutions of the equation 

032

2

1  GBGBG  

c is a particular integral of (4): 

321

4cost
GGG

nG
c


   

      In addition, the constant C1 and C2 are from the 
boundary conditions: 

i = 1   i-1= 0 

i = n-1   i+1= n 
     Then the distribution coefficients have the following 
formula: 

   1

222

1

111

  iiii

i BBCBBC
 

The Appendix reports the calculation of flexibility of 
thread and the effect of washer and nut. So finally we 
have 

                       * WNTT hh  
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Fig. 4 Stress state at the fillet of the first thread vs. angle 

Tab. 4 Load applied to the three bolt/nut washer examples 

 M12 M27 M56 

Load (N) 20735 94138 270177 

 

B. Stress state determination 

The process to evaluate theoretically the state of 
stress at the root of threads is very complex; in fact, 
there is the superposition of different stress 
concentration effects on axial, radial and shear 
stresses. Majzoobi et al. [35] exposed a method to 
evaluate the stress state around the fillet considering 
only the stress concentration due to the axial and radial 
stress. The method bases on the results obtained by 
Heywood [59] and Pilkey [60]. Unfortunately, the axial 
and radial stresses are not the unique active 
components of stress state, but also azimuth and shear 
stresses contribute to the maximum Von Mises stress, 
as the Fig. 4 shows. Therefore, in this paper we propose 
a theoretical approach to obtain a better agreement with 
the numerical values through calculating the four 
components of the stress state: radial, azimuthal, axial 
and shear stresses. 

As it is usual in the stress concentration, problems 
the maximum axial stress is equal to 

 AxK
A

F
t

ax
ax 

 

The value of Kt(Ax) is from the Pilkey’s diagrams [60] 
for U groove, neglecting the fact that the flanks of the U 
are inclined of 60° because both Pilkey and Heywood 
[59] showed that the Kt(Ax) variation is not significant up 
to this angle. The U groove is not alone but it belongs to 
a row: it is possible to take into account this using a 

modified depth of the notch equal to H*= *· H where 

4
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The nominal radial stress is  
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Tab. 5 Results for stress state in the original  
and modified configurations 

Case Rad. 
(MPa) 

Azim. 
(MPa) 

Axial 
(MPa) 

Shear 
(MPa) 

Von 
Mises 
(MPa) 

M12 Orig. 108,81 225,17 641,77 167,40 565,36 

M12 Mod1 81,47 216,97 641,77 115,69 544,55 

M12 Mod2 78,58 216,11 641,77 100,02 537,26 

M27 Orig. 332,37 284,86 617,15 275,77 570,13 

M27 Mod1 275,10 267,68 617,15 220,01 514,59 

M27 Mod2 220,01 251,15 617,15 175,95 489,08 

M56 Orig. 569,89 307,11 453,80 299,76 567,09 

M56 Mod1 404,19 257,40 453,80 210,74 405,62 

M56 Mod2 466,95 276,22 453,80 229,26 437,86 

 

Where 
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Since the maximum of axial and radial stresses do not 
occur in the same point, Heywood [64] proposed to use 

a reduced value for Rad equal: 
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Considering a plane strain condition, from Hooke law 
it is: 

 AxRadaz   *

 

For the shear, it is possible to calculate: 
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It is important to note that in bibliography there is no 
reference on shear stress concentration factor, for this, 
we used the same Kt of the axial case and the 
superposition factor now exposed for radial stress. 

Finally, it is possible to write for the Von Mises 
stress: 
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Using the calculation procedure now exposed it was 
possible to obtain for all the configurations examined, 
the results reported in tab.5. 

IV. FEM ANALYSIS 

To check the accuracy of the theoretical model 
proposed, a FEM model for NX Nastran was built for 
M27 bolt and nut assembly. The model employs 
axisymmetric elements. Therefore, in this model, each 
thread is a collar neglecting the angle due to the pitch. 
Clearly, this introduced an error that Majzoobi et al. [48] 
evaluated as 

100*1%
222 
















Dl

D
E





 

For M27 the error E is equal to 0.063% and then 
negligible. 

Fig. 5, 6 and 7 show the three models used. The 
restraint condition is a rigid support under the washer  

 
Fig. 5 FEM model, on the left the whole model, on the right a 

particular of the threads 

 
Fig. 6 Modified washer: Dint = 32 mm 

 
Fig. 7 Modified washer: Dint = 35 mm 

while the connections, between screw and nut and 
between nut and washer, is a contact condition with 
friction.  

As reported in [58] the friction factor in bolt and nut has 
scattered values; the value here used is equal to 0.3 that 
is an average in the possible range. The axial external 
load used was 94138 N that originates a maximum Von 
Mises stress about 560 MPa in the configuration with a 
washer D=28 mm. This stress corresponds to the limit 
stress for 8.8 class of bolt. The load distribution on the 
body of the screw is constant. 

A. FEM evaluation of load distribution  
Fig. 8 shows the distribution of contact load along 

the active flank of the first and second thread.  The 
shape of distribution is similar but the range (Max-Min) 
lowers. It appears that to use a uniform contact load 
distribution, as done in the theoretical analysis, is an 
approximation. 
Fig. 9 reports the results obtained for M27 theoretically 
and numerically with no washer  and  with  the  original  

 

Fig. 8 Contact forces for M27 in the first and second thread. 

 

Fig. 9 Load distribution: theoretical and FEM values 
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Fig. 10 Load distribution for modified washers: FEM value 

Tab. 6 Maximum values of 1 in the different cases examined 

Case examined 1 Load % 

No washer FEM 2.61 0.326 

Theory no washer 2.63 0.329 

Normal washer FEM 2.41 0.301 

Theory with washer 2.43 0.304 

FEM washer with Dint = 32 mm 2.05 0.256 

Theory washer with Dint = 32 mm 1.97 0.246 

FEM washer with Dint = 35 mm 1.69 0.211 

Theory washer with Dint = 35 mm 1.75 0.219 

 

Fig. 11 Maximum Von Mises stress: FEM value 

Tab. 7 Comparison between theoretical and FEM values of 
maximum Von Mises stresses (MPa) 

Case Rad. 
(MPa) 

Azim. 
(MPa) 

Axial 
(MPa) 

Shear 
(MPa) 

Von 
Mises 
(MPa) 

M12 Orig. 108,81 225,17 641,77 167,40 565,36 

M12 Mod1 81,47 216,97 641,77 115,69 544,55 

M12 Mod2 78,58 216,11 641,77 100,02 537,26 

M27 Orig. 332,37 284,86 617,15 275,77 570,13 

M27 Mod1 275,10 267,68 617,15 220,01 514,59 

M27 Mod2 220,01 251,15 617,15 175,95 489,08 

M56 Orig. 569,89 307,11 453,80 299,76 567,09 

M56 Mod1 404,19 257,40 453,80 210,74 405,62 

M56 Mod2 466,95 276,22 453,80 229,26 437,86 

 

 

 

Fig. 12 Von Mises stress level for the three cases examined 

M27 Original  

M27 Mod.1  

M27 Mod.2  

Screw 

Nut 

Screw 

Nut 

Screw 

Nut 
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washer. In general, the effect of the washer is to reduce 
the load on the first thread as shown by curves 1 and 3 
for FEM results and by curves 2 and 4 for theoretical 
results. 

In the same figure, moreover, it is possible to note 
that the shape of the theoretical curve after the first four 
threads is not similar to the FEM corresponding curve. 

 After, the cases of modified washers were analyzed 
and the Fig. 10 reports the results. It appears clear that 
the modification introduced improves the load 
distribution. 

 Tab. 6 reports the values of the maximum load on 
the first thread in the various cases examined 
expressed as the ratio between maximum and average 
load; the last column reports the percentage of the 
external load on the first thread.  For the modified 
washers, relating to the original case, the reduction is 
15% for the case with Dint = 32 mm and 42.3% for the 
case with Dint = 35 mm.  The comparison show a good 
agreement with an error no more than 3.8%. 

B. Stress evaluation 

With the FEM model used to calculate the load 
distribution also the stress state was calculated. The 
Fig. 4, as above noted, reports the stress state at the 
fillet and Fig. 11 the maximum Von Mises stress 
calculated by the FEM model at the roots of the 8 
threads engaged. Fig. 12 shows the Von Mises stress 
level curves for the three cases examined by FEM. For 
the modified configuration, the reduced value at the first 
thread engaged corresponds to an increase of the 
others. Moreover, it is possible to recognize, from the 
values reported, that the effect of the modifications on 
the internal diameter of the washer is less important for 
stress state than for load distribution. The reason of this 
is because for M27 the axial stress is the largest and it 
is quite the same for all the cases examined at the root 
of the first thread engaged. 

V. CONCLUSION 

In this paper, we studied the effects of the washer on 
the load distribution and on the maximum stress of bolt 
and nut connections. In fact, the washer alters the 
flexibility of the engaged threads and thereby reduces 
the peak load on the first. The investigation was 
developed both theoretically and numerically. To obtain 
a complete theoretical calculation procedure we 
modified the classical Maduschka’s approach, 
introducing a flexibility that takes into account the 
features of the washer. Then, assembling different 
results available in bibliography, we proposed a method 
to calculate all the components of the stress state. 
Using this computing procedure, we calculated the 
maximum load and the maximum Von Mises stress for 
M12-M27-M56 and for three configurations of washer. 
By FE models of the M27 case, we tested the accuracy 
of the proposed method, obtaining a good agreement. 
The maximum error on load distribution is less than 
3.8% and the corresponding error on the maximum Von 
Mises stress is less than 1.4%. All the results showed 
that it is possible to reduce the peak load and the 
maximum stress, enlarging the internal diameter of the 

washer and so improving the strength and fatigue life by 
means of a simple and not expensive modification. 
Finally, the calculations performed on the three 
diameters (M12-M27-M56) seem to demonstrate that 
the improving effect is more for the largest diameter. 
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APPENDIX: FLEXIBILITY CALCULATION  

A. Theoretical approach of screw and nut 

Considering for sake of simplicity, as proposed by 
Maduschka, only the load parallel to the screw axis, the 
energy associated to the external load is equal to the 
internal strain energy; then, it is possible to calculate 
the flexibility of a thread by means of the equation: 
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Where I(x) and A(x) are, respectively, the inertia and 
the area are variable with x. If the x axis is positive from 
the free end to the root of the thread, the qVi is the 
vertical load distributed uniformly along the length 2L1 
(Fig.1) and neglecting the effect of the friction and of 
the radius of the fillet, we have: 
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B. Effects of washer on load distribution 

The original method of Maduschka did not take into 
account the effect of the washer that due to the 
eccentricity of the external load originates a rotation of 
the nut as shown in Fig. 3. The couple acting on the 
washer is  

 cm rrFM 
  

The maximum stress and the corresponding strain is 
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Where     

 

 
4

44

we
w

rr
I


 

  
Then the maximum vertical displacement is   
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The rotation around rm is 

    
 

 
t

EI

rrF

rr

w

w

cm

we







2


    
The axial displacement at rc is  
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Finally the flexibility due the washer is 
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Moreover, when rroot ≠ rw the body of the nut can be 
considered as an annular thick plate that introduces a 
shear flexibility to add to the others and that is equal to 
[65]:   
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C. Results 

Finally, for the cases examined, we obtained the results 
exposed in the following table. 

 

Tab. 8 Values of flexibility 

Case  (mm/N) WN (mm/N)  h (mm/N) 

M12 Original 5.971·10
-12

 1.215·10
-11

 1.812·10
-11

 

M12 Mod1 5.971·10
-12

 4.126·10
-11

 4.723·10
-11

 

M12 Mod2 5.971·10
-12

 7.023·10
-11

 7.620·10
-11

 

M27 Original 7.463·10
-12

 3.631·10
-12

 1.109·10
-11

 

M27 Mod1 7.463·10
-12

 1.892·10
-11

 2.639·10
-11

 

M27 Mod2 7.463·10
-12

 3.222·10
-11

 3.968·10
-11

 

M56 Original 5.984·10
-12

 1.781·10
-12

 7.765·10
-12

 

M56 Mod1 5.984·10
-12

 9.063·10
-12

 1.505·10
-11

 

M56 Mod2 5.984·10
-12

 1.493·10
-11

 2.091·10
-11
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