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Abstract— The methodologies for the
estimation of claims reserve for a non-life
insurance company are based on triangles run-off
data. Putting together a payment data triangle and
an incurred count triangle, we obtain Double
Chain Ladder, a method for the estimation of
Reported But Not Settled reserve claims and for
the estimation of Incurred But Not Reported
reserve claims.
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I.

INTRODUCTION

Reserving claims methods are based on run-off
triangles [2].
The chain ladder method is based on
 Paid claims triangle
 Reported claims triangle
 Incurred claims triangle
 Incurred counts triangle
The Munich Chain Ladder method is based on
incurred claims triangle + paid claims triangle.
The Double Chain Ladder method is based on paid
claims triangle + incurred counts triangle.
We applied DCL method to an Albanian DMTPL
portfolio and we compared the results with Chain
Ladder Method. The paid claims triangle and the
incurred counts triangle cover ten development years
and ten accident years. All values are in Albanian
currency.
II.
A.

DOUBLE CHAIN LADDER METHOD

General structure and data used

We consider two run-off triangles, the aggregated
paid triangle and the aggregated incurred counts
triangle [3]
We define the Aggregated Payments:
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Nij is the total number of claims incurred in year i and
reported in year i+j, with j periods delay from year i;
I={(i,j): i=1,…,m; j=0, …,m-1; i+j≤m}
The payments and the counts triangles ∆𝑚 , ℵ𝑚 are
real data, but the RBNS and the settlement delay are
stochastic components modelled considering the
𝑝𝑎𝑖𝑑
unobserved variables 𝑁𝑖𝑗𝑙 , that is the number of the
future payments originating from the Nij reported
claims, paid with ᶩ periods delay, ᶩ=0, 1,……, m-1.
𝑝𝑎𝑖𝑑
The individual settled payments arise from 𝑁𝑖𝑗𝑙
(𝑘)

are 𝑌𝑖𝑗𝑙

ℵ𝑚 = {𝑁𝑖𝑗 : (𝑖, 𝑗 ) ∈ 𝐼 }

, (𝑖, 𝑗 ) ∈ 𝐼, ℓ =

0, . . , 𝑚 − 1).

We can estimate the RBNS reserve using these
components. It is necessary to model IBNR delay for
estimating IBNR reserve.

B. Assumptions
Assumption 1 – Independence
 Nij are independent
 The claims are paid with one payment or as a
zero –claim


∆𝑚 = {𝑋𝑖𝑗 : (𝑖, 𝑗 ) ∈ 𝐼}
Xij is the total payments of claims incurred in year i and
paid with j period delay from year i; and the
Aggregated incurred counts:

𝑝𝑎𝑖𝑑

where (𝑘 = 1 ,…, 𝑁𝑖𝑗𝑙

(𝑘)

The variables 𝑌𝑖𝑗 are independent of the
counts Nij and independent of reporting and
payment delay

Assumption 2 – RBNS delay
 Nij random variables having a multiplicative
parametrization
𝐸[𝑁𝑖𝑗 ] = 𝛼𝑖 𝛽𝑗
and
identification ∑ 𝛽𝑗 = 1
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The delay parameters are 𝜋 = {𝜋0 , , 𝜋𝑚−1 }
The mean of RBNS delay variables is
𝑝𝑎𝑖𝑑
|ℵ𝑚 ]
𝐸[𝑁𝑖𝑗𝑙

From the formula
𝑗

= 𝑁𝑖𝑗 𝜋̃𝑙

𝐸[𝑋𝑖𝑗 ] = 𝛼𝑖 𝜇𝛾𝑖 ∑ 𝛽𝑗−𝑙 𝜋𝑙
𝑙=0

Assumption 3 – Claim size distribution


The

individual

payments

(𝑘)

𝑌𝑖𝑗

we can deduct that
are

𝛼̃𝑖 = 𝛼𝑖 𝜇𝛾𝑖 and

independent with mean µi and variance 𝜎𝑖2
(𝑘)

𝑗

(𝑘)

𝐸 [𝑌𝑖𝑗 ] = 𝜇𝛾𝑖 ≡ 𝜇𝑖 and 𝑉[𝑌𝑖𝑗 ]=𝜎 2 𝛾𝑖2 = 𝜎𝑖2

𝛽̃𝑗 = ∑ 𝛽𝑗−𝑙 𝜋𝑙

2

µ and σ are mean and variance factors, γi is the
inflation in the accident year.
III.

DERIVATION OF DCL ESTIMATE

Double Chain Ladder derives through comparison
of conditional means of claims counts and claims
payments calculated from the underlying DCL
assumptions and ordinary Chain Ladder [3].
Using the assumptions we have:
𝑝𝑎𝑖𝑑

𝑝𝑎𝑖𝑑

𝑁𝑖,𝑗−𝑙,𝑙

𝑁𝑖,𝑗−𝑙,𝑙

(𝑘)
(𝑘)
𝑝𝑎𝑖𝑑
𝐸 ∑ 𝑌𝑖,𝑗−𝑙,𝑙 |ℵ𝑚 = 𝐸 ∑ 𝐸[𝑌𝑖,𝑗−𝑙,𝑙 |ℵ𝑚 , 𝑁𝑖,𝑗−𝑙,𝑙 ]|ℵ𝑚

[

𝑘=1

𝑘=1

]
[
𝑝𝑎𝑖𝑑
= 𝐸[𝑁𝑖,𝑗−𝑙,𝑙 𝜇̃𝑙 𝛾𝑖 |ℵ𝑚 ] = 𝑁𝑖,𝑗−𝑙 𝜋̃𝑙 𝜇̃𝑙 𝛾𝑖

]

𝑙=0

We denote the estimates of 𝛼𝑖 , 𝛽𝑗 , 𝛼̃𝑖 , 𝛽̃𝑗 by
̃𝑗 . They are used to estimate µ,γi and πl.
𝛼̂𝑖 , 𝛽̂𝑗 , 𝛼̂
̃𝑖 , 𝛽̂
We can estimate 𝜋𝑙 using the estimators of the
̃𝑗 and for this, it is necessary to
other coefficients 𝛽̂𝑗 , 𝛽̂
solve the linear system where the solution is 𝜋̂𝑙 .
𝛽̂0
0 … 0
𝜋0
𝛽̂0 ⋱ 0
⋮
𝛽̂1
( ⋮ )
⋮
⋱ ⋱ 0
𝜋𝑚−1
̂
̂
̂
(𝛽𝑚−1 ⋯ 𝛽1 𝛽0 )
Using the 𝛼̂𝑖 , 𝛼̂
̃𝑖 estimator we got the estimator for
𝛾𝑖 and µ
𝛽̃̂0
⋮
=
⋮
(𝛽̃̂𝑚−1 )

The aggregate payments can be written as:

𝛾̂𝑖 =

𝑝𝑎𝑖𝑑

𝑗 𝑁𝑖,𝑗−𝑙,𝑙
(𝑘)
𝑋𝑖𝑗 = ∑ ∑ 𝑌𝑖,𝑗−𝑙,𝑙

𝑓𝑜𝑟 𝑒𝑎𝑐ℎ (𝑖, 𝑗) ∈ 𝐼

𝑙=0 𝑘=1

For the conditional and unconditional means we
have
𝑗

𝛼̃̂𝑖
𝛼̂𝑖 𝜇̂

and to ensure identifiability we put γ1 = 1
̂
𝛼
̃1
𝜇̂ =
𝛼̂1

𝑗

𝐸[𝑋𝑖𝑗 |ℵ𝑚 ] = ∑ 𝑁𝑖,𝑗−𝑙 𝜋̃𝑙 𝜇̃𝑙 𝛾𝑖 = ∑ 𝑁𝑖,𝑗−𝑙 𝜋𝑙 𝜇𝛾𝑖
𝑙=0

𝑙=0
𝑗

𝐸[𝑋𝑖𝑗 ] = 𝛼𝑖 𝜇𝛾𝑖 ∑ 𝛽𝑗−𝑙 𝜋𝑙
𝑙=0
𝑚−1

𝜇 = ∑ 𝜋̃𝑙 𝜇̃𝑙
𝑙=0

𝜋𝑙 =

𝜋̃𝑙 𝜇̃𝑙
𝜇

Parameters αi and βj can be estimated using Chain
Ladder applied on the triangle of claims counts. It is
possible to use conditional and unconditional mean to
estimate RBNS reserve and it is possible to use
unconditional mean to estimate IBNR reserve. We
must estimate µ,γi and πl.
A.

B.

Estimates for RBNS and IBNR

One of the two estimates for RBNS component is:
𝑗
𝑅𝐵𝑁𝑆(1)
𝑋̂𝑖𝑗

Estimation of parameters

∑

=

𝑁𝑖,𝑗−𝑙 𝜋̂𝑙 𝜇̂ 𝛾̂𝑖

𝑙=𝑖−𝑚+𝑗

Using the standard chain – ladder assumptions
applied on the payment triangles, we know there exist
parameters 𝛼̃𝑖 , 𝛽̃𝑗 that it is satisfied

And the second one is:

𝐸[𝑋𝑖𝑗 ] = 𝛼̃𝑖 𝛽̃𝑗

𝑗
𝑅𝐵𝑁𝑆(2)
𝑋̂𝑖𝑗

=

∑

̂𝑖,𝑗−𝑙 𝜋̂𝑙 𝜇̂ 𝛾̂𝑖
𝑁

𝑙=𝑖−𝑚+𝑗
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The estimate for IBNR is:
𝑖−𝑚+𝑗−1

𝑋̂𝑖𝑗𝐼𝐵𝑁𝑅

=

∑

̂𝑖,𝑗−𝑙 𝜋̂𝑙 𝜇̂ 𝛾̂𝑖
𝑁

𝑙=0

̂𝑖,𝑗 = 𝛼̂𝑖 𝛽̂𝑗
where 𝑁
We can also estimate the tail:
min(𝑗,𝑑)

The boxplot of the distribution of the outstanding
liabilities in the future calendar periods and the
histogram of the distribution of IBNR

̂𝑖,𝑗−𝑙 𝜋̂𝑙 𝜇̂ 𝛾̂𝑖
𝑅̂𝑡𝑎𝑖𝑙 = ∑ ∑ 𝑁
(𝑖,𝑗)

𝑙=0

where d is the maximum delay.

C.

DCL Calculations

Estimates by calendar years and rows of the
outstanding liabilities compared to standard Chain
Ladder Method

The distribution of RBNS reserves by calendar years
and rows using bootstrapping [1]

The distribution of total RBNS+IBNR reserves by
calendar years and rows using bootstrapping

The boxplot of the distribution of the outstanding
liabilities in the future calendar periods and the
histogram of the distribution of the total reserve
RBNS+IBNR

IV.
The boxplot of the distribution of the outstanding
liabilities in the future calendar periods and the
histogram of the distribution of RBNS

The distribution of IBNR reserves by calendar years
and rows using bootstrapping

CONCLUSIONS

The Double Chain Ladder Method like the Standard
Chain Ladder Method doesn’t require distributional
assumptions. Using DCL we can estimate the RBNS,
IBNR separately and also the tail. There are two
possibilities to estimate RBNS. The first, uses the true
observed values, the second one ignoring the tail
arrives to the standard chain ladder estimate. The
results between DCL and CL are closed each to other,
DCL result is around 75 million Albanian Lek, the CL
result is around 76 million Albanian Lek (1 Eur=140
ALL), this means that there is no much difference
̂𝑖𝑗 .
between 𝑁𝑖𝑗 and 𝑁
The first moment formulation is the more
appropriate only for the best estimate. To provide cash
flows we used a parametric bootstrapping.

www.jmest.org
JMESTN42351004

2223

Journal of Multidisciplinary Engineering Science and Technology (JMEST)
ISSN: 3159-0040
Vol. 2 Issue 8, August - 2015

REFERENCES
[1] England, P. and Verrall, R. [1999] Analytic
and Bootstrap estimates of prediction error in claims
reserving. Insurance: Mathematics and Economics 25,
281-293
[2] Mack, T. [1993] Distribution–free calculation
of the standard error of chain–ladder reserve
estimates. ASTIN Bull. 23, 213–225

[3] Martinez-Miranda M.D, Nielsen J.P. and
Verrall, R. [2012] Double chain ladder, Astin Bulletin
42(1),59-76
[4] Verrall, R., Nielsen J.P. and Jessen A.(2010)
Prediction of RBNS and IBNR claims using claim
amounts and claim counts, ASTIN Bulletin, 40(2),
871-887

www.jmest.org
JMESTN42351004

2224

