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Abstract—The linear governing equations of a
transversely isotropic microstretch elastic solid
medium are formulated and solved for surface
wave solutions. The appropriate solutions
satisfying the radiation conditions are applied to
the required boundary conditions at the free
surface of the half- space of the medium. A
frequency equation is obtained for Rayleigh
surface wave in the medium. The non-dimensional
speed of the propagation of Rayleigh surface
wave is computed for a specific model of the
material and is shown graphically to observe the
effects of non-dimensional constants and non-
dimensional frequency.
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I.  INTRODUCTION

The linear theory of elasticity has applications
in the stress analysis of steel, which is the commonest
engineering structural material. To a lesser extent
linear elasticity describes the mechanical behaviour of
the other common solid materials, for example,
concrete, wood and coal. However, the linear theory
of elasticity is unable to explain the behaviour of many
of the new synthetic materials of the elastomer and
polymer type. The theory of micropolar elasticity is
adequate to represent the behaviour of such
materials. For the case of elastic vibrations
characterized by high frequencies and small
wavelengths, the influence of the body microstructure
becomes significant. Microstretch continuum is a
model for Bravias lattice with a basis on the atomic
level and a two phase dipolar solid with a core on the
macroscopic level. For example, composite materials
reinforced with chopped elastic fibres, porous media
whose pores are filled with gas or inviscid liquid,
asphalt or other elastic inclusions and ‘solid-liquid'
crystals, etc. represent the microstretch solids.
Eringen [1] developed theory of Micropolar elastic
solids with stretch. Eringen [2] proposed a theory of
thermo-microstretch elastic solid in which he included
microstructural expansions and contractions. Eringen
[3] formulated a electromagnetic theory of
microstretch elasticity and bone modelling.
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Surface waves in elastic solids were first studied by
Lord Rayleigh [4] for an isotropic elastic solid. The
extension of surface wave analysis and other wave
propagation problems to anisotropic elastic materials
has been the subject of many studies. For example,
Musgrave [5] reported the propagation of elastic
waves in crystals and other anisotropic media.
Anderson, [6] derived periodic equations for waves of
Rayleigh, Stoneley and Love types in a transversely
isotropic medium. Buchwald [7] also studied the
Rayleigh waves in transversely isotropic media using
an approach based on potential functions. Chadwick
and Smith [8] discussed the theory of surface waves
in anisotropic elastic materials. Royer and Dieulesaint
[9] obtained Rayleigh wave velocity and displacement
in orthorhombic, tetragonal, hexagonal and cubic
crystals. Barnett and Lothe [10] studied free surface
(Rayleigh) waves in anisotropic elastic half-space
using the surface impedance method. Dowaikh and
Ogden [11] discussed the surface waves and
deformation in a compressible elastic half-space.
Destrade [12] derived the explicit secular equation for
surface acoustic waves in monoclinic elastic crystals.
Ahmad [13] studied the guided waves in a
transversely isotropic cylinder immersed in a fluid.
Ting [14] derived an explicit secular equation for
surface waves in an elastic material of general
anisotropy. Ting [15] derived explicit secular equations
for surface waves in monoclinic materials with the
symmetry plane x; = 0, X, = 0 or x3 = 0. Ogden and
Vinh [16] obtained the secular equation for the
Rayleigh wave speed in an incompressible orthotropic
elastic solid in a form that does not admit spurious
solutions. Singh et al. [17] studied the effect of rotation
on non-dimensional speed of Rayleigh wave in an
orthotropic micropolar solid half-space.

Many researchers have attempted various
plane wave and surface wave problems in isotropic
microstretch elasticity. For example, Singh [18] has
shown the existence of five plane waves in an
isotropic microstretch elastic solid and studied
reflection of these waves from free surface to obtain
reflection coefficients and energy ratios. Nowinski [19]
studied the non-local surface wave in a linear isotropic
micropolar and microstretch. Sharma et al. [20-21]
studied the propagation of generalized Rayleigh
surface waves in a homogeneous, isotropic,
microstretch thermoelastic solid half-space. Kumar et
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al. [22] studied the Rayleigh waves in isotropic
microstretch thermoelastic diffusion solid half space. A
transversely isotropic material is one with physical
properties which are symmetric about an axis that is
normal to a plane of isotropy. Rayleigh surface wave
in a transversely isotropic microstretch elastic solid is
not considered in literature yet. In the present paper,
the basic equations of motion for transversely
isotropic microstretch elastic solid are formulated and
solved for surface wave sulutions. A frequency
equation of Rayleigh surface wave is obtained. The
non-dimensional wave speed of Rayleigh is computed
and shown graphically for a particular model of the
half-space.

Il. GOVERNING EQUATIONS

We consider a body that at some instant occupies the
region B of the euclidean three- dimensional space
and is bounded by the piecewise smooth surface dB.
The motion of the body is referred to the reference
configuration B and a fixed system of rectangular
Cartesian axes Ox; (i = 1,2,3). We denote by n the
outward unit normal of dB. We consider the linear
theory of microstretch elasticity. The basic equations
of linear theory of microstretch elasticity are:

The equations of motion

tiij = ply,
1)
My + &ty = PJPx
2
T — 0 = jo
3

The constitutive equations
tij = Ajjrsers + Bijrskrs + Dy ® + Fijp G

(4)
my; = Brgijers + Cijrskys + Eijj® + Gijr (e
©)
o = Djje;j + Ejjkij + P + hy G
(6)
Ty = Fijrey; + Giekij + @ + A%
(7)
and, the geometrical equations
e = Ui + &P Kij = i, §j =P,
(8)

Here, t;; is the stress tensor, p is the reference mass
density, u; is the displacement vector, m;; is the
couple stress tensor, ¢;;, is the alternating symbol, I;;
is the microinertia tensor, ¢; is the microrotation
vector, m, is the microstretch stress vector, ® is the
microstretch function, o is the microstress function, |
is the microinertia, j, is microstretch inertia, e;; ,
Kk;;and , are kinematic strain measures and A4;j,s,
Bijrsy Cijrs» Dijy Eij y Fijio Giji, iy &, Ay, Ky are
constitutive  coefficients.  Latin  subscripts are
understood to range over the integers (1, 2, 3),
summation over repeated subscriptsis implied and
subscripts preceded by a comma denote partial
differentiation with respect to the corresponding
Cartesian coordinate. Superposed dot denotes partial
differentiation with respect to the time t. The

microinertia tensor and the constitutive coefficients
are assumed to satisfy the symmetry relations
AleS = ArsijJBijrs = Brsij) Cijrs = Crsij'

A]u K; Kji- (9)

Ill. FORMULATION OF THE PROBLEM AND
SOLUTION

We consider a homogeneous transversely isotropic
microstretch solid half space. We take the origin of
the coordinate system on the free surface and z axis
is pointing normally into the half-space,which is thus
represented by z > 0. We assume the components of
the displacement and microrotation vector of the form
u = (u; ,0,u3) and ¢ = (0,9, ,0) . With the help of
equations. (4) to (9), the equations (1) to (3) are
written in x-z plane as

Aij =

92 92 a
Ay 22 oz T (Ais +A50) =2 u3 A5 auzl + Ky ::
0P 92
Dy ax P atuzl (10)
A66 2 u3 + (A5 + Ass) i ul ~t A33 2 u3 + K, a;:
9%u
D33a_z =p atzs (11) i
a%¢ % du ,0%¢
By, ox 22+ 66 5 22 K1a_zl_Kza__)(<Pz pJ atzz
(12)
. 0%, ou 82
A 1152 33a 7 —§P— D11 a 33 a; =j—= 9tz
(13)

where
Ay = Ayy11, Ass = Az13, A1z = Aqizz =

Asz11, Ase = Az113 = A1331,  Aee = A1313) Azz = Azzas,

Ky = Agg — Ass = Az113 — Az131, Ky = Age — Ase =
Aq313 — A1331, B77 = Ci212, Bes = C3232, % = K7 — K;.

We seek the surface wave solutions of equations (10)
to (13) as

{w, us, 92, 0} = (), %5 (2), 9, (2), @ (Z)}e”‘((;;”
where k is the wave number, c is phase speed of the
wave, and o = kc is the angular frequency.

Making use of equation (14) in equations (10) to (13),
we obtain four homogeneous equations
(AssD? — Lk?)u;(z) + ikMDu3(z) + K, D, (z) +

ikMD1; (2) + (A33D* — Nk*)uz(2) + +ikK,@,(2) +
—K, D1 (z) — ikK,u3(2) + (BsgD* — Pk?)P,(2) = 0
a7
llelu_l(Z) + D33Du_3(Z) + (_A*33D2 + sz)a(z) =0
(18)
where

L= (A1, —pc®),M = (A3 + Ag6), N = (Ags ;PCZ),
P=(By—pjct+%), R= (a0 —je? +5
The equations (15) to (18) have non-trivial solutions if
ao D8 —a,D® + a,D* —a;D?* +a, =0
(19)
where D = :—Z and a,, a4, a,, as, a, are given in

Appendix.
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Let m,, m,, m3, m, be the roots of auxiliary equation
corresponding to equation (19). Using the radiation
conditions u,; —0, u;—0, ¢,—0,—0 as z—w, we
obtainthe following solutions in the half-space

U, = (Ae™™% + A,e™™2% 4 AjeT ™% 4

A4e_m4z)eik(x_“), (20)
uz = ((1A67™% + (A7 + (3Aze T +
{4A4e—m4z)eik(x—ct)’ (21)
@y = (MAe™™% + A7 + 13436737 +
n4A4e—m4z)eik(x—ct)’ (22)
& = (§AjeT™Z + & A e ™27 4 E AeTRE 4
54A4e—m4z)eik(x—ct) (23)

where 74, 15, N3, M4 and (1'(2_ 1438, and §1,§,,83 and &,
are given in Appendix, and
a
m12 +m22 +m32 +m42 Za_l,
0
2 2 a
m12m22 + m22m3 + m32m4 + m42m12 = a_z )
0
2 2 2 a
m12m22m32 + m22m3 m4_2 + m32m4_ m1 = a_3 )
0
a
m,2myimy?m,? = a—“
0

IV. BOUNDARY CONDITIONS

The mechanical boundary conditions at z = 0 are
t33 = 0, t31: 0, TI‘L32 = 0, 7-[3 = 0,
(24)
where
tsz = A1zl g + AzzUzz + D33 ®,

t31 = AselUs 1 + Asstly 3 + (Ase — Ass) 9,
M3, = Bee a3,
7T3 = h3(p + A*31(p’1 + A*33(p’3.

The solutions given by equations (20) to (23) satisfy
the boundary conditions (24) at the free surface z = 0,
and we obtain the following frequency equation
A;"B,"C3"D," — A, "B,"C,"Dy* — A "B;"C," D, +
A;"By"C,"D," + A, "B,"C,* D" — AB,"C3"D," —
A,"B,"C3"D," + A,"B,"C," D" + A,"By"C "D, —
A,'B;"C,"D;" — A,"B,"C*D;" + A,"B,"C3"D, " +
A3"B,"C,"D," — A3"B,"C,"D," — A3"B,"C,"D,* +
A3"B,"C,"D;" + A3"B,"C,"D," — A3"B,"C,"D, " —
AS'B"C,"D" + AS'B,"C3" Dy + A B, CLP Dyt —
AS'B,"C3"Dy" — ASBy"C" Dy + A By CL" D, = 0,
(25)
where
A" =ikAy; —m(Ass +§iD3s, (1 =1,2,.,4)

B;" = ik{iAsq — miAss + (Ase — Ass)n;,

C;" =mnBgs, D;" = h3§;+ik§A™ 3 —
m;§;A”33.
In absence of microstretch parameters, i.e., if we put
A = A%33 = A*3, = Dy = D33 = & =0, the frequency
equation (25) reduces for Rayleigh wave in a
transversely isotropic micropolar elastic solid half-
space.

V. NUMERICAL RESULTS AND DISCUSSION

To compute the non-dimensional speed of Rayleigh
wave, the following relevant parameters for a
transversely isotropic microstretch material are taken
A1 =17.8 x 10" Nm™, Az = 18.43 x 10'° Nm?,

A3 =7.59 x 10" Nm™, Ass=1.89 x 10'° Nm?,

Ass = 4.357 x 10" Nm?, Ags = 4.42 x 10'° Nm?,

Ags = 4.32 x 10" Nm™?, B;;=0.278 x 10° N,

Bes = 0.268 x 10° N, A*;; = 0.03 x 10" Nm?,

A*55 = 0.04x 10"° Nm?, A*5; = 0.05 x 10"° Nm?,

D,; = 0.062 x 10" N, D;; = 0.063 x 10" N,
p=174x10°Kgm? j=0.196 m>.

The non-dimensional speed of Rayleigh wave /ZLZ
33

plotted against non-dimensional frequency {o* =
mz/(ﬁ) } in Figure 1. For transversely isotropic

microstretch case, the non-dimensional speed is
0.5071 at o* = 2.5. It increases to 0.6153 at o* = 10.
For transversely isotropic micropolar case, the non-
dimensional speed is 1.902 at ®* = 2.5. It increases to
2.862 at ®* = 10. The comparison of solid and dotted
curves in figure 1 shows the effect of microstretch on
non- dimensional speed of Rayleigh wave at different
non-dimensional frequency.
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Non-dimensional speed

o5+ ———

0.0 T T T |

2 4 6 8 10
Non-dimensional frequency

2
Figure 1. Variation of non-dimensional speed /ZL against non-
33

dimensional frequency {o* = a)z/(é) }.

The variations of non-dimensional speed

2 - . -
= against non-dimensional frequency { ;i =
33

mz/(i)} are shown graphically in Figure 2, when

®*=5,10 and 15. For o* =5, the non-dimensional
speed of Rayleigh wave is 0.6231 at «; = 2.5 and
0.5847 at wi = 10. For o* = 10, the non-dimensional
speed of Rayleigh wave is 0.6341 at w; = 2.5 and
0.6053 at w; = 10. For o* = 15, the non-dimensional
speed of Rayleigh wave is 0.6370 at «; = 2.5 and
0.6104 at w; = 10. The comparison of solid and
dotted curves in Figure 2 shows the effect of non-
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dimensional frequency on non-dimensional speed of
Rayleigh wave.
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Figure 2. Variations of non-dimensional speed /ZL against non-
33

dimensional frequency {w; = a)z/(f) }, when @* = 5,10 and 15.
0o

2
The variations of non-dimensional speed |—
33

. . . A
against non-dimensional constant (0 < Aﬁ <0.3) are
33

shown graphically in Figure 3 when o* =5 (solid), 10
(dotted) and 15 (dotted with star) and w; =5. The
comparison of solid and dotted curve show the effect
of non-dimensional frequency at different non-
dimensional material constant.
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Figure 3. Variation of non-dimensional speed pet against non-

Aszz
dimensional constant (%) when " =5 (solid), 10 (dotted) and 15
33
(dotted with star) and wi = 5.

VI. CONCLUSIONS

Linear microstretch elasticity is applied to
study the Rayleigh wave in a transversely isotropic
medium. A secular equation of Rayleigh wave is

obtained. The numerical results show the effects of
non-dimensional material constant and non-
dimensional frequency on wave speed of Rayleigh
wave. The exact nature of the layers under the earth
surface is not known. Various appropriate models are
considered for theoretical investigation about the
Earth's interior. The problems of waves and vibrations
become more important in the field of seismology,
when one studies the problem with additional
parameters, for example, microstretch, thermal
disturbance, microrotation, porosity, viscosity, and
other paramaters.
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APPENDIX

The coefficients a,, a,, a,, az, a, in equation (19) are given
as ag = Az3As54 33866
a; = [k?(A33As5A" 33P + A33AssBgR + Ass B A 33N
+ A33B66A*33 - B66A*33M2) - ASSB66D233
_A33A*33K12]'

a, = [k"‘(ASSBGGRN + A33A55sRP + A% 33455 PN + A33BggRL +
A3z A*33LP + BggA*33LN — BggM?R — A*33M?P) +
k?(—Ass A" 33K, — AssD?53P — BggD?33L — A33Ky "R —
A"33K,*N — A33D?11Bgg + 2Bg D33 Dy M + 247 33K, Ko M) +
D233K12],
as = [kﬁ(ASSRNP + A33PRL + BggRLN + A*33LPN — PRM?)

+ k*(—AssRK,” — A"33LK,” — D?33PL
+ 2Dy, D33PM — RNK,? — A33D?,, P
— D?,,Bg6N + 2K, K,RM)
+ kz(_2K1KzD33D11)]
a, = [k®(PRNL) — k®(RLK,” + D?,,PN) + k*(D?1,K,%)].
The coefficients n;, ¢;, §; (i =1,2,.,4) are given as
_ limex2
[ k »
[iA s SKZTZ—iZZ—iLKZ —iMKl'Z—"ZZ— (KZ Dy 4K, D33mk—i22)%]

{i = m; m; m3 )
NEy =MKy— = A Ky s
Si_pitaq
k T; +s i

where

. m;® m; m;®
pi = iD33 |AssK; I LKZT_ MK, I
. m; m;® m;
q; = LD11 MK27+A33K1 _k3 - NKIT

5 mis m; m; N m;
. m;®
+ A%33433 P

) . .3
5= Ky [DiaDay 2 — MR™ + A" 53 M 7|
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