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Abstract—The linear governing equations of a 
transversely isotropic microstretch elastic solid 
medium are formulated and solved for surface 
wave solutions. The appropriate solutions 
satisfying the radiation conditions are applied to 
the required boundary conditions at the free 
surface of the half- space of the medium. A 
frequency equation is obtained for Rayleigh 
surface wave in the medium. The non-dimensional 
speed of the propagation of Rayleigh surface 
wave is computed for a specific model of the 
material and is shown graphically to observe the 
effects of non-dimensional constants and non-
dimensional frequency. 
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I.  INTRODUCTION 

The linear theory of elasticity has applications 
in the stress analysis of steel, which is the commonest 
engineering structural material. To a lesser extent 
linear elasticity describes the mechanical behaviour of 
the other common solid materials, for example, 
concrete, wood and coal. However, the linear theory 
of elasticity is unable to explain the behaviour of many 
of the new synthetic materials of the elastomer and 
polymer type. The theory of micropolar elasticity is 
adequate to represent the behaviour of such 
materials. For the case of elastic vibrations 
characterized by high frequencies and small 
wavelengths, the influence of the body microstructure 
becomes significant. Microstretch continuum is a 
model for Bravias lattice with a basis on the atomic 
level and a two phase dipolar solid with a core on the 
macroscopic level. For example, composite materials 
reinforced with chopped elastic fibres, porous media 
whose pores are filled with gas or inviscid liquid, 
asphalt or other elastic inclusions and ‘solid-liquid' 
crystals, etc. represent the microstretch solids. 
Eringen [1] developed theory of   Micropolar elastic 
solids with stretch. Eringen [2] proposed a theory of 
thermo-microstretch elastic solid in which he included 
microstructural expansions and contractions. Eringen 
[3] formulated a electromagnetic theory of 
microstretch elasticity and bone modelling. 

Surface waves in elastic solids were first studied by 
Lord Rayleigh [4] for an isotropic elastic solid. The 
extension of surface wave analysis and other wave 
propagation problems to anisotropic elastic materials 
has been the subject of many studies. For example, 
Musgrave [5] reported the propagation of elastic 
waves in crystals and other anisotropic media. 
Anderson, [6] derived periodic equations for waves of 
Rayleigh, Stoneley and Love types in a transversely 
isotropic medium. Buchwald [7] also studied the 
Rayleigh waves in transversely isotropic media using 
an approach based on potential functions. Chadwick 
and Smith [8] discussed the theory of surface waves 
in anisotropic elastic materials. Royer and Dieulesaint 
[9] obtained Rayleigh wave velocity and displacement 
in orthorhombic, tetragonal, hexagonal and cubic 
crystals. Barnett and Lothe [10] studied free surface 
(Rayleigh) waves in anisotropic elastic half-space 
using the surface impedance method. Dowaikh and 
Ogden [11] discussed the surface waves and 
deformation in a compressible elastic half-space. 
Destrade [12] derived the explicit secular equation for 
surface acoustic waves in monoclinic elastic crystals. 
Ahmad [13] studied the guided waves in a 
transversely isotropic cylinder immersed in a fluid. 
Ting [14] derived an explicit secular equation for 
surface waves in an elastic material of general 
anisotropy. Ting [15] derived explicit secular equations 
for surface waves in monoclinic materials with the 
symmetry plane x1 = 0, x2 = 0 or x3 = 0. Ogden and 
Vinh [16] obtained the secular equation for the 
Rayleigh wave speed in an incompressible orthotropic 
elastic solid in a form that does not admit spurious 
solutions. Singh et al. [17] studied the effect of rotation 
on non-dimensional speed of Rayleigh wave in an 
orthotropic micropolar solid half-space.  

Many researchers have attempted various 
plane wave and surface wave problems in isotropic 
microstretch elasticity. For example, Singh [18] has 
shown the existence of five plane waves in an 
isotropic microstretch elastic solid and studied 
reflection of these waves from free surface to obtain 
reflection coefficients and energy ratios. Nowinski [19] 
studied the non-local surface wave in a linear isotropic 
micropolar and microstretch.  Sharma et al. [20-21] 
studied the propagation of generalized Rayleigh 
surface waves in a homogeneous, isotropic, 
microstretch thermoelastic solid half-space. Kumar et 

http://www.jmest.org/


Journal of Multidisciplinary Engineering Science and Technology (JMEST) 

ISSN: 3159-0040 

Vol. 2 Issue 7, July - 2015 

www.jmest.org 
JMESTN42350880 1743 

al. [22] studied the Rayleigh waves in isotropic 
microstretch thermoelastic diffusion solid half space. A 
transversely isotropic material is one with physical 
properties which are symmetric about an axis that is 
normal to a plane of isotropy. Rayleigh surface wave 
in a transversely isotropic microstretch elastic solid is 
not considered in literature yet. In the present paper, 
the basic equations of motion for transversely 
isotropic microstretch elastic solid are formulated and 
solved for surface wave sulutions. A frequency 
equation of Rayleigh surface wave is obtained. The 
non-dimensional wave speed of Rayleigh is computed 
and shown graphically for a particular model of the 
half-space. 

II. GOVERNING EQUATIONS 

We consider a body that at some instant occupies the 
region B of the euclidean three- dimensional space 

and is bounded by the piecewise smooth surface  𝜕𝐵. 
The motion of the body is referred to the reference 
configuration B and a fixed system of rectangular 
Cartesian axes 𝑂𝑥𝑖   (𝑖 = 1,2,3). We denote by n the 

outward unit normal of  𝜕𝐵 . We consider the linear 
theory of microstretch elasticity. The basic equations 
of linear theory of microstretch elasticity are:  
The equations of motion 

 𝑡𝑗𝑖,𝑗 = 𝜌𝑢𝑖̈  ,    

    (1) 
           𝑚𝑖𝑘.𝑖 + 𝜀𝑖𝑗𝑘𝑡𝑖𝑗 = 𝜌𝑗𝜑𝑘̈  ,   

    (2) 
           𝜋𝑘,𝑘 − 𝜎 = 𝑗0𝜑̈    

    (3) 
The constitutive equations 

   𝑡𝑖𝑗 = 𝐴𝑖𝑗𝑟𝑠𝑒𝑟𝑠 + 𝐵𝑖𝑗𝑟𝑠𝜅𝑟𝑠 + 𝐷𝑖𝑗𝛷 + 𝐹𝑖𝑗𝑘𝜁𝑘  

               (4) 
   𝑚𝑖𝑗 = 𝐵𝑟𝑠𝑖𝑗𝑒𝑟𝑠 + 𝐶𝑖𝑗𝑟𝑠𝜅𝑟𝑠 + 𝐸𝑖𝑗𝛷 + 𝐺𝑖𝑗𝑘𝜁𝑘 

               (5) 
  𝜎 = 𝐷𝑖𝑗𝑒𝑖𝑗 + 𝐸𝑖𝑗𝜅𝑖𝑗 + 𝜉𝛷 + ℎ𝑘𝜁𝑘   

               (6) 
  𝜋𝑘 = 𝐹𝑖𝑗𝑘𝑒𝑖𝑗 + 𝐺𝑖𝑗𝑘𝜅𝑖𝑗 + ℎ𝑘𝛷 + 𝐴∗

𝑘𝑗𝜁𝑗  

                    (7)  
and,  the geometrical equations 

           𝑒𝑖𝑗 = 𝑢𝑗,𝑖 + 𝜀𝑗𝑖𝑘𝜑𝑘 , 𝜅𝑖𝑗 = 𝜑𝑗,𝑖  ,  𝜁𝑗 = 𝛷,𝑗 

               (8) 

Here, 𝑡𝑖𝑗 is the stress tensor,  is the reference mass 

density, 𝑢𝑖  is the displacement vector, 𝑚𝑖𝑗  is the 

couple stress tensor, 𝜀𝑖𝑗𝑘 is the alternating symbol, 𝐼𝑖𝑗 

is the microinertia tensor, 𝜑𝑖 is the microrotation 
vector, 𝜋𝑘  is the microstretch stress vector, Φ is the 
microstretch  function, 𝜎 is the microstress function,  j 
is the microinertia,  𝑗0 is microstretch inertia, 𝑒𝑖𝑗  , 

𝜅𝑖𝑗 𝑎𝑛𝑑 𝜁𝑘  are kinematic strain measures and 𝐴𝑖𝑗𝑟𝑠 ,

𝐵𝑖𝑗𝑟𝑠 , 𝐶𝑖𝑗𝑟𝑠 ,  𝐷𝑖𝑗 , 𝐸𝑖𝑗 , 𝐹𝑖𝑗𝑘 , 𝐺𝑖𝑗𝑘 , ℎ𝑖 , 𝜉,  𝐴𝑖𝑗 , 𝜅𝑖𝑗  are 

constitutive coefficients. Latin subscripts are 
understood to range over the integers (1, 2, 3), 
summation over repeated subscriptsis implied and 
subscripts preceded by a comma denote partial 
differentiation with respect to the corresponding 
Cartesian coordinate.  Superposed dot denotes partial 
differentiation with respect to the time t. The 

microinertia tensor and the constitutive coefficients 
are assumed to satisfy the symmetry relations 

           𝐴𝑖𝑗𝑟𝑠 = 𝐴𝑟𝑠𝑖𝑗 , 𝐵𝑖𝑗𝑟𝑠 = 𝐵𝑟𝑠𝑖𝑗 , 𝐶𝑖𝑗𝑟𝑠 = 𝐶𝑟𝑠𝑖𝑗 ,  𝐴𝑖𝑗 =

𝐴𝑗𝑖 , 𝜅𝑖𝑗 =  𝜅𝑗𝑖 .            (9) 

III. FORMULATION OF THE PROBLEM AND 

SOLUTION  

We consider a homogeneous  transversely isotropic 
microstretch solid  half space. We take the origin of 
the coordinate system on the free surface and z axis 
is pointing normally into the half-space,which is thus 

represented by z  0. We assume the components of 
the displacement and microrotation vector of the form 
𝑢 = (𝑢1 ,0, 𝑢3) 𝑎𝑛𝑑 𝜑 = (0, 𝜑2 ,0) . With the help of 
equations. (4) to (9), the equations (1) to (3) are 
written in x-z plane as 

𝐴11
𝜕2𝑢1

𝜕𝑥2 + (𝐴13 + 𝐴56)
𝜕2𝑢3

𝜕𝑥𝜕𝑧
+ 𝐴55

𝜕2𝑢1

𝜕𝑧2 + 𝐾1
𝜕𝜑2

𝜕𝑧
+

𝐷11
𝜕𝛷

𝜕𝑥
= 𝜌

𝜕2𝑢1

𝜕𝑡2                                   (10) 

𝐴66
𝜕2𝑢3

𝜕𝑥2 + (𝐴13 + 𝐴56)
𝜕2𝑢1

𝜕𝑥𝜕𝑧
+ 𝐴33

𝜕2𝑢3

𝜕𝑧2 + 𝐾2
𝜕𝜑2

𝜕𝑥
+

𝐷33
𝜕𝛷

𝜕𝑧
= 𝜌

𝜕2𝑢3

𝜕𝑡2                                    (11) 

    𝐵77
𝜕2𝜑2

𝜕𝑥2 + 𝐵66
𝜕2𝜑2

𝜕𝑧2 − 𝐾1
𝜕𝑢1

𝜕𝑧
− 𝐾2

𝜕𝑢3

𝜕𝑥
− 𝜒𝜑2 = 𝜌𝑗

𝜕2𝜑2

𝜕𝑡2

                                     (12) 

 𝐴∗
11

𝜕2𝛷

𝜕𝑥2+𝐴∗
33

𝜕2𝛷

𝜕𝑧2 − 𝜉𝛷 − 𝐷11
𝜕𝑢1

𝜕𝑥
− 𝐷33

𝜕𝑢3

𝜕𝑧
= 𝑗

𝜕2𝛷

𝜕𝑡2

                                        (13)
 

where      
    𝐴11 = 𝐴1111,  𝐴55 = 𝐴3131,  𝐴13 = 𝐴1133 =
𝐴3311,  𝐴56 = 𝐴3113 = 𝐴1331,  𝐴66 = 𝐴1313,  𝐴33 = 𝐴3333,
𝐾1 = 𝐴56 − 𝐴55 = 𝐴3113 − 𝐴3131, 𝐾2 = 𝐴66 − 𝐴56 =
𝐴1313 − 𝐴1331, 𝐵77 = 𝐶1212, 𝐵66 = 𝐶3232,   = 𝐾2 − 𝐾1. 
 
We seek the surface wave solutions of equations (10) 
to (13) as   

            
{𝑢1, 𝑢3, 𝜑2 , 𝛷} = {𝑢1̅̅ ̅(z), 𝑢3̅̅ ̅(𝑧), 𝜑2̅̅̅̅ (𝑧), 𝛷̅(𝑧)}𝑒𝑖𝑘(𝑥−𝑐𝑡)

                               (14) 
where k is the wave number, c is phase speed of the 

wave, and   = kc is the angular frequency.  
Making use of equation (14) in equations  (10) to (13), 
we obtain four homogeneous equations    
(𝐴55𝐷2 − 𝐿𝑘2)𝑢1̅̅ ̅(𝑧) + 𝑖𝑘𝑀𝐷𝑢3̅̅ ̅(𝑧) + 𝐾1𝐷𝜑2̅̅̅̅ (𝑧) +
𝑖𝑘𝐷11𝛷̅(𝑧) = 0                                                (15) 

        

𝑖𝑘𝑀𝐷𝑢1̅̅ ̅(𝑧) + (𝐴33𝐷2 − 𝑁𝑘2)𝑢3̅̅ ̅(𝑧) + +𝑖𝑘𝐾2𝜑2̅̅̅̅ (𝑧) +
𝐷33𝐷𝛷̅(𝑧) = 0                                           (16) 

−𝐾1𝐷𝑢1̅̅ ̅(𝑧) − 𝑖𝑘𝐾2𝑢3̅̅ ̅(𝑧) + (𝐵66𝐷2 − 𝑃𝑘2)𝜑2̅̅̅̅ (𝑧) = 0
                              (17) 

 𝑖𝑘𝐷11𝑢1̅̅ ̅(𝑧) + 𝐷33𝐷𝑢3̅̅ ̅(𝑧) + (−𝐴∗
33𝐷2 + 𝑅𝑘2)𝛷̅(𝑧) = 0

                                          (18) 
where 

   𝐿 = (𝐴11 − 𝜌𝑐2), 𝑀 = (𝐴13 + 𝐴56), 𝑁 = (𝐴66 − 𝜌𝑐2), 

𝑃 = (𝐵77 − 𝜌𝑗𝑐2 +
𝜒

𝑘2
) , 𝑅 = (𝐴∗

11 − 𝑗𝑐2 +
𝜉

𝑘2
). 

The equations (15) to (18) have non-trivial solutions if   

          𝑎0 𝐷8 − 𝑎1𝐷6 + 𝑎2𝐷4 − 𝑎3𝐷2 + 𝑎4 = 0 
                 (19) 

where  D = 
𝑑

𝑑𝑧
 and 𝑎0,  𝑎1,  𝑎2,  𝑎3,  𝑎4  are given in 

Appendix. 
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Let 𝑚1, 𝑚2, 𝑚3,, 𝑚4,be the roots of auxiliary equation 

corresponding to equation (19). Using the radiation 

conditions 𝑢10, 𝑢30, 20,0 as z, we 
obtainthe following solutions in the half-space  

      𝑢1 = (𝐴1𝑒−𝑚1𝑧 + 𝐴2𝑒−𝑚2𝑧 + 𝐴3𝑒−𝑚3𝑧 +
𝐴4𝑒−𝑚4𝑧)𝑒𝑖𝑘(𝑥−𝑐𝑡),                               (20)  
         𝑢3 = (𝜁1𝐴1𝑒−𝑚1𝑧 + 𝜁2𝐴2𝑒−𝑚2𝑧 + 𝜁3𝐴3𝑒−𝑚3𝑧 +

𝜁4𝐴4𝑒−𝑚4𝑧)𝑒𝑖𝑘(𝑥−𝑐𝑡),                                  (21)        
         𝜑2 = (𝜂1𝐴1𝑒−𝑚1𝑧 + 𝜂2𝐴2𝑒−𝑚2𝑧 + 𝜂3𝐴3𝑒−𝑚3𝑧 +

𝜂4𝐴4𝑒−𝑚4𝑧)𝑒𝑖𝑘(𝑥−𝑐𝑡),                                 (22)   
         𝛷 = (𝜉1𝐴1𝑒−𝑚1𝑧 + 𝜉2𝐴2𝑒−𝑚2𝑧 + 𝜉3𝐴3𝑒−𝑚3𝑧 +

𝜉4𝐴4𝑒−𝑚4𝑧)𝑒𝑖𝑘(𝑥−𝑐𝑡)                                     (23) 
where 𝜂1, 𝜂2, 𝜂3,, 𝜂4 and 𝜁1, 𝜁2 , 𝜁3,𝜁4  𝑎𝑛𝑑 𝜉1, 𝜉2, 𝜉3 𝑎𝑛𝑑 𝜉4 

are given in Appendix, and  

          𝑚1
2 + 𝑚2

2 + 𝑚3
2 + 𝑚4

2 =
𝑎1

𝑎0
, 

          𝑚1
2𝑚2

2 + 𝑚2
2𝑚3

2
+ 𝑚3

2𝑚4
2

+ 𝑚4
2𝑚1

2 =
𝑎2

𝑎0
 , 

           𝑚1
2𝑚2

2𝑚3
2 + 𝑚2

2𝑚3
2

𝑚4
2 + 𝑚3

2𝑚4
2

𝑚1

2
=

𝑎3

𝑎0
 , 

           𝑚1
2𝑚2

2𝑚3
2𝑚4

2 =
𝑎4

𝑎0
. 

IV. BOUNDARY CONDITIONS 

The mechanical boundary conditions at z = 0 are   
            𝑡33 = 0, 𝑡31 = 0,  𝑚32 = 0,  𝜋3 = 0,  
                             (24)  

where                
             𝑡33 = 𝐴13𝑢1,1 + 𝐴33𝑢3,3 + 𝐷33𝛷,  

    
             𝑡31 = 𝐴56𝑢3,1 + 𝐴55𝑢1,3 + (𝐴56 − 𝐴55)𝜑2  , 

    
                 𝑚32 = 𝐵66𝜑2,3, 

   
            𝜋3 = ℎ3𝛷 + 𝐴∗

31𝛷,1 + 𝐴∗
33𝛷,3.  

    
The solutions given by equations  (20) to (23) satisfy 
the boundary conditions (24) at the free surface z = 0, 
and we obtain the following frequency equation  

𝐴1
∗𝐵2

∗𝐶3
∗𝐷4

∗ − 𝐴1
∗𝐵2

∗𝐶4
∗𝐷3

∗ − 𝐴1
∗𝐵3

∗𝐶2
∗𝐷4

∗ +
𝐴1

∗𝐵3
∗𝐶4

∗𝐷2
∗ + 𝐴1

∗𝐵4
∗𝐶2

∗𝐷3
∗ − 𝐴1

∗𝐵4
∗𝐶3

∗𝐷2
∗ −

𝐴2
∗𝐵1

∗𝐶3
∗𝐷4

∗ + 𝐴2
∗𝐵1

∗𝐶4
∗𝐷3

∗ + 𝐴2
∗𝐵3

∗𝐶1
∗𝐷4

∗ −
𝐴2

∗𝐵3
∗𝐶4

∗𝐷1
∗ − 𝐴2

∗𝐵4
∗𝐶1

∗𝐷3
∗ + 𝐴2

∗𝐵4
∗𝐶3

∗𝐷1
∗ +

𝐴3
∗𝐵1

∗𝐶2
∗𝐷4

∗ − 𝐴3
∗𝐵1

∗𝐶4
∗𝐷2

∗ − 𝐴3
∗𝐵2

∗𝐶1
∗𝐷4

∗ +
𝐴3

∗𝐵2
∗𝐶4

∗𝐷1
∗ + 𝐴3

∗𝐵4
∗𝐶1

∗𝐷2
∗ − 𝐴3

∗𝐵4
∗𝐶2

∗𝐷1
∗ −

𝐴4
∗𝐵1

∗𝐶2
∗𝐷3

∗ + 𝐴4
∗𝐵1

∗𝐶3
∗𝐷2

∗ + 𝐴4
∗𝐵2

∗𝐶1
∗𝐷3

∗ −
𝐴4

∗𝐵2
∗𝐶3

∗𝐷1
∗ − 𝐴4

∗𝐵3
∗𝐶1

∗𝐷2
∗ + 𝐴4

∗𝐵3
∗𝐶1

∗𝐷2
∗ = 0,                                  

                                                               (25)  
where 
            𝐴𝑖

∗ = 𝑖𝑘𝐴13 − 𝑚𝑖𝜁𝑖𝐴33 + 𝜉𝑖𝐷33, (𝑖 = 1,2, . ,4)
      
            𝐵𝑖

∗ = 𝑖𝑘𝜁𝑖𝐴56 − 𝑚𝑖𝐴55 + (𝐴56 − 𝐴55)𝜂𝑖 ,  
           𝐶𝑖

∗ = 𝑚𝑖𝜂𝑖𝐵66,    𝐷𝑖
∗ =   ℎ3𝜉𝑖 + 𝑖𝑘𝜉𝑖𝐴

∗
31 −

𝑚𝑖𝜉𝑖𝐴
∗

33.    
In absence of microstretch parameters, i.e., if we put 
𝐴∗

11 = 𝐴∗
33 = 𝐴∗

31 = 𝐷11 = 𝐷33 = 𝜉 = 0, the frequency 
equation (25) reduces for Rayleigh wave in a 
transversely isotropic micropolar elastic solid half-
space. 

V. NUMERICAL RESULTS AND DISCUSSION  

To compute the non-dimensional speed of Rayleigh 
wave, the following relevant parameters for a 
transversely isotropic microstretch material are taken  

A11 = 17.8  10
10

 Nm
-2

,   A33 = 18.43  10
10

 Nm
-2

,  

A13 = 7.59  10
10

 Nm
-2

,   A56 = 1.89  10
10

 Nm
-2

,  

A55 = 4.357  10
10

 Nm
-2

,   A66 = 4.42  10
10

 Nm
-2

,    

A65 = 4.32  10
10

 Nm
-2

,   B77 = 0.278  10
9
 N,  

 B66 = 0.268  10
9
 N,   𝐴∗

11 = 0.03  10
10

 Nm
-2
,   

𝐴∗
33 = 0.04  10

10
 Nm

-2
,  𝐴∗

33 = 0.05  10
10

 Nm
-2

,  

𝐷11 = 0.062  10
10

 N,  𝐷33 = 0.063  10
10

 N,   

 = 1.74  10
3
 Kg m

-3
,   j = 0.196 m

2
.  

The non-dimensional speed of Rayleigh wave √
𝜌𝑐2

𝐴33
  

plotted  against non-dimensional frequency {∗  = 

2/(


𝑗
)  } in Figure 1. For transversely isotropic 

microstretch case, the non-dimensional speed is 
0.5071 at ∗ = 2.5. It increases to 0.6153 at ∗ = 10.  
For transversely isotropic micropolar case, the non-
dimensional speed is 1.902 at ∗ = 2.5. It increases to 
2.862 at ∗ = 10.  The comparison of solid and dotted 
curves in figure 1 shows the effect of microstretch on 
non- dimensional speed of Rayleigh wave at different 
non-dimensional frequency. 
 

 

  

Figure 1.  Variation of non-dimensional speed √
𝜌𝑐 2

𝐴33
  against non-

dimensional  frequency {∗ = 2/(


𝑗
) }.  

  
The variations of  non-dimensional speed 

√
𝜌𝑐2

𝐴33
  against non-dimensional frequency { 𝜔1

∗  = 

2/(
x

𝑗0
) } are shown graphically in Figure 2,  when 

∗ = 5, 10  and 15.  For ∗ = 5, the non-dimensional 
speed of Rayleigh wave is 0.6231 at  𝜔1

∗  = 2.5 and 
0.5847 at  𝜔1

∗ = 10. For ∗ = 10, the non-dimensional 
speed of Rayleigh wave is 0.6341 at  𝜔1

∗  = 2.5 and 
0.6053 at  𝜔1

∗ = 10. For ∗ = 15, the non-dimensional 
speed of Rayleigh wave is 0.6370 at  𝜔1

∗  = 2.5 and 
0.6104 at  𝜔1

∗  = 10.   The comparison of solid and 
dotted curves in Figure 2 shows the effect of non-
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dimensional frequency on non-dimensional speed of 
Rayleigh wave.   

 
 

 
 

Figure 2.  Variations of  non-dimensional speed √
𝜌𝑐2

𝐴33
  against non- 

dimensional frequency {𝜔1
∗ = 2/(

x

𝑗0
) },  when ∗ = 5, 10  and 15. 

 

The variations of non-dimensional speed √
𝜌𝑐2

𝐴33
  

against non-dimensional constant ( 0 ≤
𝐴66

𝐴33 
 ≤ 0.3) are 

shown graphically in Figure 3 when ∗ = 5 (solid), 10 
(dotted) and 15 (dotted with star) and 𝜔1

∗ = 5.  The 
comparison of solid and dotted curve show the effect 
of non-dimensional frequency at different non-
dimensional material constant. 

 

 
 

Figure 3.  Variation of non-dimensional speed √
𝜌𝑐 2

𝐴33
  against non-

dimensional constant (
𝐴66

𝐴33
)  when ∗ = 5 (solid), 10 (dotted) and 15 

(dotted with star) and 𝜔1
∗ = 5. 

VI. CONCLUSIONS 

Linear microstretch elasticity is applied to 
study the Rayleigh wave in a transversely isotropic 
medium. A secular equation of Rayleigh wave is 

obtained. The numerical results show the effects of 
non-dimensional material constant and non-
dimensional frequency on wave speed of Rayleigh 
wave. The exact nature of the layers under the earth 
surface is not known.  Various appropriate models are 
considered for theoretical investigation about the 
Earth's interior. The problems of waves and vibrations 
become more important in the field of seismology, 
when one studies the problem with additional 
parameters, for example, microstretch, thermal 
disturbance, microrotation, porosity, viscosity, and 
other paramaters. 

REFERENCES 

[1] A. C. Eringen,  Micropolar elastic solids with 
stretch; Ari. Kitabevi. Matbassi. 24 (1971) 1- 9 
[2] A. C. Eringen, Theory of thermo-microstretch 
elastic solid; International Journal of Engineering 
Science, 28 (1990) 1291-1296 
[3] A.C. Eringen, Electromagnetic theory of 
microstretch elasticity and bone modelling, Int. J. 
Engng. Sci. 42 (2004) 231-242. 
[4] L. Rayleigh, On waves propagated along the plane 
surface of an elastic solid, Proceedings of London 
Mathematical Society, 17 (1885) 4–11. 
[5] M. J. P. Musgrave, The propagation of elastic 
waves in crystals and other anisotropic media, 
Reports on Progress in Physics 22 (1959) 74–96. 
[6] D. L. Anderson, Elastic wave propagation in 
layered anisotropic media, Journal of   Geophysics 
Research  66 (1961) 2953–2963. 
[7] V. T. Buchwald, Rayleigh waves in transversely 
isotropic media.  Quarterly of  Journal of Mechanics 
and Applied Mathematics, XIV (1961) 293-317. 
 [8] P. Chadwick and G. D. Smith, Foundations of the 
theory of surface waves in  anisotropic elastic 
materials, Advances in Applied Mechanics 17 (1977) 
303–376. 
[9] D. Royer and E. Dieulesaint, Rayleigh wave 
velocity and displacement in orthorhombic, tetragonal, 
hexagonal and cubic crystals, Journal of Acoustical 
Society of America 76 (1984) 1438–1444. 
[10] D. M. Barnett and J. Lothe, Free surface 
(Rayleigh) waves in anisotropic elastic half-spaces: 
the surface impedance method, Proceedings of  Royal  
Society of  London. A 402 (1985) 135–152. 
[11] M. A. Dowaikh and R. W. Ogden, On surface 
waves and deformations in a compressible elastic 
half-space, Stab. Appl. Anal. Cont. Media 1 (1991) 
27–45. 
[12] M. Destrade, The explicit secular equation for 
surface acoustic waves in monoclinic elastic crystals, 
Journal of Acoustical Society of America 109 (2001) 
1398–1402.  
[13] F. Ahmad, Guided waves in a transversely 
isotropic cylinder immersed in a fluid.  Journal of 
Acoustical Society of America, 109 (2001) 886-890. 
[14] T. C. T. Ting, An explicit secular equation for 
surface waves in an elastic material of general 
anisotropy, Quarterly of Journal of Mechanics and 
Applied Mathematics 55 (2002) 297–311. 

2 4 6 8 10
Non-dimensional frequency

0.58

0.59

0.60

0.61

0.62

0.63

0.64

N
o

n
-d

im
en

si
o

n
al

 s
p

ee
d







0.0 0.1 0.2 0.3
Non-dimensional constant

0.4

0.5

0.6

0.7

N
o

n
-d

im
en

si
o

n
al

 s
p

ee
d

http://www.jmest.org/


Journal of Multidisciplinary Engineering Science and Technology (JMEST) 

ISSN: 3159-0040 

Vol. 2 Issue 7, July - 2015 

www.jmest.org 
JMESTN42350880 1746 

[15] T. C. T. Ting, Explicit secular equations for 
surface waves in monoclinic materials with the 
symmetry plane x1 = 0, x2 = 0 or x3 = 0, Proceedings 
of Royal Society of  London A 458 (2002), 1017–
1031. 
[16] R. W. Ogden and P. C. Vinh, On Rayleigh waves 
in incompressible orthotropic elastic solids, Journal of 
Acoustical Society of America 115 (2004) 530–533. 
 [17] B. Singh, R. Sindhu and J. Singh, Rayleigh 
waves in a rotating orthotropic micropolar elastic solid 
half-space, International Journal of Geophysics, 
Volume 2013, Article ID 690249, 5 pages, 
http://dx.doi.org/10.1155/2013/690249 
[18] B. Singh, Reflection of plane waves from free 
surface of a microstretch elastic solid,  Proc. Indian 
Acad. Sci. (Earth Planet. Sci.), 111 (2002) 29–37 
[19]  J. L. Nowinski, On the surface waves in an 
elastic micropolar and microstretch medium with 
nonlocal cohesion, Acta Mechanica, 96 (1993) 97-
108 
[20] J. N. Sharma, S. Kumar, Y. D. Sharma, 
Propagation of Rayleigh Surface Waves in 
Microstretch Thermoelastic Continua Under Inviscid 
Fluid Loadings, Journal of Thermal Stresses, 31 
(2007) 18-39. 
[21] J. N. Sharma, S. Kumar, Y. D. Sharma, Effect 
of micropolarity, microstretch and relaxation times on 
Rayleigh surface waves in thermoelastic solids, 
International Journal of  Applied. Mathematics and 
Mechanics, 5  (2009) 17-38. 
[22] R. Kumar, S. Ahuja, S. K. Garg, Rayleigh waves 
in isotropic microstretch thermoelastic diffusion solid 
half space, Latin Americal Journal of Solids and 
Structures, 11 (2014) 299-319.   
 
APPENDIX 
 
The coefficients 𝑎0 ,  𝑎1 ,  𝑎2 ,  𝑎3 ,  𝑎4  in equation (19) are given 
as  𝑎0 = 𝐴33𝐴55𝐴∗

33𝐵66, 

 𝑎1 = [𝑘2(𝐴33𝐴55𝐴∗
33𝑃 + 𝐴33𝐴55𝐵66𝑅 + 𝐴55𝐵66𝐴∗

33𝑁

+ 𝐴33𝐵66𝐴∗
33 − 𝐵66𝐴∗

33𝑀2) − 𝐴55𝐵66𝐷2
33

− 𝐴33𝐴∗
33

𝐾1
2], 

 𝑎2 = [𝑘4(𝐴55𝐵66𝑅𝑁 + 𝐴33𝐴55𝑅𝑃 + 𝐴∗
33𝐴55𝑃𝑁 + 𝐴33𝐵66𝑅𝐿 +

𝐴33𝐴∗
33𝐿𝑃 + 𝐵66𝐴∗

33𝐿𝑁 −  𝐵66𝑀2𝑅 − 𝐴∗
33𝑀2𝑃) +

𝑘2(−𝐴55𝐴∗
33𝐾2

2 − 𝐴55𝐷2
33𝑃 − 𝐵66𝐷2

33𝐿 − 𝐴33𝐾1
2𝑅 −

𝐴∗
33𝐾1

2𝑁 − 𝐴33𝐷2
11𝐵66 + 2𝐵66𝐷33𝐷11𝑀 + 2𝐴∗

33𝐾1𝐾2𝑀) +

𝐷2
33𝐾1

2], 

 𝑎3 = [𝑘6(𝐴55𝑅𝑁𝑃 + 𝐴33𝑃𝑅𝐿 + 𝐵66𝑅𝐿𝑁 + 𝐴∗
33𝐿𝑃𝑁 − 𝑃𝑅𝑀2)

+ 𝑘4(−𝐴55𝑅𝐾2
2 − 𝐴∗

33𝐿𝐾2
2 − 𝐷2

33𝑃𝐿

+ 2𝐷11𝐷33𝑃𝑀 − 𝑅𝑁𝐾1
2 − 𝐴33𝐷2

11𝑃
− 𝐷2

11𝐵66𝑁 + 2𝐾1𝐾2𝑅𝑀)

+ 𝑘2(−2𝐾1𝐾2𝐷33𝐷11)] 

 𝑎4 = [𝑘8(𝑃𝑅𝑁𝐿) − 𝑘6(𝑅𝐿𝐾2
2 + 𝐷2

11𝑃𝑁) + 𝑘4(𝐷2
11𝐾2

2)]. 
The coefficients 𝜂𝑖,  𝑖 

,  𝜉𝑖 ( 𝑖 = 1,2 , . , 4) are given as 

             𝜂𝑖 =
[𝑖𝐾2𝜁𝑖−𝐾1

𝑚𝑖
𝑘

]

𝑘
, 

            𝜁𝑖 =
[𝑖𝐴55𝐾2

𝑚𝑖
2

𝑘2 −𝑖𝐿𝐾2−𝑖𝑀𝐾1
𝑚𝑖

2

𝑘2 −(𝐾2𝐷11+𝐾1𝐷33
𝑚𝑖

2

𝑘2 )
𝜉𝑖
𝑘

]

[𝑁𝐾1
𝑚𝑖
𝑘

−𝑀𝐾2
𝑚𝑖
𝑘

−𝐴33𝐾1
𝑚𝑖

3

𝑘3 ]
, 

                
𝜉𝑖

𝑘
=

𝑝𝑖 + 𝑞𝑖

𝑟𝑖 + 𝑠𝑖
 

where  

             𝑝𝑖 = 𝑖𝐷33 [𝐴55𝐾2

𝑚𝑖
3

𝑘3
− 𝐿𝐾2

𝑚𝑖

𝑘
− 𝑀𝐾1

𝑚𝑖
3

𝑘3
], 

            𝑞𝑖 = 𝑖𝐷11 [𝑀𝐾2

𝑚𝑖

𝑘
+ 𝐴33𝐾1

𝑚𝑖
3

𝑘3
− 𝑁𝐾1

𝑚𝑖

𝑘
] 

            𝑟𝑖 = 𝐾1 [𝐷2
33

𝑚𝑖
5

𝑘5
+ 𝑅𝑁

𝑚𝑖

𝑘
− 𝑅𝐴33

𝑚𝑖
3

𝑘3
− 𝐴∗

33𝑁
𝑚𝑖

3

𝑘3

+ 𝐴∗
33𝐴33

𝑚𝑖
5

𝑘5
], 

           𝑠𝑖 = 𝐾2 [𝐷11𝐷33
𝑚𝑖

𝑘
− 𝑀𝑅

𝑚𝑖

𝑘
+ 𝐴∗

33𝑀
𝑚𝑖

3

𝑘3
] 
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