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Abstract—In this paper we study another Fuzzy
Probabilistic metric space known as non-
Archimedean Fuzzy Probabilistic metric space.
Our object in this paper is to study on fixed points
in non-Archimedean Fuzzy Menger Space for
guasi-contraction type pair and triplets of maps.
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1. INTRODUCTION

Istratescu and Crivat [19] first studied Non-
Archimedean probablistic metric spaces and some
topological preliminaries on them. Achari [1] studied
the fixed points of quasi-contraction type mappings in
non-Archimedean PM-spaces and generalized the
results of Istratescu [18]. The fundamental results of
Sehgal-Bharucha-Reid[31],  Sherwood[34], were
generalized and extended by many authors out of
which some prominent one’s are Achari[1], Chang [5,
7, 8, 9], Chang, S S and Huang, NJ [10], Ciric [12],
Hadzic [14, 15, 16, 17], Istratescu and Sacuiu[20],
Mishra-Singh-Talwar[25], Singh & Pant
[36,37,38,39,40] etc.

2. PRELIMINARIES:
Now we recall some definitions:

Definition 2.1: A Fuzzy probabilistic metric space
is an ordered pair (X,F,)where X is a nonempty set, L
be set of all distribution function and F: XXX —
L (collection of all distribution functions). The value of
Fe(x,y)atue Xx X is represented by F, _(u) or

F.(x,y; u) satisfy the following conditions:
[FPM — 1]quy (u) =1forallu>0ifandonlyifx =y

O(X,y

[FPM — 2]. thx‘y (0) =0foreveryx,y € X
[FPM — 3]. Foyy () = Foyx (wfor every x,y € X

[FPM — 4]. FOLXJy (u) = 1and Fay,z W)
=1thenF, (u+v)=1
for every x,y,z € X.

A Fuzzy Probabilistic Metric Space (X, F) is called
non-Archimedean FPM — space if it satisfies [FPM —

5].Fqy, (u) =1and Faz‘y(v) = 1 then Fogy max{u, v} =
1 for every x,y,z € X instead of [FPM — 4].

Definition 2.2: A mapping T:[0,1] X [0,1] »
[0,1] is called t-norm if

1. T(a,1)= aVva€e][0,1]

2. T(0,0) = 0,

3. T(ab) = T(ba),

4. T(c,d) = T(a,b)forc = a,d = b, i.e. T is
non-decreasing in both co-ordinates

5. T(T(ab),c)==T (a,T(b,c))
Va,b,c,de[0,1]
i.e. T is associative.

Definition 2.3: In addition of definition 4.1, if T is
continuous on [0,1] x [0,1] and T(a,a) < a,a € [0,1],
then T is called an Archimedean t — norm. A
characterization of Archimedean t — norm is due to
Ling [16]. He proved that a t — norm T is Archimedean
if and only if it admits the representation,

T(a,b) = g7 [g(a) + g(b)]

where g is continuous and decreasing function
from [0,1] to [0, o] with g(1) =0 and g(0) = o« and
g1 is the pseudo inverse of g, (c.f. Chang [32])

(go g™ (a) = a, for all a in the range of g.

The continuous decreasing function g appearing in
this characterization is called an additive generator of
the Archimedean t-norm T.

Definition 2.4: A non-Archimedean Fuzzy Menger
space is an ordered triplet (X,F,, T) where (X,F,) is
non- Archimedean FPM-space, T is a t-norm with the
Menger non-Archimedean triangle inequality;

chx,y max{u, v} > T{Fax,z (w), Faz'y(v)}
Fe,, (W) =1and Fazy(v) =1 thenFO(Xy max{u,v} =1

Definition 2.5: (Achari[1]) Let (X,F,, T) be a non-
Archimedean Fuzzy Probabilistic Metric space and let
g be an additive generator, and let a be a number
such that0 < o < 1. A mapping T: X — Xis a quasi
— contraction mapping on X with respect g and a if for
everyx,y € X,
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8P, (W)

< agmax {Fax,y (g) »Fayry (2) Fayry (g)}

Definition 2.6: (Achari[1]) A mapping T: X— Xis a
guasi-contraction type map on a non-Archimedean
FPM-space (X, F,) if and only if there exists a constant

a € (0,1) such that

FO‘Tx.Ty(u) S max {F“X-y (E)’F“X,TX (g)’F“y.Ty (g)}

forallx,y e Xandu> 0,0 <a < 1.

This can be interpreted as the probability that the
distance between the image points Tx, Ty is less than
u is at least equal to the probability that the maximum
distances between x,y,x, Tx and y, Ty is less than u.

Definition 2.7: Let (X, F4, T) be a non-Archimedean
FPM-Space and let g be an additive generator, and let
a be a number such that 0 < a < 1. The mappings
G, T,Q: X - Xis called a quasi-contraction type pair of
mappings on X with respect g and a if for every
x,y € Xand u > 0,

g {Fan,Ty(u)} s ago {F“x,y (g) ’ F“X.GX (E) ’ Fo‘y,Ty (E)}

Definition 2.8: Let (X, F,, T) be a non-Archimedean
FPM-Space and let g be an additive generator, and let
a be a number such that 0 < a < 1. The mappings
G T,Q:X - Xis called a quasi-contraction type triplet
of mappings on X with respect g and o if for every
X,y € Xandu > 0,

8 {F“GQx.TQy (“)}

< age {F“X.y (g) +Fay gox (E) Fay oy (g)}

Definition 2.9: Mappings G, T:X - X is a quasi-
contraction type A pair of maps on a non-
Archimedean FPM-space (X,F,) if and only if there
exists a constant a € (0,1) sych that

Faxly (g) ’ FO(X,GX (g) ’ FaGX,Y (E)
u
Fay 1y (&)

forallx,y e Xandu> 0,0 <a < 1.

Fogery(W < @

Definition 2.10: Mappings G, T,Q: X — X is a quasi-
contraction type A triplet of maps on a non-
Archimedean FPM-space (X,F,) if and only if there
exists a constant ae(0,1) sych that for all x,y € X and

u>00<a<1

Fagquroy(W} <

Fax,y (3) ’ Fax,GQX (g) ’ F“Y.TQY (g) !
Faany (2)

3. MAIN RESULT:

We establish fixed point theorems for a quasi-
contraction type pair A and a triplet of maps on
complete non-Archimedean Fuzzy Menger space.

Theorem 3.1: Let (X,F,, T) be a non Archimedean
Fuzzy Menger space under the Archimedean t-norm
T, with the additive generator g. Let G and T be two
self mappings of X into itself satisfying;

by () P (),
u u
Fayry (&) Fay,ex (&)

forallx,y e Xandu>0,0 < a < 1.
(3.1(b)) G and T are continuous on X.

(3.1(@)g {Fagyry (W} < g

Then G and T have a unique common fixed point
in X.

Proof: Let Xo € X be a arbitrary element and {x,}
be a sequence in X

SUCh that X2n+1 = GXZH' X2n+2 = TX2n+1,n =
0,1,2,3 ... be the sequence of iterates under the
pair {G, T} at Xo.

Now from (3.1(a))
g {FO‘X1.X2 (u)} =8 {FO‘GXO,TM (u)}
(Faxo,n (g) ! FaXOrGXO (g) ! Fo‘Xl'GXO (g) '\
< ag g
u
FO‘X1.TX1 (a)
Faxo‘xl (E) ! FO‘XO-Xl (g) ! Faxl'xl (g) ’
u
F“XLXZ (&)
g {Fy,s, ()}
{ Ax1,X;, (u)} { *Xo.X1 (g)}

Again, & {Fay, , W} < g{Fugy, 1, W}
< ag{Fu,, ()
= azg{FaXoJﬁ (%)}

Therefore, g{FaXZ,X3 (u)} = azg{F“xo,Xl (l)}

o2

< ago

Hence it follows by induction that for every positive
integer n,

g{Fuy .. W} < oagfF (%)} e (BLD)
Nowform s n 5 oandy - o we have,
(w)

Z Moy 0me2 (D P tanaam
> T(Fay, . . (U )P (a u)}

Since a < 1 and T is non decreasing and (FPM-5)

(w)

®X2n+1.X2n+2m

(W}

’ " %Xan+2X2n+2m

XX2n+1.X2n+2m
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v

T (w), T(F

XX2n+2.X2n+3

T T(Fo‘xzn+1'xzn+2 (w),
(au),F

" 9Xyn+3.X2n+2m

= {g[T( Xon41, X2n+2( )
g[F“X2n+3rX2n+2m ( u)]}

=g {g [g_l {g [(F“X2n+1:X2n+z (u)]
te [F“X2n+2'X2n+3 (« u)]}]
+ g[F (o w1}

{ *X2n+1.X2n+2

v

@w)

AX2n+2X2n+3

(au))] +

" OXon+2.X2n+3

XX2n+3.X2n+2m

o g [ (Foy (am%)]
1818 u
> g1 + 2n+2g[( Oxg,%; (a2“+1 )]
.+ a2n+21’n+2 g[Faxo,X1 (O(zn%)]

Hence we conclude {x,} is a Cauchy sequence,
since g l'andg are continuous, a—»0, as n-
0, Fy (1) » lasu - ooand g~*(0) = 1.

Since (X, F,, T) is complete there is point z € X
such that x, - z.

According to Istratescu and Sacuiu [20], the

subsequences {Xn}, {Xn41} coOnverges to z ie. x, -
Z,Xn41 — 2 continuity of G and T implies Gx, —
Gz, Tx, — Tz.

We shall now show that z is common fixed point of
GandT.

However we have,
Py (W = T{Fay, (W), Fay o, (0}
= g7 {g[Fupn,, @] + & [Fa, c; W]}
= g7 {g[Fupy,, ] + & [Fary, 6, W]}
= g7 {g[Fupy,, ] + ag[Foy, _,(/@)]}
> lim g™* {g [Faz,xm(u)] +ag [Faxzn_l_z(u/a)]} =

n—-oo

Using (3.1(a)) and (3.1(b)) we get Gz = z.
Again,

Fayr, (0 2 T{Foy, (W), Foy o, (W)
= g7 {g[Fuyy,,, W] + 8y, 7, (W)}
= g7 {8 [Fups,.., ] + 8[Fagy, .}
= g7 {8[Fuyny,.,, (0] + a8 [Py, (0/0]}

> lim g7 {g[Fa,,, W] +oag[Fe, ,(/@]}=1

n—oo

Thus z is common fixed point of G and T.

(au) Fan, oxomsam (o? u))é In order to show that z is the only common fixed

oint of G and T, if possible let w be any other
common fixed point of G and T

We have from (3.1(a))
Foyw(W = Fog, (W)
g {Fuyy W} = g{Fagyr W}
g e @ ) P )

. Fouga (3)
< ag{Fu,,, ()}
J

Therefore { oz, JW<a

{Faz,w (E)} since a < 1.

(W) = Foy (g) since g is

8{Fas (3)) <

aQ

This implies F
decreasing function.

This gives a contradiction, as =>uasa<
1 and Faxy(u) is non decreasing function

This implies z = w.

This completes the proof.

In the next theorem we further extend the results of
theorem 3.1 for three self mappings.

Theorem 3.2: Let (X, F,, T) be a non-Archimedean
Fuzzy Menger space under the Archimedean t-norm
T, with the additive generator g. Let G,T and Q be
three self mappings of X into itself satisfying;

(3.2(2)) 8 {Fugquroy@)
Fauy (5) Faxoax (3)
Fo‘y,TQy (3) ! F“y,GQx (g)

forallx,yeXandu>0,0<a<1.

(3.2(b)) Q commutes with G and T, that is,
GQ=QGand TQ = QT
(3.2(c)) G, Q and T are continuous on X.

Then G, T and Q have a uniqgue common fixed
point in X.

Proof: Suppose GQ = U and TQ =V, then U and V
satisfy all conditions of theorem 3.1 and therefore U
and V have unique common fixed point say z.

< age

i.e.GQz =2, TQz = z.

Now we shall show z is a common fixed point of G,
T and Q.

It will be sufficient to prove Tz = z.

We have, Faz Qz( u) = FlXGQz,TQQZ(u)
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8{Fey 00} = 8{Faguroes W}

From (3.2(a)) we have

& {F“GQZVTQQZ (W) }
<age Foses (31)1 Frscacs (g)u
Faqzrqqz (&) Fagzqez (&)
= ag{Fu,q, (3)}
Therefore, g{FaZ,QZ(u)} <ag {FO‘Z,QZ (E)} <

g{Faz,Qz (E)} sincea <1

This implies

u

Fag, (W) = Fay g (—

a), for all u>0 since g is
decreasing function.

This gives a contradiction, as E >uasa<
1 and Faxy(u) is non decreasing function. This implies

Qz =z.

Now,z = Uz = GQz = Gzand z = Vz = TQz =
Tz.

Thusz = Gz =Tz = Qz.

The unigueness of z as a common fixed point of G,
QandT.

Follows from the fact that z is a unique common
fixed point of GQ and TQ.

This completes the proof.

Remark
theorem 3.1.

: Set Q=l in above theorem, we get
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