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Abstract

A topological game is a game in which posi-
tions are the points of a topological space, the
set of possible moves from any such points varies
continuously with the point. The play can start
from any point of the space and at each point
it is specified which player has the initiate, and
ends when the set of positions from which the
player with the initiate can choose is empty. The
payoff to each player depends on the set of po-
sitions met in the play. The aim of this paper is
to introduce and study a new topological game
for irresolute multifunctions.
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1 Introduction

The notion of topological games with perfect informa-
tion has introduced and studied by Berge [2]. Many
authors used it to solve some topological problems (e.g.
[12] and [13]). For further details, see [2, 6, 9, 3]. A.
R. Pears [10] has defined and studied the topological
games for continuous multifunctions. A subset A of a
topological space X is said to be semi-open [8] if there
exists an open set U of X such that U ⊂ A ⊂ cl(U),
where cl(U) denotes the closure of U . Ewert and Lipski
[7] introduced the concept of irresolute multifunctions.
V. Papa and T. Noiri [11] obtained further characteriza-
tions of irresolute multifunctions. For A ⊂ X, the inte-
rior of A will be denoted by int(A). Also,clτ (A)(intτ (A))
denotes the closure (interior) of A with respect to in
order to avoid confusion when there exist more than
one topology on X. Throughout this paper, X and
Y always mean topological spaces. A multifunction
of X into Y is a function Γ : X −→ P (Y ), where
P (Y ) the set of all subsets of Y . For a multifunction
Γ : X −→ Y , we shall denote the upper and lower
inverse of a subset B of Y by Γ+(B) and Γ−(B) re-
spectively that is, Γ+(B) = {x ∈ X : Γ(x) ⊂ B} and
Γ−(B) = {x ∈ X : Γ(x) ∩B 6= φ}.

The family of semi-open sets of X is denoted by
SO(X) and SO(X,x) represents the family of semi-open

sets of X containing a point x of X. The complement
of a semi-open set is called semi-closed [4].

Definition 1.1. [7]. A multifunction Γ : X −→ Y is
said to be:

(a) upper irresolute (resp. lower irresolute ) at a point
x of X if for each V ∈ SO(Y ) such that Γ(x) ⊂ V
(resp.Γ(x) ∩ V 6= φ, there exists U ∈ SO(X,x)
such that Γ(u) ⊂ V ( resp.Γ(u)∩V 6= φ) for every
u ∈ U .

(b) upper irresolute (resp. lower irresolute) if it is up-
per irresolute (resp. lower irresolute) at each point
of X.

Definition 1.2. [5] A subset A of a space (X, τ)is said
to be semi-compact if every cover of A by semi-open sets
of (X, τ) has a finite subcover.

2 Topological games

In this article, consider each Xi is a topological space
for each i = 1, 2, ..., n and X is a topological sum of
{X1, X2, ...., Xn}.

Definition 2.1. A game on X for the players
(1), (2), ..., (n) is defined as follows :

(i) A partition {N+, N−} of the set N of players.

(ii) A partition {X1, X2, ...., Xn} of X.

(iii) An irresolute multifunction Γ of X onto itself such
that Γ(Xi) ∩Xi = φ for i = 1, 2, 3, ..., n.

(iv) n-bounded real valued functions f1, f2, f3, ..., fn on
X.

The points of X are the positions of the game, play
can start from any position. If x ∈ Xi is the move
of player (i) at the position x. A play with x0 as ini-
tial position proceeds as follows: If x ∈ Xi, player (i)
chooses a position x1 in the set Γ(x0): If x1 ∈ Xj,
player (j) chooses a position x2 ∈ Γ(x1), and so on.
If in the course of the play a position x is reached
where Γ(x) = φ, then the play terminates at x. Thus
a play is a sequence < x0,Γ(x0), x1,Γ(x1), .... > such
that x0 ∈ Γ(x0), x1 ∈ Γ(x1) and so on.
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Definition 2.2. For a finite sequence <
x0,Γ(x0), x1,Γ(x1), ...., xk,Γ(xk) > with k + 1 elements
of a play, the length of the play is said to be k, note that
the last element xk must satisfy Γ(xk) = φ.

If the length of each play of the game is finite, the
game is called locally finite. If S is the set of posi-
tions in a play, the payoff to player (i) for the play is
sup{fi(x) : x ∈ S} or inf{fi(x) : x ∈ S} according as
(i) ∈ N+ or (i) ∈ N−. The aim of each player is to
obtain as large payoff as possible.

Definition 2.3. Player (i) is said to guarantee γ (where
γ is a real number) from the initial position x if he can
ensure that, whatever the other players do, his payoff for
all plays starting at x is greater than or equal to γ. If he
can ensure a payoff is greater than γ for a play begins
at x, he is called strictly guarantee γ from x.

Lemma 2.4. [1] For a topological space (X, τ), if G ∈ τ
and A ⊂ X, then G ∩ cl(A) ⊂ cl(G ∩A).

Proposition 2.5. If X is a topological sum of the fam-
ily Xi : i ∈ I and A ∈ SO(X), then A ∩Xi ∈ SO(Xi)
for each i ∈ I. If A is open in X, the inverse conclusion
will be hold.

Proof. Let A ∈ SO(X), then A ∩ Xi ⊂ cl(intA) ∩ Xi.
Since each Xi is open in X, by Lemma 2.4, we get
A∩Xi ⊂ cl(intA∩Xi) = cl(int(A∩Xi)). Then A∩Xi ⊂
cl(int(A∩Xi))∩Xi = clXiint(A∩Xi)∩Xi, each Xi is a
subspace of X, then int(A∩Xi)∩Xi is open in Xi, for
each i ∈ I. Therefore A∩Xi ⊂ clXi

(intXi
(int(A∩Xi)∩

Xi) = clXi
(intXi

(int(A ∩Xi))) ⊂ clXi
(intXi

(A ∩Xi)).
Hence A ∩ Xi ∈ SO(Xi), for each i ∈ I. Conversely,
suppose that A is open in X and A ∈ SO(Xi), then
A∩Xi ⊂ clXi

intXi
(A∩Xi) ⊂ clXi

(A∩Xi) = Xi∩cl(A∩
Xi) ⊂ cl(A) ∩Xi, implies A ⊂ cl(A). For the openness
of A, we get A ⊂ cl(intA) and A ∈ SO(X).

3 Preservation theorems

In this section, suppose that Γ is an irresolute multi-
function of X into itself. There are two types of games
depend on the real valued function fi.

Definition 3.1. For a topological space X , a real val-
ued function f : X −→ R is upper (lower) s-continuous
if for every x ∈ X and every real number r satisfy-
ing f(x) < r (f(x) > r), there exists a semi-open nbd
U ⊂ X of x such that f(x

′
) < r (f(x

′
) > r) for every

x
′ ∈ U .

Definition 3.2. The game is said to be

(1) lower topological for player (i) if in addition the real
valued function fi is lower s-continuous.

(2) upper topological for player (i) if fi is upper s-
continuous.

Theorem 3.3. If a game is lower topological for (1) ∈
N+, then the set of positions from which (1) can strictly
guarantee a gain γ is semi-open in X.

Proof. Let Aγ be the set of initial positions from which
(1) can strictly guarantee γ. Then (X1 ∩ Γ−(Aγ) ∪

(
n⋃
j=1

(Xj ∩ Γ+(Aγ))) ⊂ AΓ .Let us note that Γ+(Aγ) =

{x ∈ X : Γ(x) ⊂ Aγ} and Γ−(Aγ) = {x ∈ X :
Γ(x) ∩ Aγ 6= φ}. We construct by transfinite induc-
tion a semi-open set A(α) such that A(α) ⊂ Aγ for each
ordinal α as follows:

Let A(0) = {x ∈ X : f1(x) > γ}. Since the game is
lower topological, then f1 is lower s-continuous. Thus
A(0) is semi-open and A(0) ⊂ Aγ . Suppose that we
have defined a semi-open set A(β) ⊂ Aγ for all ordinal
β < α. If α is a limit ordinal, let A(α) =

⋃
β<α

A(β),

then A(α) is semi-open and A(α) ⊂ Aγ . If α is

not a limit ordinal, this means α = α
′

+ 1 say, let

A(α) = A(α
′
)∪(X1∩Γ−(A(α

′
)))∪

n⋃
n=2

(Xj∩Γ+(A(α′)))

by hypothesis,A(α
′
) is semi-open and by proposition

2.5,X1 ∩ Γ−(A(α
′
)), Xj ∩ Γ+(A(α

′
)) for each j =

2, 3, ..., n are semi-open. Since X is the topological sum
of {X1, X2, ...., Xn} and Γ is an irresolute multifunction,
thus A(α)is semi-open and A(α) ⊂ Aγ . For A(α

′
) ⊂ Aγ

and (X1 ∩ Γ−(A(α
′
))) ∪

n⋃
j=2

(Xj ∩ Γ+(A(α
′
))) ⊂ (X1 ∩

Γ−(Aγ)) ∪
n⋃
j=2

(Xj ∩ Γ+(Aγ)) ⊂ Aγ . Therefore for each

ordinal α we have a semi-open set A(α) and A(α) ⊂ Aγ .
The transfinite sequence {A(α)} is increasing and so
must became ultimately constant. This means that,
we have A(α0) = A(α0 + 1) = .... for some α0. Let
A

′
= X − A(α0). If x ∈ A

′ ∩ X1, then Γ(x) ⊂ A
′

whilst if x ∈ A′ ∩Xj , where j 6= 1, then Γ(x) ∩A′ 6= φ.

Therefore if a play begins from a point in A
′
, whatever

(1) does, players (2), (3),..., (n) can ensure that a po-
sition in A(α0) is never reached. But A(α0) ⊃ A(0) =
{x : f1(x) > γ} . Thus if x ∈ A′

, implies x /∈ A(α0),
then x /∈ Aγ and so Aγ ⊂ A(α0). But A(α0) ⊂ Aγ
by construction and so we have Aγ = A(α0). Hence
Aγ ∈ SO(X).

The complement of the conditions in theorem 3.3
does not satisfy that the set of positions from which (1)
can guarantee a gain γ is semi-closed.

Remark 3.4. Since the complement of each semi-open
set is semi-closed, and Γ is irresolute, Γ+(X) is semi-
open, then X0 = X − Γ+(X) is semi-closed.

The following theorem gives additional conditions.

Theorem 3.5. Suppose that a game is locally finite and
upper topological for (1) ∈ N+ and that X0 = {x :
Γ(X) = φ} is a semi-open set. Then the set of posi-
tions from which (1) can gurantee a gain is semi-closed.

Proof. We define a semi-open set X(α) for each ordi-
nal α. Let X(0) = X0 = {x : Γ(x) = φ}. Then X(0)
is semi-open. Now suppose we have constructed semi-
open sets X(β) for all ordinals β < α. If α is a limit
ordinal, let X(α) =

⋃
β<α

X(β) which is semi-open. If α

has an immediate predecessor α
′

i.e. α = α
′

+ 1 say,
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let X(α) = X(α
′
)∪Γ+(X(α

′
)) , since Γ is an irresolute

multifunction, then X(α) is semi-open. Thus for each
ordinal α we have by transfinite induction semi-open set
X(α) . We note that if β < α, X(β) < X(α). Now, we
define Hγ to be the set of positions from which (1) can

guarantee γ. Then (X1∩Γ−(Hγ))∪
n⋃
j02

(Xj ∩Γ+(Hγ)) ⊂

Hγ . We define a set H(α) for each α such that

(i) H(α) ⊂ Hγ ;

(ii) if β < α, H(β) ⊂ H(α);

(iii) if β < α, H(α) ∩ X(β) = H(β) ∩ X(β) and
(iv)H(α) ∩X(α) is semi-closed in X(α.

Claim (1) Let H(0) = {x : f1(x) ≥ γ}, since f1 is upper
s-continuous, then H(0) is semi-closed in X; also
H(0) ⊂ Hγ ; and so H(0) ∩X(0) is semi-closed in
X(0). Suppose that the set H(β) satisfying (i)-
(iv) have been constructed for all ordinals β < α.

Claim (2) If α is a limit ordinal, let H(α) =
⋃
β<α

H(β). Since

each H(β) ⊂ Hγ , then H(α) ⊂ Hγ . Also if β < α,

then H(β) ⊂ H(α) and if β
′
< α, H(α)∩X(β

′
) =

(
⋃
β<α

H(β)) ∩ X(β
′
) =

⋃
β<α(H(β)) ∩ X(β

′
) .If

β < β
′
, then H(β)∩X(β

′
) ⊂ H(β

′
)∩X(β

′
), and if

β
′ ≤ β < α, H(β)∩X(β

′
) = H(β

′
)∩X(β

′
). Hence

H(β) ∩X(β
′
) = H(β

′
) ∩X(β

′
) and (iii) is satis-

fied. If x ∈ X(α) and x /∈ H(α), then x ∈ X(β)
for some β < α and x /∈ H(β). Now H(β) ∩X(β)
is semi-closed in X(β) and so there is a semi-open
nbd A of x in X(β) such that A ∩ H(β) = φ.
Now, since X(β) and A are semi-open sets in X
and A ⊂ X(β) ⊂ X(α), then A is semi-open in
X(α). By (iii), X(β) ∩H(α) = X(β) ∩H(β) and
so A is a semi-open nbd of x in X(α) such that
A ∩H(α) = φ. Thus (iv) is satisfied.

Claim (3) If α has an immediate predecessor α
′

i.e. α =
α

′
+1 say, let H(α) = H(α

′
)∪(X1∩Γ−(H(α

′
)))∪

n⋃
j=2

(Xj ∩ Γ+(H(α
′
))). Since H(α

′
) ⊂ Hγ and

X1 ∩ Γ−(H(α
′
)) ∪

n⋃
j=2

(Xj ∩ Γ+(H(α
′
))) ⊂ (X1 ∩

Γ−(Hγ)) ∪
n⋃
j=2

(Xj ∩ Γ+(Hγ)) ⊂ Hγ , then (i) is

satisfied, (ii) is clearly satisfied. Suppose β
′
< α.

If x ∈ X(β
′
) and Γ(x) 6= φ, then Γ(x) ⊂ X(β)

for some β < β
′
. Thus if x ∈ X(β

′
) ∩ (X1 ∩

Γ−(H(α
′
))), Γ(x) ∩ {X(β) ∩H(α

′
)} 6= φ for β <

β
′ ≤ α

′
. Thus x ∈ X(β

′
) ∩ (X1 ∩ Γ−(H(β))) ⊂

X(β
′
) ∩ H(β + 1) ⊂ X(β

′ ∩ H(β
′
). Similarly

if j 6= 1,X(β
′
) ∩ (Xj ∩ Γ+(H(α

′
))) ⊂ X(β

′
) ∩

H(β
′
). Also,X(β

′
) ∩ H(α

′
) = X(β

′
) ∩ H(β

′
).

Thus X(β
′
) ∩ X(α) = X(β

′
) ∩ [H(α

′
) ∪ (X1 ∪

Γ−(H(α
′
)))∪

n⋃
j=2

Xj∩Γ+(H(α
′
))] = X(β

′
)∩H(β

′
)

and so (iii) is satisfied. Finally, we prove (iv), sup-
pose that x ∈ X(α) and x /∈ H(α). If x ∈ X(α

′
),

then x /∈ H(α
′
) and since H(α

′
) ∩X(α

′
) is semi-

closed in X(α
′
), there is a semi-open nbd A of

x in X(α
′
) such that A ∩ H(α

′
) = φ. Since

X(α
′
) is semi-open in X and A ⊂ X(α

′
) ⊂ X(α),

then A is a semi-open nbd of x in X(α), and
since X(α

′
) ∩H(α) = X(α

′
)H(α

′
), by (iii), then

A ∩ H(α) = φ. If x ∈ (X(α) − X(α
′
)) ∩ X1,

then Γ(x) ⊂ (X(α
′
) − H(α

′
)). X(α

′
) − H(α

′
)

is semi-open in X(α
′
) and so is semi-open in X.

X1∩Γ+(X(α
′
)−H(α

′
)) is semi-open nbd of x such

that [X1∩Γ+(X(α
′
)−H(α

′
))]∩H(α) = φ. If x ∈

(X(α)−X(α
′
))∩Xj , then Γ(x)∩(X(α)−H(α

′
)) 6=

φ and Xj∩Γ−(X(α
′
)−H(α

′
)) is semi-open nbd of

x such that [Xj ∩Γ−(X(α
′
)−H(α

′
))]∩H(α) = φ.

In either cases, if x ∈ X(α) and x /∈ H(α), there is
a semi-open nbd of x in X(α) not meeting H(α).
Therefore H(α)∩X(α) is semi-closed in X(α) and
(iv) is satisfied. Thus, by transfinite induction
we can construct H(α) for each ordinal α such
that (i) - (iv) are satisfied. By Berge [2], since
the game is locally finite, then X = X(α0) for
some ordinal α0. Thus H(α0 is semi-closed set
and if α > α0, H(α) = H(α) ∩ H(α0) = H(α0).
Let H

′
= X − H(α0). If x ∈ H

′ ∩ X1, then
Γ(x) ⊂ H

′
, and if x ∈ H ′ ∩Xj where j 6= 1, then

Γ(X)∩H ′ 6= φ. Thus if a play begins from a posi-
tion in H

′
, whatever (1) does, players (2), (3), ...

,(n) can ensure that a position in H(α0) is never
reached. But H(α0) ⊃ H(0) = {x : f1(x) ≥ γ}
and so Hγ ⊂ H(α0). But H(α0) ⊂ Hγ by con-
struction and so we have H(α0) = Hγ .

Thus Hγ is semi-closed. This complete the proof.

The hypothesis of Theorem 3.5 can not be weakened.
Example 3.6 shows that if X0 is not semi-open, then the
conclusion of Theorem 3.5 is false even there is a bound
to the length of a play of the game.

Example 3.6. Consider two players ONE and TWO
played on the space consisting of the topological sum of
X1 and X2 of the segment (−1,m] of the real line. Let
(x; i) be the point x ∈ Xi and suppose that

Γ(x; i) =

{
(x− 1, j) i 6= j : x > 0

φ : x ≤ 0

Suppose that (1) ∈ N+ and

f1(x) =

{
1 : x ∈ X2 and x ≤ 0
0 : otherwise

f1 is upper s-continuous, and so the game is upper topo-
logical for (1) ∈ N+. The set of initial positions from
which (1) can guarantee unit gain is {(x; 1) : 0 < x ≤
1, 2 < x ≤ 3, ...} ∪ {(x; 2) : 1 < x ≤ 2, 3 < x ≤ 4, ....}
which is not semi-closed.

The following example shows that the conclusion of
Theorem 3.5 may be false if the game is not locally fi-
nite.
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Example 3.7. Suppose that X is the topological sum
of X1 and X2 where X1 is the real line and X2 is the
topological sum of Y and Z of subsets of the real line.
Let (x; 1), (x; 2); (x; 0) denote the point x in X1, Y , Z
respectively. Let

Γ(x; 1) = {(x; 0)} ∪ {(y; 2) :| x− y |≤ 3 | x |}
Γ(x; 2) = {(y; 1) :| x− y |≤ 1/2 | x |}
Γ(x; 0) = φ, then X0 = Z

Suppose that (1) ∈ N+ and that f1(x; 0) = 1 if
| x | whilst f1 = 0 otherwise. This is upper topo-
logical game for (1) ∈ N+ and X − 0 is semi-open
but the game is not locally finite. The set of posi-
tions in X1 from which (1) can guarantee unit gain is
∞⋃
n=0
{(x; 1) :| x |≥ 1/2n} = {(x; 1) :| x |> 0} which is not

semi-closed. But X is the topological sum of X1 and
X2 and so the set of initial positions from which (1) can
guarantee unit gain is not semi-closed.

Corollary 3.8. If a game is upper topological for (1) ∈
N−, the set of positions from which (1) can guarantee γ
is semi-closed.

Proof. Let Aγ denotes the set of initial positions from
which (1) can not guarantee γ. Similar to the proof of
Theorem 3.3, we can construct a semi-open set A such
that {x : f1(x) < γ} ⊂ A ⊂ Aγ . Set Ac = X − A, then
Ac is semi-closed inX.If x ∈ Ac∩X1, then Γ(x)∩Ac 6= φ,
which if x ∈ Ac ∩Xj such that j 6= 1, then Γ(x) ⊂ Ac.
Therefore if a play begins at a position in Ac, (1) can
ensure that a position in H is never reached. Thus if Hγ

is the set of initial positions from which (1) can guaran-
tee γ,Hγ ⊃ Ac. But Aγ ⊃ A and Hγ ∩ Aγ = φ and so
Hγ = Ac. Thus Hγ is semi-closed.

Corollary 3.9. Suppose that a game is locallty finite
and lower topological for (1) ∈ N− and that X0 = {x :
Γ(x) = φ} is semi-open set. Then the set of positions
from which (1) can strictly guarantee a gain γ is semi-
open set.

Proof. Let Kγ denotes the set of initial positions from
which (1) can not strictly gurantee γ. By the modifica-
tion of the argument used in proving Theorem 3.5, we
can show that Kγ is semi-closed. But if Aγ is the set of
initial positions from which (1) can strictly gurantee γ,
Aγ = X −Kγ and so Aγ is semi-open.

4 The tactic for topological
games

Definition 4.1. Let X0 = {x : Γ(x) = φ}, a tactic for
player (i) is a function σ : Xi − X0 −→ X such that
σ(x) ∈ Γ(x) for all x ∈ Xi − X0. A tactic for each
player and an initial position determine a play of the
game.

Definition 4.2. A tactic σ for player (1) is said to
guarantee him γ from an initial position x if whenever
play begins at x and (1) uses a tactic σ, he obtains a
payoff greater than or equal to γ whatever tactics the
other players are employed.

Definition 4.3. If x ∈ X, let ψ(x) = sup{γ : x ∈ Hγ},
where Hγ is the set of positions from which (1) can gu-
rantee γ. A tactic for player (1) is called optimal if it
gurantees that ψ(x) from the initial position x for all
x ∈ X.

Now, let
∑

denotes the set of tactics for player (1).
Since each tactic for (1) is a function from X1 −X0 to
X. If XX1−X0 is the set of functions from X1 −X0 to
X, then

∑
⊂ XX1−X0 . We suppose that

∑
have the

relativized product topology.

Theorem 4.4. Suppose we have either

(a) a locally finite game upper topological for (1) ∈ N+

such that X0 is a semi-open set in X, or

(b) an upper topological game for (1) ∈ N−. If Γ(x)
is semi-compact for all x ∈ X1 − X0,then the set
of optimal tactics for (1) is non empty and semi-
closed in

∑
Proof. Since each Γ(x) is semi-compact for all x ∈ X1−
X0 then

∑
=

∏
x∈X1−X0

Γ(x) is semi-compact. Let Sγ

denotes the set of tactics with which (1) can gurantee γ
from any initial position inHγ , whereHγ is the set of po-
sitions from which (1) can gurantee γ. Clearly, Sγ 6= φ
if Hγ 6= φ. Now, we prove that Sγ is semi-closed in

∑
.

Suppose σ ∈
∑

, σ /∈ Sγ . Then for some x ∈ X1 ∩Hγ ,
σ(x) /∈ Hγ . By condition (a) and Theorem 3.5 or con-
dition (b) and Corollary 3.8, we get Hγ is semi-closed,
so that there is a semi-open nbd N of σ(x) in X such
that N ∩Hγ = φ. If M(σ) = {δ : δ ∈

∑
} and δ(x) ∈ N ,

M(σ) is a semi-open nbd of σ and M(σ)∩Sγ = φ. Thus
Sγ is semi-closed in

∑
. Let x0 ∈ X , consider the fam-

ily {Sγ:γ<ψ(x0)}. Suppose γ1 < γ2 < .... < γn < ψ(x0).
Then x0 ∈ Hγi for each i and Hγ1 ⊃ Hγ2 ⊃ .... ⊃ Hγn .
Suppose Hγk ∩ (X1−X0) 6= φ and that k ≤ n the largst
integer for which this is true. Then for k < j ≤ n,
γ(Hγj ) ∩ (X1 − X0) = φ and Sγj =

∑
. Let σi ∈ Sγi

for 1 ≤ i ≤ k and consider the tactic σ ∈
∑

, where for
x ∈ X1 −X0,

σ(x) =

 σk(x) : x ∈ Hγk

σi(x) : x ∈ Hγi −Hγi+1
, i = 1, 2, ...k − 1

σ1(x) : x ∈ Hγ2

Then σ ∈ Sγ−1 ∩ Sγ2 ∩ ... ∩ Sγn . Thus for each
x0 ∈ X, {Sγ : γ < ψ(x0)} is a family of nonempty
semi-closed sets with the finite intersection property.
Let S(x) =

⋂
γ<ψ(x0)

Sγ . So S(x) is nonempty semi-

closed. Now, consider the family {S(x) : x ∈ X}.
Suppose x1, x2, ...., xn ∈ X. If ψ(xm) = max

1≤i≤n
ψ(xi),

S(xm) ⊂ S(xi) , Thus {S(x) : x ∈ X} is the family of
nonempty semi-closed sets with the finite intersection
property. Let S =

⋂
x∈X

S(x). Thus S is nonempty and

semi-closed in
∑

. But S is precisely the set of optimal
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tactics for (1). For if σ ∈ S(x) for all γ < ψ(x) and
so guarantees for (1) that ψ(x) if the play begins from
x. Thus if σ ∈

⋂
x∈X

S(x), σ is an optimal tactic. Con-

versely, if σ is an optimal tactic for (1), σ guarantees (1)
if the play begins from x and so σ ∈

⋂
γ<ψ(x)

Sγ . This is

true for all x ∈ X and so σ ∈ S =
⋂
x∈X

⋂
γ<ψ(x)

Sγ .
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