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Abstract— In this paper, we prove some fixed 

point and common fixed point theorems for cone 
metric space for Integral type mappings. Our main 
result is the generalized version of some known 
results. 
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I. INTRODUCTION 

Branciari [1] obtained a fixed point result for a 
single mapping satisfying an analogue of Banach’s 
contraction principle for an integral-type inequality. 
The authors in [2–6] proved some fixed point 
theorems involving more general contractive 
conditions. Also in [7], Suzuki shows that Meir-Keeler 
contractions of integral type are still Meir-Keeler 
contractions. In this paper, we establish a fixed point 
theorem for weakly compatible maps satisfying a 
general contractive inequality of integral type. 

Let X be a Real Banach space and P a subset of 
X.P is called a cone if P satisfy followings conditions: 

i. P is closed, non-empty and P≠0 

ii. Ax + By Є P for all x, y Є P and non- negative 
real numbers a, b. 

iii. P ∩ (-P) = { 0 } 

Given a cone XP , we define a partial ordering ≤ 
on X with respect to P by y-x Є P. 

We shall write x << y if Pxy int  , denoted by .  

the norm on X. the cone P is called normal if there is a 
number k > 0 such that for all x, y Є X .

ykxyx 0 (1.1) 

The least positive number k satisfying the above 
condition (1.1) is called the normal constant of P. 

The authors showed that there is no normal cone 
with normal constant M < 1 and for each K > 1. There 
are cone with normal constant M > k. 

The cone P is called regular if every increasing 
sequence which is bounded from the above is 

convergent, that is if  
1nnx is a sequence such that 

yxx  .....21 for some y Є X, 

Then there is x Є X such that 0lim 


xxn
n

. 

The cone P is regular iff every decreasing 
sequence which is bounded from below is convergent. 

Definition 1.1: Let X a non empty set and X is a 
real Banach space, d is a mapping from X into itself 
such that d satisfies following conditions: 

i. Xyxdtt
yxd

 ,,0)(
),(

0
  

ii. yxdtt
yxd

 0)(
),(

0
  

iii. dttdtt
xydyxd

)()(
),(

0

),(

0     

iv. dttdttdtt
yzdzxdyxd

)()()(
),(

0

),(

0

),(

0     

Then d is called a cone metric on X and (X, d) is 
called cone metric space. 

Definition 1.2: Let A & S be a two mappings of a 
cone metric space (X, d) then it is said to be 

compatible if 0)(lim
),(

0


nn SAxASxd

n
dtt  whenever {𝑥𝑛} 

is a sequence in X such that tAxn
n




lim and 

tSxn
n



lim  for some Xt of cone metric space 

Let A and S be a two self mappings of (X, d) then it 
is said to be weakly compatible, if they commute at 
coincidence point, that is SxAx  implies that 

SAxASx  , for Xx . It is easy to see that 

compatible mapping commute at their coincidence 
points. It is note that compatible maps are weakly 
compatible but converse need not be true. In this 
Paper we used the mapping of [22]. 

II MAIN RESULTS 

Theorem 2.1: Let  dX ,  be a complete cone metric 

space and P a normal cone with constant K. Suppose 
that the mapping XXT :  satisfies the condition 

http://www.jmest.org/
mailto:wbrlatur@gmail.com
mailto:brwlatur@gmail.com
mailto:kbhardwaj100@gmail.com
mailto:dr.basantsingh73@gmail.com


Journal of Multidisciplinary Engineering Science and Technology (JMEST) 

ISSN: 3159-0040 

Vol. 2 Issue 2, February - 2015 

www.jmest.org 

JMESTN42350446 55 

 







 ),(),(),(

),(),(),(),(),(),(

0

),(

0

2

)(

)(

TyydTyxdyxd

TyydTxydyxdTyxdTyydTxxd

TyTxd

dtt

dtt





 












),(),(

0

),(),(

0

)(

)(

TxydTyxd

TyydTxxd

dtt

dtt





 

2.1.1               )(

)(

),(

0

),(

),(),(

0









yxd

yxd

TyydTxxd

dtt

dtt





 

for all Xyx ,  and 0,,,,   such that

1220   , then T has a unique fixed 

point in X. 

Proof: For any 0x in X, we choose Xxx 21, such 

that 

2110 & xTxxTx   

In general we can define a sequence of elements 

of X such that 1222212 &   nnnn TxxTxx  

Now from (2.1.1) 
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By using triangle inequality, we get 
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Hence
 

0)(lim
2212 ,

0






nn xxd

n
dtt as n  

Hence {𝑥𝑛} is a Cauchy sequence which 

converges to Xu . Hence  dX , is a complete cone 

metric space. Thus uxn  as n  and 

uTxuTx nn  122 &  as n ,u is fixed point of T in 

X. 

Uniqueness: Let us assume that, v is another fixed 

point of T in X different from u then &Tu u Tv v   , 

from (2.1.1) 
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Which is a contradiction since   .12  Hence u 

is unique fixed point of S &T in X. 

Theorem 2.2: Let  dX ,  be a complete cone metric 

space and P a normal cone with constant K. suppose 
that S & T be mapping from X into itself satisfies the 
condition 
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 (2.2.1) 

for all Xyx ,  and 0,,,,   such that

122   .Then S &T has a unique fixed 

point in X. Further moreover either ST=TS then it have 
unique common fixed point in X. 

Proof: For any arbitrary 0x  in X we choose 

Xxx 21, such that 

2110 & xTxxSx   

In general we can define a sequence of elements 
of X such that 

1222212 &   nnnn TxxSxx  

Now from (2.2.1) 

   





1222212 ,

0

,

0
)()(

nnnn TxSxdxxd

dttdtt   

     
     

      

   






















121222

1212122
2

122

1212212122

122121222

,,

0

,,,

,,,
,,,

0

)(

)(

nnnn

nnnnnn

nnnnnn

nnnnnn

TxxdSxxd

TxxdTxxdxxd

TxxdSxxdxxd
TxxdTxxdSxxd

dtt

dtt





   

   
 

 






















122

122

121222

212122

,

0

,

,,

0

,,

0

)(

)(

)(

nn

nn

nnnn

nnnn

xxd

xxd

TxxdSxxd

SxxdTxxd

dtt

dtt

dtt







 

     
     
      

   






















2212122

2212222
2

122

22121212122

2222212122

,,

0

,,,

,,,
,,,

0

)(

)(

nnnn

nnnnnn

nnnnnn

nnnnnn

xxdxxd

xxdxxdxxd

xxdxxdxxd
xxdxxdxxd

dtt

dtt





   


 


1212222 ,,

0
)(

nnnn xxdxxd

dtt
 

   
 

 














122

122

2212122

,

0

,

,,

0

)(

)(

nn

nn

nnnn

xxd

xxd

xxdxxd

dtt

dtt





 

http://www.jmest.org/


Journal of Multidisciplinary Engineering Science and Technology (JMEST) 

ISSN: 3159-0040 

Vol. 2 Issue 2, February - 2015 

www.jmest.org 

JMESTN42350446 57 

 

   

 

 

 

































122

2212

222

2212122

122

,

0

,

0

,

0

,,

0

,

0

)(

)(

)(

)(

)(

nn

nn

nn

nnnn

nn

xxd

xxd

xxd

xxdxxd

xxd

dtt

dtt

dtt

dtt

dtt











 

By using triangle inequality, we get 
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Hence
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Hence {𝑥𝑛} is a Cauchy sequence, which 

converges to Xu . Hence  dX , is a complete cone 

metric space. Thus uxn  as n  and 

uTxuSx nn  122 &  as n ,u is fixed point of S & 

T in X. 

Since TSST  this gives uSuSTuTSuTuu   

Hence u is common fixed point of S & T. 

Uniqueness: Let us assume that, v is another fixed 

point of T in X different from u then &Tu u Tv v   , 

from (2.2.1) 
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which is a contradiction since  2 1   . Hence 

u is unique fixed point of S &T in X. 

Theorem 2.3: Let  dX ,  be a complete cone 

metric space and P a normal cone with normal 
constant K. Suppose that S, R & T be mapping from X 
into itself satisfying the condition: 
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By using triangle inequality, we get 
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which is a contradiction since   12  . Hence u 

is unique fixed point of S &T in X. 

Theorem 2.4: Let  dX ,  be a complete cone metric 

space and P a normal cone with normal constant K. 
Suppose that A, B, S & T be mapping from X into itself 
satisfies the condition: 

i. )()( XTXA  , )()( XSXB   

ii. {A,S} and {B,T}are weakly compatible 

iii. S or T is continuous. 
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By using triangle inequality, we get 
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Hence {𝑦𝑛}is a Cauchy sequence, which 
converges to Xu . By the continuity of S &T, 

sequence {𝑥𝑛} is also convergent to Xu . Hence 

 dX , is a complete cone metric space. u is fixed point 

of A, B, S & T. Since {𝐴, 𝑆}and {𝐵, 𝑇} are weakly 
compatible implies that u is common fixed point of A, 
B, S &T. 

Uniqueness: Let us assume that, v is another fixed 
point of A, B, S &T in X different from u then 

vAvuAu  , & vBvuBu  , , from (2.4.1) 
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which is a contradiction since   12  . Hence u 

is unique fixed point of A, B, S &T in X. 

Conclusion: In this paper we proved some fixed 
point & common fixed point theorems for cone metric 
space in integral type mappings which shows that our 
main theorem is the generalized version of some 
known theorems. 
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