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Abstract—In  this  paper a non-linear
mathematical model for the effects of awareness
programs on the burden of diabetes is analyzed.
Even as nutritional deficiencies and infections are
receding as leading contributors to disability and
death, diabetes is becoming major contributors to
the burden of disease. Complications of diabetes
constitute a burden for the individuals and the
whole society. But the diabetics can be avoided or
delayed in many cases if awareness and
sensitization are raised to inform people in the
pre-diabetic stage. In the modeling process the
growth rate of awareness programs impacting the
population is assumed to be proportional to the
numbers of diabetics with and without
complications. The model is analyzed by using
stability theory of differential equations. Our
analysis shows that diabetics with and without
complication can be prevented, controlled or at
least delayed by introducing effective awareness
programmes. The numerical simulation analysis
of the model confirms the analytical results.

Keywords—Epidemic Model, Awareness
Programs, Local Stability, Global Stability.

1.Introduction

Mathematics has been used to understand and
predict the spread of non—communicable diseases,
relating important public health questions to basic
infection  parameters. Diabetes is a non-
communicable disease which is characterized by too
high sugar levels in the blood and urine. It is usually
diagnosed by means of a glucose tolerance test
(GTT). In September 2011, United Nations' high—level
meetings hold on the prevention and control of NCDs
at the United State. The conclusion came out from this
meeting is that NCDs were already the leading causes
of death in all world regions and that their burden is
increasing rapidly (WHO, 2011). NCDs could become
responsible for 52 million deaths the year 2030. So
many parallel advocacy efforts for tackling NCDs are
taking place, with a particular focus on heart disease,
cancer, respiratory diseases, diabetes and stroke
(Beaglehole et al., 2011). A number of interventions
have been outlined that could have immediate
preventive effect and slow down the pandemic, such
as tobacco control, improved diet, exercise and
decreased alcohol intake (Beaglehole et al., 2011).

In the coming decades, however, the noticeable
impact will be on adults of working age in low- and

middle-income countries. The program stresses that
3.2 million deaths can be attributed to complications
associated with non-communicable diseases each
year making the burden of premature death similar to
that of HIV/AIDS. Despite these stark facts, the
problem seems to be largely unrecognized. The
growing trend of non-communicable diseases
indicates the need, especially in developing countries,
to adopt urgent measures and efficient strategies for
the prevention and management of diseases and its
complications (Boutayeb et al., 2005). Statistical
analysis on AIDS awareness programs shows that
public awareness can play an appreciable role in
preventing the AIDS epidemic (Cui et al., 2008).
Numerical simulations and mathematical models are
useful tools for the elaboration of health strategies.
They offer interesting possibilities for building and
testing assumptions, estimating and controlling
parameters, understanding the population’s dynamics
and proposing pragmatic actions based on different
scenarios. Misra et al. (2011) investigated the effects
of awareness programs on the spread of infectious
diseases and concluded that the spread of an
infectious disease can be controlled by using
awareness programs but the disease remains
endemic due to immigration. Keeping this research in
mind, we formulate and analyze a nonlinear
mathematical model for diabetes to study the impact
of awareness programs conducted by a media
campaign on pre-diabetic class, diabetic class with
and without complications in the population. The main
purpose is to attract health policy makers and public
attention to the need to place more emphasis in health
care on the prevention of illness and the promotion of
good health, instead of focusing predominantly on
treating ill-health.

The rest of this paper is organized as follows: In
section 2 gives the formulation of the model. In
Section 3, we discuss the boundedness of the
solution. In Sections, 4 our model is analyzed with
regard to equilibrium point and its local and global
stability. In section 5, we present numerical simulation
to illustrate the applicability of results obtained. We
conclude with a short discussion in section 6.

2. Mathematical Model

Let P,D,C,P,and M represent the numbers of

pre-diabetic class, diabetic class with and without
complications, aware pre-diabetic class in a
population and the cumulative density of awareness
programs driven by the media in that region at time t
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AA,d, A4, A,y v,0, A4, nand p,
are positive parameters. A denote the incidence of
pre-diabetic class, A the probability of developing

respectively.

diabetes, d the natural mortality rate, A, the
probability of a diabetic class developing a
complication, A, the probability of a pre-diabetic class
developing a complication, y the rate at which
complications are cured, v the rate at which diseased
patients with complications become severely disabled,
O the mortality rate due to complications, A the
dissemination rate of awareness among susceptible
class in a population due to which they form a
different class, u the rate with which awareness

programs are being implemented, 4, the depletion
rate of these programs due to ineffectiveness, social
problems in the population, A, the rate of transfer of
aware class to susceptible class, respectively.
Keeping above consideration and assumption in
mind the dynamics of model is governed by the

following system of nonlinear ordinary differential
equations:

d—PzA—(ﬂl+/13+d)P—/iPM+/10Pm,
dt

(LD—/IP (4,+d)D+yC,

dC

t—/1D+/1P (y+d+v+0)C, (2.2)
aP, =APM —-dP, - 4,P,,

dM

—=u(D+C) - u,M

ot ( ) — Hy

Where,

P(0) > 0,D(0) > 0,C(0) > 0,P. (0) > 0,M (0) > 0.

3. Boundedness of the System

In analogy to the population dynamics, it is very
important to observe the consequences that restrict
the growth of the population. In this sense, study of
boundedness of the solution of system around
different steady states is very much needed. For this,
we find boundedness of the system in the following
lemma:

Lemma 3.1: The set
Q={(P,D,C,P, M):0<P+D+C+P, <g\o<|v| <2d”A}
4,

is the region of attraction for all solutions initiating in
the interior of the positive octant.

Proof: Let (P, D,C,P, M) be any solutions with
positive initial conditions (P D,.C,,P,,.M )

0! mo!
Define a function

N=P+D+C+P_.

Computing the time derivative of N along solutions
of system (2.1), we get

dN _dP dD dC dP,

t—t+—+ :
dt  dt dt  dt  dt
d_N<A dN.
dt

Applying a Lemma on differential inequalities
(Birkhoff and Rota, 1982), we obtain
A N (P,

0' mo)

0<N(P.D.C.P) < exp(dt)

and for t — oo, OSNSdA.

From the last equation of the system (2.1) and
using the upper bound of the population N , we get

dM
o ( ) #,M
According to comparison principle, it follows that
2uA
M_ = H .Therefore all solutions of system

du,
(2.1) enter into the region

A 21 A
Q={(P,D,C,P. M):0<P+D+C+P <= 0<M <42

d du, |
This completes the proof of lemma.
4. Equilibrium and Stability Analysis
4.1. Existence of Equilibrium Point

Theorem 4.1 There exists only one equilibrium
point of the system (2.1) as E (P D’,C’ ) if
only if conditions

’ml

A>dP and , P(d + 7+ 4, A + 4, +d ) (d + 4,)>
/Il(A_de) + Pm(ﬂ’l + Ay +d) (d +/10)}
hold for the system (2.1).
For proof of this theorem see Appendix A.
4.2 Stability Analysis
4.2.1 Local Stability
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Theorem 4.2.1 The equilibrium point E_is locally

asymptotically stable if following conditions are
satisfied:

1.  p,P,, P,;, P,and P, are positive,

2. pp,—p,>0,

3. (P.P,~ Pa)Ps— P P, >0,

4. (p.p, = P)(P. P, = P, P;) = (PP, = ;)" > 0.

For proof of this theorem see Appendix B.

4.2.2Global Stability

Theorem 4.2.2 The equilibrium point E;is non-
linearly stable if the following inequalities are satisfied:

() <3Bubin 0 <0, B <Bubc

1 2 1
(b14 )2 < Eb11b44 ! (b23 )2 < §b22b33 ) (bzs )2 < gbzz b55 )

1 1
(b35 )2 < Eb33 b55 J (b45 )2 < Ebzm b55-

where

b,=A4+d+A4,+AM, b, =4, b, =4,
b, =4, +d, b =AP*,

by = 14y, by =y +d +v+7,

b, =AM* b, =d + A,

by =7+ Ay, by = 41,055 = 1, .

b, =AP*

For proof of this theorem see Appendix C.

5.Numerical simulation

We now integrate system (2.1) to substantiate the
above analytical finding. The model is studied
numerically using fourth order Runge-Kutta method
under the following set of compatible parameters with
the help of MATLAB software package.

First, we consider following set of parameter
values of study the system (2.1) numerically:

A=2000,4, =0.6,d =0.6,1 =0.0002,

A, =1574,=04,y=0.005v=1.9,6 =1.9,
A =0.2, u=0.005,

4, =0.8.

(5.1)

The interior equilibrium point E; for above set of
parameters is as follows:

P*=1249.57,D*=357.579,
C*=235.232,P, *=1.15743,
M*=3.70507.

The characteristic polynomial and eigenvalues
corresponding to equilibrium point E_ are obtained as:

w® +9.70574y* +33.2649 ° +51.4328 2 +
36.2569 y +9.47141=0.

v, =—4.40825,, = —2.09896,
w, =—1.59703,), =—0.816254,
v, =—0.785245.

Since all the eigenvalues corresponding to E; be

negative, therefore E is locally asymptotically stable.

Further, to illustrate the global stability of the
equilibrium point graphically, numerical simulation is
performed for different initial starts and the result is
displayed in Figure 4. It is found that all inequalities
are satisfied for above parameter values. In Figurel
pre-diabetic class, diabetic class, diabetic class with
complication, aware pre-diabetic class and awareness
program in a population are plotted against time, from
this figure it is noted that for a given initial values, all
the population tend to their corresponding value of

equilibrium point E and hence coexist in the form of

stable steady state, assuring the local stability of E,.

This shows that the system (2.1) is locally and globally
stable. Figures have been plotted between dependent
variables and time for different parameter values to
show changes occurring in population with time under
different conditions. The variation of pre-diabetic
class, diabetic class, diabetic class with complication,
aware pre-diabetic class in a population and
awareness programs with respect to time tfor
different values of rate of dissemination 'A' is shown
in Figure 2. From this figure, it can be noted that as
the rate of dissemination 'A' increases pre-diabetic
class, diabetic class, diabetic class with complication
and awareness programs decrease. This means
diabetic and diabetic with complication classes
decreases with an increase in the value of the
dissemination rate of awareness. At the same time,
aware pre-diabetic class in a population increases
with rate of dissemination 'A' increases.

Further, the variation of pre-diabetic class, diabetic
class, diabetic class with complication, aware pre-
diabetic class in a population and awareness
programs with respect to time t for different values of

rate of implementation of awareness programs ' u' is

shown in Figure.3. From this figure, it can be noted
that as the rate of implementation of awareness

programs ‘' increases pre-diabetic class, diabetic
class, diabetic class with complication decrease. At
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the same time, aware class in a population and

awareness programs both increase with rate of
implementation of awareness programs 'y’
increases. These figures show that due to awareness
programs diabetic and diabetic with complication can

be controlled.
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Figure.1. Stable behavior of P,D,C,P, and M

with time and other parameter values are same as
(5.1).
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Figure.2. Graph of Pverses t,D verses t,
Cverses t,P_verses t and M verses tfor different

A and other values of parameters are same as (5.1).
These figures show that equilibrium number of
diabetic and diabetic with complication classes
decreases with an increase in the value of the
dissemination rate of awareness.
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(5.1).

In Fig.4, we may see that all the trajectories
initiating inside the region of attraction approach
towards the equilibrium value (P*, D',C', P, M*)
for different initial starts, indicating the global stability
of(P,D",C",P;,M").

Appendix A

6.Conclusion

In this paper, a nonlinear mathematical model is
proposed and analyzed to see the effect of awareness
programs driven by the media on pre-diabetic class,
diabetic class, and diabetic class with complication in
a variable population with immigration. It has been
considered that the growth rate of awareness
programs impacting the population is assumed to be
proportional to the numbers of diabetic class with and
without complications. It has been further assumed
that due to the effect of media, pre-diabetic class
individuals form a separate class of aware pre-
diabetic class individuals. The analysis demonstrates
that an endemic equilibrium is locally as well as
globally stable under certain conditions. The analysis
showed that awareness programs through the media
campaigning are helpful in decreasing the diabetic
class in a population. By awareness programs, at
least we could have prevented diabetes whenever
possible and, where not possible, to minimize
complications and maximize quality of life.

There exists only one equilibrium point of the system (2.1) as EO(P*, D',C",P.,M )

1

where
g A-dR L. A (A=dP: ¥ + yu,Pr(d + 2, N4, + 4, +d)
A+, +d’ A2, +d+7)YA4+ 4, +d)A-dP;)

oot Pald oy 4 AN+ A+ A (d 4 4g) = {a (A= 0Py g P+ 4+ dF(d + 4))

A2y +d +yYA + A +d)A-dP;)

(d+4, )4+, +d)P,

M= AA=dP)

and

A>dP and , Po(d+y+ 4, A + 4, +d)(d + 4,) > {/1/11(A—dPr:)2 + 1, P(2, + A, +d ) (d +/10)} (A.1)

Al\l:)m*2 + Asz* + A3 = O!

where

A =d°2A,(4, +d +7)+ A4 A,d° + A4 (y +d +v+5)d?,

(A.2)

A, = 2dAL{A (4, +d + )+ LA + A(y +d +v+ )+ Ay (d + 2 N4, + A, +d )

_ﬂo(d "‘ﬂz)(d +/10)(/11+/13 +d)2’
A, =N {4, +d+ )+ A4 + A (y +d +v+0))

In this way Pn: is the unique positive root of the equation (A.2) with conditions (A.1).

Appendix B

To discuss the local stability of the system (2.1), we compute the variational matrix of the system (2.1). The
entries of the general variational matrix are given by differentiating the right side of the system (2.1) with respect to
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P,D,C,P, andM ,i.e.

(4 + 2, +d)—AM * 0 0 A - P*
A —(2,+d) y 0 0
V(E,) = Ay A ~(y+d+v+9) 0 0
IM * 0 0 —(d+4,) AP *
L 0 H H 0 ~ Ho 1

The eigenvalues of the matrixV(EO) are the roots of the characteristic equation given below
WPyt Pyt P+ P =0,

where
p,=4d+y+0+M*A+ A, + A+, + A4, +p, +v,

p,=3d(2d +y +S+M* A+ 4, + A+ A4, + L, +V)+ M* Ay + 5+ A, +v+ 1, )+ 7 (A + A, + A, + 11, )+
S+ A+ A, + A+ 1))+ 11y (Ay + A+ A, + A, +5+4d +v)+v(A, + A4+ 4, + A, )+ 4, (4, + 4, + 4,)
+ A A, + A, A,
P, =302 (y + S+ M* A+ A+ A + 4, + A, + 20, +v)+3dps, (y + S+ M * A+ A + A+ A, +v)+ M * 1
(2dy +2d8 ++2d, + 64, + ypt, + Sy + A1, + 20 + A,y + v )+ 2d (4, + 54, + 74, + O4 + pA, + 04, + A A,
+ 00, + A Ay + Ay + APy + AV 4 A+ AV )+ A (YAy + 0N+ Oy + VA + A2y + Yty + Oty + A + 1y Ay + VA +VA, + p1V)
p,=d +d*(y+S+M* A+ A + A + A4, +4u, +v)+d* (M *pd+ M *S1+ A, + 54, + ¥4, + 5,
+ A A+, + M * AL, + LA, + A A, + 3y, + 304, +3M * Apy + 34,1, + 34,1y + A, 1, +
M*Av+Av+Av+A4y +3,uov)+ d(;//‘toﬂb1 + 04, A, + M * 044, + SA A, + OAA, + A A A, +
2S* AN+ 2M * Ay, 4+ 2M * 0Ap, + 2y A, p, + 204, 1, + 2yA 1y + 204, 1y + 22, A 1, +
207, 1ty + 2M * A0, gty + 22 A pty + 22, A, 1ty + A AV + M X ALV + A A,V + A,V +2M * Ly
+ 20 1oV + 22, 1V + 24, 14V )+ A A Ay + S FE ALy + 8 + Ay +V )+ yA Aty + S Aty +
M * SA0, g1, + SAy Ay tty + O Ay 1y + Ag Ay by + Ay AV + Ao AtV + M * A0, 11 v +
Ag AotV + A A, 1,V
Po =d*ps, +0° (g, + Sty + M * gty + Aoty + Aty + Aty + 1,V )+ A2 (S * A4t + M * Aty + yA, 1,
+ OA iy + YAy + OA pty + A Aty + O A, + M * A 1y + A A, g + A A, 1, + M * Ay + A, pv
+ AtV + AtV )+ A{S * AN, pi(y + 8 + A, +v )+ YA Aty + O Aty + M * SAA, 11, + S A, 1,
+ O Aty + A A Ay tty + A AtV + M * AL, 11V + Ao Ay gV + Ay g oV §+ Ay A Ayt (8 + V),

By Routh-Hurwitz criteria, this equilibrium point is locally asymptotically stable if following conditions are
satisfied:

1.  p,PpP, P;, P,and P, are positive,
2. PP, — P; > 0,

3. (PP, ~ Ps)P:— P, P, >0,
(p1p2 - p3)(p3p4 - pzps)_(p1p4 - p5)2 > 0.

Appendix C

E

Consider the following positive definite function about equilibrium point E,
G :%(P — P*)? +%(D — D*)? +%(C —C*)? +%(Pm —P_*)? +%(M —M*)?.

Differentiating G with respect to time t along the solutions of model (2.1), we get
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: dP dD dC dP dMm
G=(P-P*)—+(D-D*)—+(C-C*)—+ (P, -P*)—+(M —=M*)—.

( )dt( )dt( )dt(mm)dt( )OIt
Using system of equation (2.1), we get after some algebraic manipulations as

G=—(4+d+ A, +AM)(P=P*)> = AP*(P-P*)(M —=M*)+(IM + 4, J(P = P*)(P, = P,*) -
(A, +d)(D—D*)? + A,(P—P*)(D—D*) + (y + 1,)(C —~C*)(D - D*) - (y +d +v + 8) (C—C*)*

+ 2P *(P, =P )M —M*)=(d -+ )(P, =P, *)" + (M ~M*)(C ~C*)
# (D= D*)(M =M*)~ 1,(M ~M*)? + 1,(P~P)(C ~C*).

The above equation can further be written as sum of the quadratics

1

G =—Zbu(P—P*)Z +b12(P—P*)(D—D*)—1

1 1
_§b33(C_C*)2 _Z

—%bn(P—P*)Z +b (P-P*M -M *)—%

2 1 2
2b,(D-D* ~ b, (P~ P +b,(P-P¥)(c~C*)
b (P~ P+, (P~ P (P, P, ) 2b,, (P, P, *)

bss(M -M *)2 _%bzz(D_ D*)Z

1 , 1 2
+b23(D_ D*)(C _C*)_Ebss(c _C*) _gbzz(D_ D*)

b0~ DM M)~ Lo -y Lo,

1

where

(C—C*)f +h,(C-C*M -M*)

2 1 2 1 2
_st5(M -M *) _Eb44(Pm _Pm *) +b45(Pm _Pm *)(M _M*)_sts(M -M *) .

b,=A4+d+A,+AM, b, =4, b,=4,,b,=4,+d, b, =AP* b, =x, b,=y+d+v+7,

b14 = AM¥, b44 :d+/10’ bzs :7"'/121 bzs ::u’bss = H, b45 =AP*.

Sufficient condition for G to be negative definite are that the following inequalities hold,

(b12 )2 <§b11b22! (b13 )2 <Eb b (b15 )2 <Zb b

117331 11551

: 1 1
(bss) <§b33b55’(b45) <§b44b55'

(b14 )2 < Eb11b441 (b23 )2 < §b b (b25 )2 < §b b

1 2 1

2277331 2277551

Hence Gis a Liapunov function with respect to equilibrium pointE, , whose domain contains the region of

attraction €2 .
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