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l. INTRODUCTION &

PRELIMINARIES
In 1984, Wang.,Li,Gao,lseki [13]
introduced the concept of expansion
mappings and proved some fixed point
theorems in complete metric space. In 1992,
Daffer and Kaneko [5] defined an expansion
condition for a pair of mappings and proved
some common fixed point theorems for two

mapping in complete metric spaces.

Definition 1.1: Let X be a nonempty set and
let d:XxX—-][0,0) be a function
satisfying following conditions.

(i) d(x,y) =0

(i) dix,y)=0ex=y

(i) d(x,y) =d(y,x)

(iv) d(x,y)=d(x,z)+d(zYy)

forall x,y,ze X

If d is distance function on X. Then the
pair (X, d) is called metric space.

Definition 1.2: A sequence {x,} in metric
space (X,d) is called Cauchy sequence if
for given € > 0 there exists n, € N such

that v m,n > n,
= d(x,, Xp) < € ord(x,, x,) <&
i.e.min{d(x,, X,,), d(Xp, X))} < €

Definition 1.3: A sequence {x,} in metric
space (X, d) is convergent to x € X, if

lim,,_,., d(xp, x) =lim,_, d(x,x,) =0

In this case x is called a limit of {x,} and
we write x, — x.

Definition 1.4: A metric space (X,d) is
called complete if every Cauchy sequence is
convergent.

Definition 1.5: Let (X, d) be a metric space
and T: X — X be a mapping then T is said to
be expansive mapping if for every x,y € X
there exit a number r > 1 such that

d(Tx,Ty) = rd(x,y)
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1. MAIN RESULT

Theorem 2.1: Let (X,d) be a complete
metric space and let T: X — X be a mapping
satisfying the following condition

d(Tp“x, Tp+2y)

d(x,TP*1x)[1+d(y,TP*2y)]
- 1+d(x,TP*2y)

d(x,TP*1x)[1+d(y, TP 1x)]
1+d(x,TP+1x)

B

[d (2, TP*1x)+d(y,TP*1x)
2

i [d(x,Tp+2y)+d(y,Tp+2y)
2

..(3.1.1)
Forallx,y e X, a,8,v,6 20,y +6 > 2

a+pf+y>1land for any non-negative
integer p.

Then T has a unique fixed point.
Proof: we prove this theorem for p = 0
Now putting p = 0 in (3.1.1) then we have

d(x,Tx)[1+d(y,T?y)]
1+d(x,T2y)

d(Tx,T?y) = «a

d(x,Tx)[1+d(y,Tx)]
1+d(x,Tx)

B

+y [d (x,Tx)-zkd(y,Tx)]

i [d(x,sz)-;d(y,sz)

We define a sequence {x,} € X as follow:

X € X,xO = Txl,xl = sz,

wWww
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Now consider
d(xg,x1) = d(sz'szz)

d(xz,sz)[1+d(x2,T2x2)]
1+d(x2,T2x2)

d (x5, Txz)[1+d(x2,Tx2)]
1+d (xz,sz)

B

+y [d(xz’sz);d(xz'sz)

d(xz,T2x2)+d(x2,T2x2)
2

+6 |

d(x2,x1)[1+d(x2,%0)]
1+d(x2,x0)

d(xz,x0)[1+d(x2,21)]
1+d(x2,x1)

B

+y [d(xz,xﬂ;‘d(xz'xﬂ]

46 [d(xz,xo);d(xz,xo)]

= (a+p+y)d(xzxq)

+6[d(x2, x1) — d(xq,x0)]

(1+6)
= d(xg, %) < s d (X, X))
(1+6)
= d(x1,%2) < s d (%, %)
Similarly we have
(1+6)
d(x3,x3) < @rpir+0) d(xy,x3)
d(xz25) < [ 22— “d
X2,X3) = (@+f+7+0) (%0, %1)
In general we can write
d(xXp, Xpeq) < ﬂ]nd(x X1)

d(xp, Xn41) < K™d(x0,%1)
(1+6)

where K = m
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Since 0 <K <1sofor n—o, K" - 0 we d(&,m) = d(T¢, T?n)

have d(x,41,x,) = O.
(ns1,%n) a(€To|1+d(n,1%7)] ﬁd(s‘,Tf)[Hd(n,Tf)]

1+d(&,T27) 1+d(¢,T¢)

Hence {x,} is a Cauchy sequence in the

complete metric space X. So there is a point AETOHAMTO] | a(&72n)+d(n,72n)
¢ € X such that {x,} — ¢. +y[ 2 ]+ [ 2 ]

Now d(&,9)[1+d(n.n)] B d(€,8)[1+d(n,8)]
- 1+d(&m) 1+d(§,6)
d(§,TE) = d(TE, T?xy42) y [d(f,f)+d(n,f)] L5 [d(f,n)+d(n,n)]
2 2
> o d(ETE[1+d(xn42,T%xn42)]
- 1+d(§,T%xpn42) d(f T[) > ﬂd(f T[)
) — 2 )
+8 d(€,TE)[1+d(xXn42,TE)]
()t
d(€,TE)+d(xpy2,TE)
+]/[ 2 i.e.d(&,n) =0
+8 [d(g'szn+2)+5;(xn+2,T2xn+2):| = f =7

d(€,TO[1+d (xn42.50)] Hence fixed point of T is unique.

1+d(&,xp)

>a
Theorem 2.2: Let (X,d) be a complete
+B A T)[1+d(xn+2,T$)] metric space and let T: X — X be a mapping

1+a(.13) satisfying the following condition
A€, T8)+d(xn+2,T§)
+y [ d(TPHIz, TP2y)
+8 [d(f'xn)+i(xn+2’xn) > a min{d(_x’ Tp+2y), d(y, TP+1x)}

+B {d(x,Tp+1x)+d(y,Tp+2y)}

Letting n — oo then we have 2

d(¢,T§) = (a+ B +y)d(,TE) .. (3.2.1)

= [(a+p+y)—1]d¢,TE) <0 Forall x,y € X, « > 1,8 > 2,and for any
L non-negative integer p.

This gives

Then T has a unique fixed point.

d(¢,TE) =0=>T¢ =¢.

L. _ Proof: we prove this theorem for p = 0
Hence ¢ is a fixed point of T.

L Now putting p = 0 in (3.2.1) then we have
Let n be another point fixed of T then by
condition (3.1.1) we have d(Tx,T?y) = amin{d(x,T?y),d(y,Tx)}
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+B {d(x,Tx) +2d(y,T2y)}

We define a sequence {x,,} € X as follow:
Xp =Txp,m=0,12, .. and x, € X.
Now consider

d(xp, Xn-1) = d(Txp41, T*Xn41)

> amin{d(Xn41, T*Xpe1), d(Xni1, THn41)}

d(xXn+1,Txns1)+d(Xn41.T?Xn41)
+41 2 )

=« min{d(xn+1: xn—l)’ d(xn+1r xn)}

+,8 {d(xn+1,xn)+2d(xn+1,xn_1)}

((a + é) d(Xp41, xn—1)w

— +2dConen, %),
min

gd(xn+1: xn—l)

L+ (a + é) d(Xn41,%Xn) )

((a + g) {d(xps1,xn) — d(xy, xn—1)n
+ 8 dCnsn, %),
g{d(xn+1'xn) — d(xy, Xp-1)}

[ (@ + ) dGrn k) J

> min

( @+ B)d(xXps1, %)
() dx )

@+ F)dCons1 1) |

k _gd(xn' Xn-1) )

v

min

v

, (a+B) (a+p)
mins—-——s<,—F@ d(x , X
{1+(a+§) 1+§} ( n+1l n)

(a+p)
W d(Xp41, Xn)

v
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2(a+p)
> md(xnﬂ’xn)

(2+2a+p) d(x
nr

2(a+pB) Xn-1)

= d(xn+11xn) <

= d(Xp+1,%n) < Kd(xp, Xp-1)
Where K = % <1

Similarly we can show that

d(xp, Xp—1) < Kd(xp_1,Xn_7)

And d(xp41, %n) < K?d(Xn_1, Xn—2)

Thus d(xp41, %) < K™d(xq, o)

Since0 < K<1sofor n—> o, K*—> 0 we
have d(x,4+1,x,) — 0.

Hence {x,} is a Cauchy sequence in the
complete metric space X. So there is a point
z € X such that {x,} - z.

Now
d(z,Tz) = d(Tz, T?xp4,)

2 a mln{d(z, szn+2): d(xn+2r TZ)}

d(Z,TZ)+d(xn+2,T2xn+2)
T
2 amin{d(z, x,), d(Xp2,T2)}

+ﬂ {d (Z;TZ)+i(xn+2fxn)}

Letting n — oo then we have

d(z,Tz) = g d(z,Tz)

(g - 1) d(z,Tz) <0

This gives

d(z,Tz)=0=>Tz = z.
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Hence z is a fixed point of T. Now putting p = 0 in (3.3.1) then we have

Let w be another point of T then by d(Sx,T?y) = amin{d(x,T%y),d(y, Sx)}

condition (3.2.1) we have 4G50+ d(T2) a(eT2y) 4550
x,Sx)+dly,T“y x,T<y)+d(y,Sx
N e B

d(z,w) = d(Tz T?*w)

> amin{d(z, T?w), d(w, T2)} Let x, € X. We define a sequence {x,} € X

as follow:
d(z,Tz)+d(w,T?w)
+ﬁ{ 2 } Xg = Txl, X1 = sz, feeree e
> amin{d(z,w),d(w,z)} Xon = TXont1, Xon-1 = SXap, -
d(z,z)+d(w,w) Consider
S

— 2
> amin{d(z, W),d(Z, W)} d(x2n+1'x2n) - d(5x2n+2 ’T Xon+2 )

. (d(x; +21T2x2n+2 ),
= (a—1)d(z,w) <0 > amln{ n }
d(Xzn+42 »SXan+42)
= d(Z, W) =0 Since a > 1 d(xX2n42,5%m+2)+d(X2n42 T2 Xon42 )
+p .
= Z =W

+y {d(x2n+2,T2x2n+2 )+d(x2n+2,5X2n+2)}

Hence fixed point of T is unique. 2

Theorem2.3: Let (X,d) be a complete > amin{d (X542, X2n), A(Xon42 » Xon+1)}
metric space and let S,T: X —» X are two
mappings satisfying the following condition

+ d(X2n+2.X2n+1)+d(X2n+2 X2n)
p z

d(SP+1x, TP+2y) d(Xon42.%20)+dXon42,X2n41)
+r{ 2 J
> amin{d(x,TP*?y),d(y,SP*1x)} ( (a + g + g) d(X2n+2: X2n) )
+8 {d(x,5p+1x)+d(y.Tp+2y)} + (@) d(Xzn+2 X2n41),
2 > min < gy g
(a + Py + 5) d(Xan+2 » X2n+1)

+y {d (x,Tp+2y)+d(y,Sp+1x)}

2 . T (g) d(X2n42,%2n) )

.(3.3.1)

For all x,y € X, a,B,y > land for any (“* §+§) {d(x2n+2, Xan+1) — d(Xan+1, X20)}
= in + (ﬁT)j(xzmz: Xan+1),
l(a +;+E)d(x2n+2 vx2n+1) J

+ (ﬁzi) {d (212, Xont1) — d(Xoni1, X2n)}

non-negative integer p. By
Then S, T has a unique fixed point.

Proof: we prove this theorem for p = 0
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{(a + B+ v)d(X2n42) X2n41)
— (a + g + g) d(x2n+1; x2n)'
(a+B+vy)d(Xans2 » X2ns1)

- (g) d(X2n+1, X2n)

= min

. (a+B+y)  (a+B+y)
= min {1+(a+§+§)' 1+(¥)} d(x2n+27x2n+1)

(a+B+y)
d(Xon41, X2n) = 7 BN d(X2n+2) X2n+1)
1+( +—+—)

= d(Xzn+2, X2n+1)

(+2a+p+y)

2@t f+7) d(Xzn+1, X2n)

+2a+p+y)

2@t f+7) d(Xzn+1, X2n)

= d(Xon+2, Xon+1) < Kd(Xan41, X2n)

(2+2a+pB+y)

2(a+p+y) <1

where K =

Similarly,

d(Xzn+1, X2n) < Kd(X2p, X2n-1)
And

d(Xan+2, Xan+1) < K2d(Xop, X2n-1)
Continue in this way we get
d(Xzn42) X2ne1) < K"d (%1, %0)

Since0<K<1sofor n—- oo, K™ — 0 we
have d(xzn42) X2n+1) = 0.

Hence {x,} is a Cauchy sequence in the
complete metric space X. So there is a point
z € X such that {x,,} - z.
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Now we will show that z is a common fixed
point of S and T.

d(z,Sz) = d(x,,Sz) = d(S5z,T?xp,4>)

> amin{d(z,T*xn+,), d(Xn42,52)}

-l—ﬁ {d(Z,SZ)+d(x2‘,1+2,T2xn+z)}

-I—‘}/ {d (Z,szn+2)2+d(xn+2,5'z)}

2 amin{d(z, x,), d(Xp2,52)}

+ﬂ {d (Z;SZ)+¢12(xn+2fxn)}

+y {d(z,xn)+c;(xn+2,52)}

= d(z,52) = %d(z, Sz)
= (@— 1) d(z,52) < 0
This gives d(z,5z) = 0 = Sz = z.

Hence z is a fixed point of S.

Similarly we can show that z is a fixed point
of T.

Hence z is a common fixed point of S & T.

Let u, v be a common fixed point of S and T
then

d(u,v) = d(Su, Tv) = d(Su, T?v)

> amin{d(u, T?*v),d(v, Su)}

d(u,Su)+d(v,T2v)}

T

+y {d (u,Tzv)2+d(v,Su)}

> amin{d(u,v),d(v,u)}
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+,8 {d(u,u);d(v,v)}

+y {d (u,v)-;—d(v,u)}

= d(w,v) = (a +y)d(u,v)
= (a+y—-—1du,v) <0
=duwv) =0

=u=v

Hence common fixed point of S and T is
unique.
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